
Quantum Computation using Arrays of N Polar Molecules
in Pendular States
Qi Wie,[a] Yudong Cao,[b] Sabre Kais,*[c] Bretislav Friedrich,[d] and Dudley Herschbach[e]

1. Introduction

Quantum computers take advantage of superposition and en-
tanglement to perform computations in ways that are beyond
the reach of classical computers.[1–6] Among the many possible
schemes for realizing quantum computers, arrays of trapped
ultracold polar molecules subject to an external electric field
are considered a promising approach.[7–26] In such a dipole
array, each polar molecule acts as a qubit entangled with the
other molecules via electric dipole–dipole interaction. Using
the Stark effect due to an inhomogeneous external electric
field, qubits encoded in rotational states can be individually
addressed and manipulated. In principle, such a system is scal-
able to large networks of coupled qubits.

For the simplest case of a 1S diatomic molecule, due to the
Stark effect from external electric fields, the qubit eigenstates
are linear combinations of spherical harmonics, with coeffi-
cients that depend markedly on the field strength. These are
appropriately termed pendular states,[27] or field-dressed
states.[28] Quantum computation and quantum information
processing with arrays of diatomic molecules can be based on
those pendular states. For such states, the rotational spectrum
and the dipole-dipole interaction differ qualitatively from those
in pure rotational states.

In our previous work, we focused on a small system with
only two polar molecules in pendular states.[22, 24] We studied
entanglement measured by pairwise concurrence as a function
of molecular dipole moment, rotational constant, strength of
external field and dipole-dipole coupling. We also evaluated
a key frequency shift, Dw, induced by the dipole-dipole inter-
action, which is essential for quantum logic gate operations.[22]

For a given frequency shift, Dw, we numerically implemented
NOT, Hadamard and CNOT gates on two qubits encoded in
pendular states of polar molecules.[24]

Here, we extend the system from two to N qubits and exam-
ine the feasibility of quantum computation with 1-dimensional
and 2-dimensional arrays of trapped dipoles in pendular states.
First, we study the initialization of the the system and calculate
the probability for the ground state of a linear dipole array
with N polar molecules to be in a pure qubit basis state
j000:::0i, which is the desired initial state for most quantum al-
gorithms.[29] Second, we study the complexity of different
dipole arrays by calculating pairwise entanglement between
any two polar molecules in order to check whether systems
can be simplified by considering only nearest-neighbor interac-
tions. Finally, we discuss the feasibility of realizing four differ-
ent types of quantum computation based on arrays of polar
molecules in pendular states, namely the the gate model,[30, 31]

We investigate several aspects of realizing quantum computa-
tion using entangled polar molecules in pendular states. Quan-
tum algorithms typically start from a product state j00 � � � 0i
and we show that up to a negligible error, the ground states
of polar molecule arrays can be considered as the unentangled
qubit basis state j00 � � � 0i. This state can be prepared by
simply allowing the system to reach thermal equilibrium at
low temperature (<1 mK). We also evaluate entanglement,
characterized by concurrence of pendular state qubits in

dipole arrays as governed by the external electric field, dipole–
dipole coupling and number N of molecules in the array. In the
parameter regime that we consider for quantum computing,
we find that qubit entanglement is modest, typically no great-
er than 10�4, confirming the negligible entanglement in the
ground state. We discuss methods for realizing quantum com-
putation in the gate model, measurement-based model, in-
stantaneous quantum polynomial time circuits and the adia-
batic model using polar molecules in pendular states.
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measurement-based model,[32–34] instantaneous quantum poly-
nomial-time circuits,[35, 36] and the adiabatic model.[37, 38]

2. Hamiltonian for Arrays of Polar Molecules

The Hamiltonian for N identical trapped polar molecules sub-
ject to an external electric field takes the form of Equation (1):

H ¼
XN

i¼1

p2
i

2m
þ VtrapðriÞ þ BJ2

i � m � e
� �

þ
XN�1

i¼1

XN

j¼iþ1

V i;j
d�d ð1Þ

where molecule i, with mass m, rotational constant B and
body-fixed dipole moment m, has translational kinetic energy
p2

i

2m, potential energy Vtrap within the trapping field, and rotation-
al energy BJ2

i as well as interaction energy m � e with the exter-
nal field e and dipole-dipole interaction energy V i;j

d�d with other
molecules j in the array. For simplicity, only pairwise interaction
is considered and any three or four-body interaction is neglect-
ed. Although the external field strength e differs slightly at the
site of each dipole in order to provide addressability, for our
purposes we neglect this variation. For a harmonic translation-
al motion of the molecule inside the trapping well, the total
energy p2

i
2mþ VtrapðriÞ is constant and thus can be removed from

the Hamiltonian.

