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Abstract

We present a model of quantum teleportation protocol based on one-dimensional quantum dots
system. Three quantum dots with three electrons are used to perform teleportation, the unknown
qubit is encoded using one electron spin on quantum dot A, the other two dots B and C' are coupled
to form a mixed space-spin entangled state. By choosing the Hamiltonian for the mixed space-
spin entangled system, we can filter the space (spin) entanglement to obtain pure spin (space)
entanglement, and after a Bell measurement, the unknown qubit is transfered to quantum dot
B. Selecting an appropriate Hamiltonian for the quantum gate allows the spin-based information
to be transformed into a charge-based information. The possibility of generalizing this model to
N-electrons is discussed. The Hamiltonian to construct the CNOT gate, and the pulse sequence

to realize the Hamiltonian are discussed in detail.
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I. INTRODUCTION

The special quantum features such as superpositions, interference and entanglement, have
revolutionized the field of quantum information and quantum computation. Quantum tele-
portation primarily relies on quantum entanglement, which essentially implies an intriguing
property that two quantum correlated systems can not be considered independent even if
they are far apart. The dream of teleportation is to be able to travel by simply reappearing
at some distant location. We have seen a familiar scene from science-fiction movies: The
heroes shimmer out of existence to reappear on the surface of a faraway planet. This is
the dream of teleportaion — the ability to travel from place to place without having to pass
through the tedious intervening miles accompanied by a vehicle or an airplane. Although
teleportation of large objects still remains a fantasy, quantum teleportaion has become a
laboratory reality for photons, electrons and atoms' Y.

By quantum teleportation an unknown quantum state is destroyed at a sending place
while its perfect replica state appears at a remote place via dual quantum and classical
channels. Quantum teleportation allows for the transmission of quantum information to a
distant location despite the impossibility of measuring or broadcasting the information to
be transmitted. The classical teleportation, like a fax, in which one could scan an object

and send the information so that the object can be reconstructed at the destination. In



this conventional facsimile transmission, the original object is scanned to extract partial
information about it. The scanned information is then sent to the receiving station, where
it is used to produce an approximate copy of the original object. The original object remains
intact after the scanning process. By contrast, in quantum teleportation, the uncertainty
principle forbids any scanning process from extracting all the information in a quantum
state. The non-local property of quantum mechanics enables the striking phenomenon of
quantum teleportation. Bennett and coworkers'! showed that a quantum state can be
teleported, providing one does not know that state, using a celebrated and paradoxical
feature of quantum mechanics known as the Einstein-Podolsky-Rosen (EPR) effect'?. They
found a way to scan out part of the information from an object A, which one wishes to
teleport, while causing the remaining part of the information to pass to an object B, via
the EPR effect. In this process, two objects B and C' form an entangled pair, object C' is
taken to the sending station, while object B is taken to the receiving station. At the sending
station object C' is scanned together with the original object A, yielding some information
and totally disrupting the state of A and C'. The scanned information is sent to the receiving
station, where it is used to select one of several treatments to be applied to object B, thereby
putting B into an exact replica of the former state of A.

Quantum teleportation exploits some of the most basic and unique features of quantum
mechanics, teleportation of a quantum state encompasses the complete transfer of infor-
mation from one particle to another. The complete specification of a quantum state of a
system generally requires an infinite amount of information, even for simple two-level sys-
tems (qubits). Moreover, the principles of quantum mechanics dictate that any measurement
on a system immediately alters its state, while yielding at most one bit of information. The
transfer of a state from one system to another (by performing measurements on the first
and operations on the second) might therefore appear impossible. However, it was shown
that the property of entanglement in quantum mechanics, in combination with classical
communication, can be used to teleport quantum states.

The application of quantum teleportation has been extended beyond the field of quan-
tum communication. On one hand, quantum teleportation can be implemented using a
quantum circuit that is much simpler than that required for any nontrivial quantum compu-
tational task: the state of an arbitrary qubit can be teleported using as few as two quantum

CNOT gates. Thus, quantum teleportation is significantly easier to implement than even



the simplest quantum computations if we are concerned only with the complexity of the
required circuitry. On the other hand, quantum computing is meaningful even if it takes
place very quickly and within a small region of space. The interest of quantum teleportation
would be greatly reduced if the actual teleportation had to take place immediately after
the required preparation. Quantum teleportation across significant time and space has been
demonstrated with the technology that allows for the efficient long-term storage and purifi-
cation of quantum information. Quantum teleportation of short-distance will play a role
in transporting quantum information inside quantum computers. People have shown that
a variety of quantum gates can be created by teleporting qubits through special entangled
states!®!. This allows the construction of a quantum computer based on just single qubit
operations, Bell’s measurement, and the GHZ states. A wide variety of fault-tolerant quan-
tum gates have also been constructed. Gottesman and Chuang demonstrated a procedure
which performs an inner measurement conditioned on an outer cat state''4.