The terms BJ2
i � m � e pertain to molecular rotational states

that are strongly affected by the Stark effect interaction with
the external field, which mixes the field-free rotational
states.[39] Figure 1 shows the Stark eigenenergies for the lowest
states of a 1S diatomic polar molecule. The molecular qubits,
j0i and j1i, are defined as the indicated Stark states,

jJ ¼ 0;M ¼ 0i and jJ ¼ 1;M ¼ 0i respectively. Actually the
qubit states are appropriately termed “pendular”,[27] since they
arise due to a cosine potential and the dipole orientations
have broad angular ranges [Eq. (2)]:

j0i ¼
X

i¼1

ciY
0
i ðq;fÞ, j1i ¼

X

i¼1

c0 iY
0
i ðq;fÞ ð2Þ

Since the field strength is fixed for the processes of interest,
the Hamiltonian can be recast as Equation (3):

H ¼
XN

i¼1

Hi
S þ

XN�1

i¼1

XN

j¼iþ1

V i;j
d�d ð3Þ

where Hi
S ¼ BJ2

i � m � e is the Hamiltonian corresponding to the
pendular states. In particular [Eq. (4)]:

Hi
Sj0i ¼ Wi

0ðe; m; BÞj0i, Hi
Sj1i ¼ Wi

1ðe; m; BÞj1i ð4Þ

where Wiðe; m; BÞ designates the Stark energy for the molecule
i.

The dipole–dipole coupling term, V i;j
d�d , between sites i and j

is determined by the magnitude and orientation of the dipole
moments on those sites, and the lattice spacing of the dipole
array [Eq. (5)]:

V i;j
d�d ¼

mi � mj � 3ðmi � nÞðmj � nÞ
jri � rjj3

ð5Þ

Here n denotes a unit vector along rij. In the presence of an
external field, it becomes appropriate to express V i;j

d�d in terms
of angles related to the field direction. The result, after averag-
ing over azimuthal angles (for M = 0 states are uniformly dis-
tributed), reduces to Equation (6):

V i;j
d�d ¼ W 1� 3cos2að Þcosqicosqj ð6Þ

where W ¼ m2=r3
ij , the angle a is between the rij vector and the

field direction and polar angles qi and qj are between the mi

and mj dipoles and the field direction. The directional aspect of
the coupling then is governed just by the angle a between rij

and the external field direction.
Figure 2 is a schematic depiction of N polar molecules in

a linear (Figure 2 a) and a square (Figure 2 b) array. The external
field is perpendicular to the axis for linear array or the plane of
the square array. As our aim is to examine generic behaviors,
we can adopt certain simplifying assumptions. For any fixed
value of the external field we take all the transition frequencies
to be the same, DWi = DW = W1�W0, neglecting the small var-
iations required for addressability. We also adopt a standard,
representative value of the nearest-neighbor dipole–dipole in-
teraction parameter; for a =p/2, it is W ¼ m2= ri;i�1

�� ��3, with
m ¼ jmj being the permanent body-fixed dipole moment. This
idealization avoids specifying the particular effective moments,
which in the pertinent range of e ¼ jej typically vary by

Figure 1. Stark states eigenenergies for a polar diatomic molecule in a 1S

electronic state,[39] as functions of me/B, with m the permanent dipole
moment, e the field strength, B the rotational constant. States used as
qubits (red curves) are labeled j0i and j1i. In the field-free limit, j0i corre-
lates with the J = 0, MJ = 0 and j1i with the J = 1, MJ = 0 rotational states.
Dashed curve (green) shows energy for transition between qubit states,
DW = W(0)�W(1). If evaluated using customary units, the unitless ratio me/B is
given by 0.0168 d(Debye)e(kV cm�1)/B(cm�1)
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a factor of up to about three. Any Wi,j¼6 i can be expressed in
terms of W by merely accounting for the factor r�3

ij . Thus, the
heuristic generic behavior is governed by three variable pa-
rameters : the dipole-dipole coupling constant W, the intensity
of external electric field e and the angle a. In practice, the
ranges we considered for W and e are: W/B<10�2 and 0<me/
B<8.[22] Unless specified otherwise, we set a =p/2. It has been
proposed by DeMille to set electric field difference between di-
poles to be 0.01 % to provide addressability.[7] SrO (m= 8.9 D,
B = 0.33 cm�1) as an example, a spacing between dipoles is
0.5 mm,[22] if we choose me/B = 3, then the electric field is e=

6.62 kV cm�1 and field gradient is 13.2 kV cm�2. For a linear
array of 500 dipoles, at the beginning and end of the array,
electric field is 6.62 and 6.29 kV cm�1, respectively. But in this
paper, for simplicity, we assume the external field the same for
all dipoles.

3. Qubit Initialization

The primary goal of initialization is to place the system in
a product state such as j00 � � � 0i before any quantum compu-
tation is performed. This is the desired form of initial state for
most quantum algorithms.[29] In our case, the ground state is
extremely close to j00 � � � 0i. This can be explained by first-
order perturbation theory. If we consider the system of polar
molecules without dipole–dipole interactions as the unpertur-
bed system H, then the ground state of H is exactly the prod-
uct state j00 � � � 0i. We then consider the dipole–dipole interac-
tion terms V i;j

d�d as the perturbation V. Within the first-order ap-
proximation we obtain the ground state of the total system as
Equation (7):

yij ¼ 00 � � � 0ij þ W=Bð Þ
XN

i¼1

h0jV ið Þ 1i iijj ð7Þ

where V(i) is the projection of V onto the subspace where the
ith polar molecule makes a transition from j0i to j1i, and jii is
the state where all polar molecules are in j0i except the ith
one which is in j1i. The scaling factor W comes from Equa-
tion (6) and we regard B as a constant. Assume that jh0jV ðiÞj1ij
is bounded from above by some number V that is independ-
ent of N (since the dipole–dipole interaction is rather local to
nearest neighbors, as will be shown below), W (since we have
already taken the W factor in Equation (6) out of the sum) and
B. Then the probability of finding the ground state in the
space orthogonal to j00 � � � 0i, which we denote as j000:::0i, is
[Eq. (8)]:

P 00���0ij � W=Bj j2
XN

i¼1

V
�� ��2 ¼ N � W=Bj j2 � V

�� ��2 ð8Þ

Note that Pj000:::0i þ Pj000:::0i ¼ 1.

Expanding the Hamiltonian in qubit basis states for a system
with N qubits, we can get a 2N � 2N Hamiltonian matrix. Eigen-
states can be obtained by diagonalizing the matrix. Figure 3 (a)
shows the probability for the ground state to be in state of
j000:::0i as a function of W/B for a linear dipole array with dif-
ferent number N of polar molecules. From Figure 3 (a), one can
observe that P 000���0ij / W=Bð Þ2 for the range of W/B that we
consider, which is consistant with Equation (8). Figure 3 (b)
shows a linear relationship between Pj000:::0i and the number of
polar molecules in a linear array, which is also consistant with
Equation (8). Figure 3 c shows how Pj000:::0i changes with exter-
nal electric field. We fit the data in Figures 3 a–c with an empir-
ical formula for Pj000:::0i as a function of the number of polar
molecules N as well as other variables of interest [Eq. (9)]:

P 000���0ij � N� 2ð Þ me=Bð Þ � 10000W=Bð Þ2 ð9Þ

where f(x) has the form given by Equation (10):

f ðxÞ ¼ y0 þ
A

1þ exp½�ðx � xcÞ=Dx1�
� 1� 1

1þ exp½�ðx � xcÞ=Dx2�

� �

ð10Þ

Parameters of Equation (10) are listed in Table 1. Within ac-
ceptable margin of error (<8 %), Equation (9) is valid for 0<W/
B�0.1, 0<me/B�8 and N>3.