In quantum systems, interaction in general gives rise to entanglement. In this chapter,
the entanglement in quantum dots system and its application for quantum teleportation will
be discussed. We do not cover all the work that has been done in the field in this chapter.
However, we chose a simple model to illustrate and introduce the subject. We present a
model of quantum teleportation protocol based on one-dimensional quantum dots system.
Three quantum dots with three electrons are used to perform teleportation: the unknown
qubit is encoded using one electron spin on quantum dot A, the other two dots B and
C' are coupled to form a mixed space-spin entangled state. By choosing the Hamiltonian
for the mixed space-spin entangled system, we can filter the space (spin) entanglement to
obtain pure spin (space) entanglement and after a Bell measurement, the unknown qubit is
transferred to quantum dot B. Selecting an appropriate Hamiltonian for the quantum gate
allows the spin-based information to be transformed into the charge-based information. The
possibility of generalizing this model to the N-electron syetem is discussed. The Hamiltonian

to construct the CNOT gate will also be discussed in detail.

II. ENTANGLEMENT

Ever since the appearance of the famous Einstein, Podolsky and Rosen (EPR)

experiment!?, the phenomenon of entanglement!®, which features the essential difference



between classical and quantum physics'®, has received wide theoretical and experimental

1623 Generally speaking, if two particles are in an entangled state then, even if
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the particles are physically separated by a great distance, they behave in some respects as a
single entity rather than as two separate entities. There is no doubt that entanglement has
been lying in the heart of the foundation of quantum mechanics?*.

Besides quantum computations, entanglement has also been the core of many other active
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research such as quantum teleportation®?%, dense coding®”?®, quantum communication®
and quantum cryptography®’. It is believed that the conceptual puzzles posed by entangle-
ment — and discussed more than fifty years — have now become a physical source to brew
completely novel ideas that might result in useful applications.

A big challenge faced by all the above-mentioned applications is to prepare the entangled
states, which is much more subtle than classically correlated states. To prepare an entangled
state of good quality is a preliminary condition for any successful experiment. In fact, this
is not only a problem involved in experiments, but also pose an obstacle to theories since
how to quantify entanglement is still unsettled, which is now becoming one of the central
topics in quantum information theory. Any function that quantifies entanglement is called
an entanglement measure. It should tell us how much entanglement there is in a given
multipartite state. Unfortunately there is currently no consensus as to the best method
to define entanglement for all possible multipartite states. The theory of entanglement is

d?*31733 and can only be applied in a limited number of scenarios,

only partially develope
where there is unambiguous way to construct suitable measures. Two important scenarios
are (a) the case of a pure state of a bipartite system that is, a system consisting of only two
components and (b) a mixed state of two spin-1/2 particles.

When a bipartite quantum system AB described by H4 ® Hpg is in a pure state there is
an essentially well-motivated and unique measure of entanglement between the subsystems
A and B given by the von Neumann entropy S. If we denote with p4 the partial trace of
p € Hy ® Hp with respect to subsystem B, p4 = Trp(p), the entropy of entanglement
of the state p is defined as the von Neumann entropy of the reduced density operator pg4,
S(p) = —Tr [palogy pal. It is possible to prove that, for pure states, the quantity S does not
change if we exchange A and B. So we have S(p) = —Tr [palog, pa]l = —Tr [pplog, ps].

For any bipartite pure state, if the entanglement F(p) is said to be good, it is often required

to have the following properties: (1) For separable states psep, E(psep) = 0. (2) Reversible



operations performed on the two subsystems A and B alone don’t change the entanglement
of the total systems. (3) The most general local operations that one can apply are non-
unitary. (4) The last property for a good measure of entanglement is that if we take two
bipartite systems in the total state p; = p; ® p2, we should have E(p;) = E(p1) + E(p2). It
is possible to show that the quantity S has all the above properties. Clearly, S is not the
only mathematical object that meet the requirement (1)-(4), but in fact, it is accepted as
the correct and unique measure of entanglement.

Generally, the strict definitions of the four most prominent entanglement measures can
be summarized as follows®: (1) Entanglement of distillation Ep; (2) Entanglement of cost
E¢; (3) Entanglement of formation Er and finally (4) Relative entropy of entanglement Eg.
The first two measures are also called operational measures while the second two do not
admit a direct operational interpretation in terms of entanglement manipulations. It can be
proved that, suppose E is a measure defined on mixed states which satisfy the conditions
for a good entanglement measure mentioned above, then for all states p € (H* @HP),
Ep(p) < E(p) < Ec(p), and both Ep(p) and Ec(p) coincides on pure states with the von
Neumann reduced entropy as having been demonstrated above. For the fermion system, we

chose to use Zanardi’s measure®®, which is given in Fock space as the von Neumann entropy.