Under conditions envisaged in the proposed designs,[7–12]

the dipole–dipole coupling is weak (W/B typically of order 10�6

to 10�4). Suppose the nearest neighbor dipole–dipole coupling

Figure 2. Structures of dipole arrays studied: a) linear, b) 3 � 3 square lattice.
For (b), the external electric field is perpendicular to the 2D plane.

Table 1. Values of the parameters for f(x) in Equation (10).

Parameters Values Standard Error

y0 3.25724 � 10�11 4.609 � 10�13

A 8.89294 � 10�10 3.258 � 10�12

xc 0.78549 0.00624
Dx1 0.28914 0.00214
Dx2 1.50288 0.0078
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is W/B = 10�4 and external field is me/B = 2, then by Equation (9)
for a linear dipole array with N = 1000 polar molecules,
Pj000:::0i= 3 � 10�7. So the ground-state system is indeed in pure
qubit basis state j000:::0i. The same conclusion can be drawn
for 2-dimensional arrays (Figure 3 d). So in order to initialize to
pure qubit basis state j000:::0i, we only need to put the
system into the ground state, which occurs naturally when we
allow the system to reach thermal equilibrium at a sufficiently
low temperature.

Figure 4 a displays the energy gap between the ground and
first excited state E1�E0 as a function of W/B up to 0.04 for
a linear array in a fixed external field me/B = 2. There is a linear
relationship between the energy gap and the dipole–dipole
coupling. Using similar arguments that lead to Equations (7)
and (8) we can explain this linear dependence by making use
of first-order perturbation theory. In practice, W/B�10�4, E1�E0

is basically the Stark energy difference between j0i and j1i for
one qubit (DW = W1�W0). Adding more polar molecules to the
array will not change the energy gap significantly. This is easy
to explain physically. Without the dipole–dipole interaction
term, the Hamiltonian of the system is diagonal and the eigen-
states are qubit basis states.[22] The ground state corresponds
to all qubits being in the j0i state and the first excited state
corresponds to one of the qubits being in the j1i state. Then
the energy gap between ground and first excited state is ex-
actly DW. Now, upon introducing the dipole–dipole interaction
term into the Hamiltonian, it is found to be so small compared

with the Stark energies that it can be treated as a tiny pertur-
bation that will not change much the eigenenergies. Therefore,
no matter how many polar molecules there are in the array,
the energy gap between the ground and first excited state is
close to DW, which is a function of external electric field (see
Figure 1). The situation is the same for two-dimensional dipole
arrays. Figure 4 b shows the probability for a linear array of N =

8 polar molecules to be thermally excited to excited states as
a function of temperature when W/B = 10�4 and me/B = 2. Take
SrO (m= 8.9 D, B = 0.33 cm�1) as an example, at the proposed
temperature of 1 mK,[7] for which kBT/B = 0.002, the probability
for the system to be in an excited state is lower than 10�12.
Noise might induce decoherence and influence fidelity of the
initilized ground state. It depends on trapping. For optical lat-
tice, spontaneous Raman scattering of lattice photons is
a major source of noise.[7, 10, 20] However, according to DeMille,
noises for trapped polar molecules are controllably small.[7] So
we do not focus on this issue here.

4. Entanglement Measured by Concurrence

We will deal with the entanglement of formation, E 1ð Þ, which
characterizes the amount of entanglement needed in order to
prepare a state described by a density matrix, 1. (Henceforth,
we term E 1ð Þ as just “entanglement,” for brevity.) Wootters[40, 41]

has shown that E 1ð Þ for a general state of two qubits can be
quantified by the pairwise concurrence, C(1), which ranges be-

Figure 3. a) Pj000:::0i as a function of W/B for different external electric fields: me/B = 2 (red), 3 (green) and 4.9 (blue). For each me/B, number of polar molecules
are from bottom, N = 2, 4, 6, 8, respectively. b) Pj000:::0i as a function of number of polar molecules in linear array when W/B = 10�5 for different external electric
fields: me/B = 2 (red), 3 (green), 4.9 (blue) and 8 (purple). c) Pj000:::0i as a function of external electric fields: me/B for different W/B = 10�2 (red), 10�3 (green) and
10�4 (blue). For each W/B, number of polar molecules are from bottom, N = 2, 3, 4,. , 8, respectively. (d) Pj000:::0i as a function of W/B for 2-dimensional arrays in
3 � 3 square lattice. External electric fields are from bottom, me/B = 2, 3, 4.9 and 8, respectively.
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tween zero and unity. The relation can be written as Equa-
tion (11):[42]

E 1ð Þ ¼ x C 1ð Þð Þ ð11Þ

where x is given by Equation (12):

xðCÞ ¼ h
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� C2
p

2

 !
ð12Þ

with hðxÞ ¼ �xlog2x � ð1� xÞlog2ð1� xÞ. The function xðCÞ
increases monotonically between zero and unity as C varies
from zero to one. The concurrence is given by Equation (13):

Cð1Þ ¼ maxf0; l1 � l2 � l3 � l4g ð13Þ

where the li s are the square roots of the eigenvalues, in de-
creasing order, of the non-Hermitian matrix 1~1, where ~1 is the
density matrix of the spin-flipped state, defined as Equa-
tion (14):

~1 ¼ ðsy � syÞ1*ðsy � syÞ ð14Þ

with 1* the complex conjugate of 1; the density matrix is
taken in the standard basis which, for a pair of two-level parti-

cles, comprises the state vectors fj00i; j01i; j10i; j11ig. For
a system with N qubits, the density matrix for any quantum
state is 2N � 2N. The evaluation of pairwise concrrence between
qubit A and B only needs the 4 � 4 reduced density matrix as
mentioned above. The reduced density matrix can be obtained
by “tracing out” the rest of the system except the subsystem
composed only by qubit A and B.[43]

Figure 5 a shows ground-state pairwise concurrence for
linear arrays (see also Figure 2 a) with N = 9 polar molecules as
a function of the dipole–dipole interaction for a fixed external
field me/B = 2. Figure 5 b shows the same but as a function of
the external electric field for W/B = 10�3. Both Figures 5 a and

5 b exhibit the dominance of entanglement between neigh-
bors for a linear array. The concurences between next nearest
neighbors are almost an order of magnitude smaller and the
concurrences keep decreasing when the distances increase.
This means the system can be simplified by limiting our con-
siderations to only next-neighbor interactions. Figure 6 displays
the same as Figure 5 but for a 3 � 3 square array. Entanglement
for two-dimensional arrays are more complicated than one-di-
mensional arrays. Interactions between next nearest neighbors
can no longer be neglected and the concurrences are only
about three times smaller than those between nearest neigh-
bors.

The straight lines on the logarithmic coordinates with unit
slopes in Figure 5 a and Figure 6 a imply a linear relationship

Figure 4. a) Energy gap between ground state and first excited state as
a function of W/B for a linear array with, from top, 2, 3,. , 9 polar molecules,
respectively. The external electric field is fixed as me/B = 2. b) Probability of
thermal excitation to excited states as a function of temperature for a linear
array with eight polar molecules when me/B = 2 and W/B = 10�4.

Figure 5. a) Ground-state pairwise concurrences for 1D dipole arrays (see
also Figure 2 a) with nine polar molecules as a function of a) dipole–dipole
coupling constant when me/B = 2 and b) external electric field when W/
B = 10�3.
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between concurrence and the dipole-dipole coupling constant
W/B. From earlier arguments this also implies the regime of
first-order perturbation theory. Specifically, we have Equa-
tion (15):

Cij ¼ KðxÞ½Wij=B� ð15Þ

where the proportionality factor K(x) is a function of x = me/B
given in Ref. [22] . Equation (15) is a more generalized version
of our previous work for only two polar molecules in pendular
states.[22] Equation (15) holds for any pair of polar molecules in
one-dimensional or two-dimensional arrays when Wij/B is small
(<0.04). In Ref. [22] we described a numerical analysis that pro-
vided an accurate approximate formula [Eq. (16)]:

KðxÞ ¼ A1 þ
A2

1þ exp½ðx � x0Þ=Dx� ð16Þ

The values of the four parameters are listed in Table 2.