III. QUANTUM TELEPORTATION

Quantum teleportation is an entanglement-assisted teleportation. It is a technique used
to transfer information on a quantum level, usually from one particle (or series of particles)
to another particle (or series of particles) in another location via quantum entanglement.
Its distinguishing feature is that it can transmit the information present in a quantum
superposition, which is useful for quantum communication and computation.

More precisely, quantum teleportation is a quantum protocol by which the information on
a qubit A (quantum bit, a two-level quantum system) is transmitted exactly (in principle)
to another qubit B. This protocol requires a conventional communication channel capable
of transmitting two classical bits, and an entangled pair (B, C) of qubits, with C' at the
origin location with A and B at the destination. The protocol has three steps: measure
A and C jointly to yield two classical bits; transmit the two bits to the other end of the

channel; and use the two bits to select one of four ways of recovering B.



The two parties are Alice (A) and Bob (B), and a qubit is, in general, a superposition of
quantum state |0) and |1). Equivalently, a qubit is a unit vector in two-dimensional Hilbert
space. Suppose Alice has a qubit in some arbitrary quantum state [1») = a|0)+/5|1). Assume
that this quantum state is not known to Alice and she would like to send this state to Bob.
A solution to this problem was discovered by Bennet et al.!!. The parts of a maximally
entangled two-qubit state are distributed to Alice and Bob. The protocol then involves
Alice and Bob interacting locally with the qubits in their possession and Alice sending two
classical bits to Bob. In the end, the qubit in Bob’s possession will be transformed into the
desired state.

Alice and Bob share a pair of entangled qubits BC'. That is, Alice has one half, C,
and Bob has the other half, B. Let A denote the qubit Alice wishes to transmit to Bob.
Alice applies a unitary operation on the qubits AC' and measures the result to obtain two
classical bits. In this process, the two qubits are destroyed. Bob’s qubit, B, now contains
information about C'; however, the information is somewhat randomized. More specifically,
Bob’s qubit B is in one of four states uniformly chosen at random and Bob cannot obtain
any information about C' from his qubit. Alice provides her two measured qubits, which
indicate which of the four states Bob possesses. Bob applies a unitary transformation which
depends on the qubits he obtains from Alice, transforming his qubit into an identical copy
of the qubit C.

Suppose the qubit A that Alice wants to teleport to Bob can be written generally as:
|ya = «|0) + [|1). Alice and Bob to share a maximally entangled state beforehand, for

instance one of the four Bell states:

Bty = %umc@ 005+ 1) ® [1)5)
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Alice takes one of the particles in the pair, and Bob keeps the other one. The subscripts C'
and B in the entangled state refer to Alice’s or Bob’s particle. We will assume that Alice
and Bob share the entangled state |®T) = %(m)c ®10)g + |1)c ® |1)5). So, Alice has two
particles (A, the one she wants to teleport, and C, one of the entangled pair), and Bob has

7



one particle, B. In the total system, the state of these three particles is given by

1
‘¢>Aﬁ(|0>C|O>B +[1el1)B) (2)

where subscripts A and C' are used to denote Alice’s system, and subscript B to denote

Bob’s system. This three particle state can be rewritten in the Bell basis as:
1 _ _
(127)(al0) + B11)) + |€7)(]0) = BI1)) + [¥T)(B10) + al1)) +[¥7)(=50) +a[1))) (3)

The teleportation starts when Alice measures her two qubits in the Bell basis. Given
the above expression, the results of her measurement is that the three-particle state would

collapse to one of the following four states (with equal probability of obtaining each)

[27)(]0) + B]1))

|©7)(al0) — 5]1))

[T (B10) + al1))

(W) (=510) + af1)). (4)
Alice’s two particles are now entangled to each other, in one of the four Bell states. The
entanglement originally shared between Alice’s and Bob’s qubits is now broken. Bob’s
particle takes on one of the four superposition states shown above. Bob’s qubit is now in a
state that resembles the state to be teleported. The four possible states for Bob’s qubit are
unitary images of the state to be teleported.

The local measurement done by Alice on the Bell basis gives complete knowledge of the
state of the three particles; the result of her Bell measurement tells her which of the four
states the system is in. She simply has to send her results to Bob through a classical channel.
Two classical bits can communicate which of the four results she obtained.

After Bob receives the message from Alice, he will know which of the four states his
particle is in. Using this information, he can rotate the target qubit into the correct state |1)
by applying the appropriate unitary transformation I, o, ox or ioy. Quantum teleportation

38-43

using pairs of entangled photons and atoms®? have been demonstrated experimentally.

There are also schemes suggesting using electrons to perform quantum teleportation®”44.