5. Quantum Computing with Polar Molecules

Here we discuss potential realizations of various models of
quantum computing using arrays of polar molecules in pendu-
lar states. In particular, we consider the gate model,[30, 31] mea-
surement-based model,[32–34] instantaneous quantum poly-
nomial–time circuits[35, 36] and the adiabatic model.[37, 38]

5.1. Gate Model

Implementing quantum logic gates with molecules has been
considered long ago.[44–46] It is well known that the ability to
implement CNOT gates and certain single qubit rotations suffi-
ces for universal quantum computation.[31] As for single qubit
rotations, the implementation is analogous to that in NMR,
provided that each polar molecule can be addressed individu-
ally. That requires the applied electric field to differ from mole-
cule to molecule such that the j0i $ j1i transition frequency
for each site is distinguishable. For a one-dimensional array,
this can be achieved by applying an electric field with appreci-
able gradient along the array.[7] This can also be accomplished
by using a trap with micro-electronics to give separate electro-
des located under the trapping sites (such devices are in devel-
opment for ion traps).[22] Another alternative way is to use a ho-
mogeneous electric field but different polar molecule for each
site and every polar molecule should have a unique transition
frequency that can be distinguished from the others. The latter
two methods work well particularly for two-dimensional arrays
(Figure 2 b). There are two methods to realize CNOT gates with
polar molecules. One is based on multi-target optimal control
theory and the scheme is outlined in ref. [24] . The other is the
same as that used in NMR.[47, 48] Both methods rely on the fre-
quency shift Dw induced by dipole–dipole interaction between
control and target qubits.[22] The minimum CNOT gate opera-
tion times are 10/Dw and 1/(2Dw), respectively.[24, 47] The latter
method is preferred because it is 20 times faster than the first
one. The scheme of the second method is outlined in Figure 7.

5.2. Measurement-Based Model

One of the potentially realizable gate model processes on our
polar molecule system is the preparation of cluster states for
measurement-based quantum computation (MBQC),[34] also
known as one-way quantum computing.[32] The standard pro-
cedure for MBQC starts with preparing a specific form of quan-
tum state called a cluster state[33] where the interactions be-
tween qubits follow a particular graph (e.g. a square lattice).
The state preparation can be accomplished by first initializing
the system where all qubits are in the jþi state, which is de-
fined as 1ffiffi

2
p ðj0i þ j1iÞ, and then apply controlled-Z on a pair of

qubits whenever there is an edge between them in the graph
G.[49] Here the Pauli-Z gate acts on a single qubit, it equals to
a rotation around the z-axis of the Bloch sphere by p radians
and the controlled-Z acts on two qubits and perform the Z-
gate on the second qubit only when the first qubit is j1i, oth-
erwise leave it unchanged. After the cluster state is prepared,
the computation then proceeds by performing a series of

Figure 6. a) Ground-state pairwise concurrences for 3 � 3 square dipole
arrays (see also Figure 2 b) with nine polar molecules as a function of
a) dipole–dipole coupling constant when me/B = 2 and b) external electric
field when W/B = 10�3.

Table 2. Values of the parameters for Equation (16).

Parameters Values Standard Error

A1 0.01092 0.00015
A2 0.2195 0.0031
x0 0.9658 0.0255
Dx 0.9743 0.0153
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single-qubit measurements. On the polar molecule platform
that we consider here, the cluster state can be prepared by ini-
tializing the system of molecules at j0i at sufficiently low tem-
perature and applying the Hadamard gate to each molecule,
resulting in an all-jþi state. Here the Hadamard gate acts on
a single qubit, it maps the basis state j0i to ðj0i þ j1iÞ=

ffiffiffi
2
p

and
j1i to ðj0i � j1iÞ=

ffiffiffi
2
p

. The controlled-Z gates could then be ap-
plied to yield the cluster state needed. Since the controlled-Z
gates are only applied to qubits that are spatially adjacent in
the graph, the implementation is greatly simplified compared
with general quantum circuits, where a pair of qubits arbitrarily
far apart may need to be entangled. We note that in the litera-
ture there have been experimental realizations of cluster states
using linear optics,[50, 51] cavity QED,[52] neutral atoms,[53] trapped
ions,[54, 55] and atomic ensembles.[56]

5.3. Instantaneous Quantum Polynomial Time Circuits

Although, as we have mentioned previously, it is feasible to re-
alize universal quantum computing with our polar molecule
system, there are non-universal classes of quantum circuits
that produce output distributions which are believed to be
hard to sample from using randomized classical algorithms. In
other words, one does not need to push for universal quantum
computation to construct quantum processes that are classi-
cally hard to simulate. Of course, the belief about such difficul-
ty with classical computers is based on well-known conjectures
in computational complexity. Here we consider a class of cir-
cuits known as IQP (instantaneous quantum polynomial time),
which was introduced in Refs. [35, 36] . An n-qubit IQP circuit
takes the form H�nDH�n where D is a diagonal unitary operator.
Equivalently one could regard an IQP circuit as a sequence of
commuting quantum gates. As simple as they seem, the
output distributions of IQP circuits are classically hard to
sample from in the worst case. For an arbitrary D of poly(n)
gates, it is #P-hard[57–59] to compute for instance the probability
p ¼ jh00 � � � 0jH�nDH�nj00 � � � 0ij2. However, an IQP circuit is rel-
atively simple to construct using our polar molecule setup. The
steps of Hadamard transforms, H�n, can be realized in parallel.

The diagonal unitary D can also be readily realized with explicit
circuit constructions.[60, 61] In particular, we stress that for any n-
qubit diagonal unitary D, using techniques from Ref. [61] we
could construct an approximation circuit D̂ acting on the same
n qubits using only nearest neighbor CNOT gates (see Sec-
tion 6).

For instance, recently it was shown by Qiang et al.[62] that
one could gain an exponential speedup in simulating continu-
ous time quantum walk on circulant graphs (graphs whose ad-
jacency matrices satisfy the property where the row j + 1 can
be obtained by rotating row j by one element) compared with
the best classical algorithm. It is known that any Hamiltonian H
for a continuous time quantum walk on any circulant graph
can be diagonalized by the unitary Fourier Transform:[63]

H ¼ QyLQ where L is diagonal. The evolution under H then
becomes e�iHt ¼ QyDQ where D ¼ e�iLt simulates a diagonal
Hamiltonian. Quantum Fourier transform Q is well-known to
be efficiently realizable, and general schemes also exist for sim-
ulating diagonal unitaries.[60, 61] Hence a quantum walk on a cir-
culant graph of 2n nodes is efficiently realizable in the gate
model with n qubits. More interesting is the prospect of re-
placing the n-qubit quantum Fourier transform Q with easier-
to-implement Hadamard gates H�n when it comes to comput-
ing the probability of obtaining j00 � � � 0i in the final state
[Eq. (17)]:[62]

p00���0¼ jh00 � � � 0jQe�iLt Qyj00 � � � 0ij2

¼ jh00 � � � 0jH�ne�iLt H�nj00 � � � 0ij2
ð17Þ

Evidence presented in Ref. [62] for the difficulty of comput-
ing p00���0 on a classical computer is also based on the notion
of instantaneous quantum polynomial time (IQP).

5.4. Adiabatic Quantum Computing

There has already been rather impressive implementation of
adiabatic quantum computing at a scale of at least hundreds
of spins.[64–69] However, one of the main issues faced by such
implementation is control of precision, that is, the dynamic
range of field values which a device must be able to resolve in
order to embed the intended eigenspectrum to a desired ac-
curacy. Current benchmark of the D-Wave 2X system has
reached control precision of maximum 2 � 127 = 254 different
values.[70] We argue that a potential implementation of adiabat-
ic evolution on the polar molecules could yield a dynamic
range on the order of 104 in interaction strength. The basic
idea is to deviate from our earlier proposal on gate model by
identifying the state jJ ¼ 1;m ¼ 0i as the computational j0i
state and jJ ¼ 1;m ¼ 1i as the computational j1i state. Then
the energy gap between the two states could be tuned arbi-
trarily from 0 to 2.5B (see Figure 1). Consider an initial state of
the polar molecules under a strong electric field. Under
a strong field the state of the molecular system must be ori-
ented along the field. Then we gradually weaken the field and
vary its shape to certain prescribed distribution between the
molecules such that the ground state under the new distribu-

Figure 7. The dynamics of target qubit during CNOT operation. The orienta-
tion of the red arrow repesents the state of target qubit : up for j1i ; down
for j0i ; in xy plane for superposition ðj0i þ eiVj1iÞ=

ffiffiffi
2
p

. a) The target qubit is
in state j1i : solid for control qubit in state j0i (case 1) ; dashed for control
qubit in state j1i (case 2). b) After applying p/2 pulse resonant with both
j00i $ j01i (case 1) and j10i $ j11i (case 2) transitions along �y axis,
target qubit is at state ðj0i þ j1iÞ=

ffiffiffi
2
p

. c) After a waiting time of 1/(2Dw),
target qubit for the two different cases will have a phase difference of p.
d) After applying the same pulse as in (b) but along + y axis, the target
qubit for case 1 will return to state j1i and for case 2 will reset to j0i.
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tion is hard to find. A major advantage of our setup compared
with D-Wave is the wide range of tunable interactions. The
energy gap between j0i and j1i could be tuned by the
strength of the electric field from 0 to 104 times as large as Vd-

d, which is far beyond d-Wave’s current capability. One concern
is whether during the adiabatic procedure of weakening the
electric field the entire system of polar molecules could under-
go a phase transition. For the purpose of adiabatic computa-
tion one requires that an energy gap between ground and
first excited state be maintained during the adiabatic evolu-
tion. Whether a dipole system with hundreds of polar mole-
cules has such a property will be our future work.

6. Quantum Algorithm for Arbitrary Diagonal Unitary

Here we present a method for realizing arbitrary diagonal uni-
tary D using nearest-neighbor CNOT gates. The circuit D̂ con-
sists of Oð1e log2 1

eÞ single-qubit and nearest-neighbor CNOT
gates and D� D̂

�� �� � e. Our argument is as follows:

1) D̂ is a sequence of unitaries Ûj such that D̂ ¼ Û1Û2 � � � Ûk

where k ¼ Oð1=eÞ.

2) According to the scheme in Ref. [61] , each Ûj is realized by
a single-qubit rotation gate on some qubit, combined with
CNOT gates targeted on the qubit corresponding to the most
significant non-zero bit (MSB) in the binary expansion of the
integer j and controlled on the qubits corresponding to the 1 s
other than the MSB. Since j � k ¼ Oð1=eÞ, each CNOT acts on
two qubits that are at most Oðlog1=eÞ apart. For three qubits
A,B,C, we have the identities [Eq. (18)]:

CNOTAC ¼ SWAPABCNOTBC SWAPAB

SWAPAB ¼ CNOTABCNOTBACNOTAB

ð18Þ

where CNOTij stands for a CNOT gate with i as the control and
j as the target bit and SWAPij swaps the qubits i and j. We
could use the identities in Ref. [18] to decompoe a CNOT gate
acting on positions that are m qubits apart into O(m) CNOT
gates acting only on nearest-neighbor qubits. Hence each
CNOT gate in Ûj can be realized by Oðlog1=eÞ nearest-neighbor
CNOT gates. The binary expansion of j contains at most
Oðlog1=eÞ bits, implying that each Ûj can be realized by
Oðlog2 1=eÞ nearest-neighbor CNOT gates. Putting everything
together, D̂ can be realized using Oð1=eÞ single qubit rotations
and Oð1e log2 1

eÞ nearest-neightbor CNOT gates.

7. Summary

We have studied several aspects of quantum computation
with arrays of polar molecules in pendular states. Our study
shows that: 1) the ground state is the preferred qubit basis
state j00 � � � 0i which can be achieved by simply allowing the
system to reach thermal equilibrium at low temperature
(<1 mK); 2) in the parameter regime that we consider for
quantum computing, entanglement of pendular state qubits in
dipole arrays, characterized by concurrence, is modest, typical-

ly no greater than 10�4 for ground state, which is negligible.
We have also discussed methods for realizing quantum com-
putation in the gate model, measurement based model, in-
stantaneous quantum polynomial time circuits and the adia-
batic model using polar molecules in pendular states.
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