IV. ENTANGLEMENT IN THE ONE-DIMENSIONAL HUBBARD MODEL

Quantum dots system is one of the proposals for building a quantum computer®>4¢. With
dimensions ranging from a mere 1 nm to as much as 100 nm and consisting of anywhere
between 103 to 10° atoms and electrons, semiconductor quantum dots are often regarded
as artificial atoms. Charge carriers in semiconductor quantum dot are confined in all three
dimensions and the confinement can be achieved through electrical gating and/or etching
techniques applied to a two-dimensional electron gas. To describe the quantum dots, a simple
approximation is to regard each dot as having one valence orbital, the electron occupation
could be |0 >, | 1>, | |> and | T/>, with other electrons treated as core electrons®’.
The valence electron can tunnel from a given dot to its nearest neighbor obeying the Pauli
principle and thereby two dots can be coupled together, this is the electron hopping effect.
Another effect needs to be considered is the on-site electron-electron repulsion. A theoretical
description of an array of quantum dots can be modelled by the one-dimensional Hubbard

Hamiltonian:

H=-t > b cie+ U ni ng (5)

<ij>,o
where t stands for the electron hopping parameter, U is the Coulomb repulsion parameter
.I>

for electrons on the same site, ¢ and j are the neighboring site numbers, c¢;, and c¢;, are
the creation and annihilation operators.
Entanglement using Zanardi’s measure can be formulated as the von Neumann entropy
given by
Ej = =Tr(pjlogap;), (6)

where the reduced density matrix p; is given by
p; =Tr;(|¥ >< V), (7)

T'r; denotes the trace over all but the jth site and |¥ > is the antisymmetric wave function
of the fermion system. Hence E; actually describes the entanglement of the j-th site with
the remaining sites.

In the Hubbard model, the electron occupation of each site has four possibilities, there
are four possible local states at each site, v >; = [0 >;, | 1>;, | |>;, | TI>;. Since the

Hamiltonian is invariant under translation, the local density matrix p; of the j-th site is site



independent and is given by*®

pj = 2|0) (0] + ™| (T |+ u[ (L [+ w] TI(TL] (8)
with
w = (njyn ) = Tr(ngn; p;) (9)
ut = () —w, uT = (ny)) —w (10)
z=1-u" —u” —w=1~(nj) — (n;) +w (11)

The Hubbard Hamiltonian can be re-scaled to have only one parameter U/t. The entangle-

ment of the j-th site with the other sites is given by
E; = —zLog,z — u" Log,u™ — v~ Logyu™ — wLogyw. (12)

For the one-dimensional Hubbard model with half-filled electrons, we have < n; >=<

ny >= %, ut =u" = % —w , and the local entanglement is given by
1 1
E; = —2wlog,w — 2(5 — w)log2(§ —w) (13)

For each site the entanglement is the same. Consider the particle-hole symmetry of the
model, we can see that w(—U) = 3 —w(U), so the local entanglement is an even function of
U. As shown in Fig. 1, the minimum of the entanglement is 1 as U — +o00. As U — +00
all the sites are singly occupied the only difference is the spin of the electrons on each site,
which can be referred as the spin entanglement. As U — —oo, all the sites are either doubly
occupied or empty, which is referred as the space entanglement. The maximum entanglement
is 2 at U = 0, which is the sum of the spin and space entanglement of the system. In Fig.
1, we show the entanglement for two sites and two electrons, they qualitatively agree with

that of the Bethe ansatz solution for an array of sites®®.

V. QUANTUM TELEPORTATION IN QUANTUM DOTS

Gittings and Fisher*® showed that the entanglement in this system can be used in quan-
tum teleportation. However, in their scheme both the charge and spin of the system are used
to construct the unitary transformation. Here, we describe a different scheme to perform

quantum teleportation. For two half-filled coupled quantum dots, under the conservation
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of the total number of electrons N = 2 and the total electron spin S = 0, a quantum en-
tanglement of 2, two ebits (if each of the entangled particles is used to encode a qubit, the
entangled joint states is called an ebit or entangled bit. Ebits are "shared resources” that
require both particles) can be produced according to Zanardi’s measure. Let us describe the
teleportation scheme using three sites, A, B and C. Suppose the qubit |V >= «o| > +3| | >
will be teleported from site A ( Alice), to site B (Bob) where the two sites B and C' are in

an entangled state,

1 1
Wep >= ﬁ( i+ CET)E( bt )0 > (14)

A spin-up electron and a spin-down electron are in a delocalized state on sites C' and B.
In the occupation number basis | ne ne| npy np; >, the state of the system can be written
as:
Lot oy Yoa 1
[Wep >= E( Cort CBT)E( coyt cpy)|0 > §(|0011 > +[1100 > +[1001 > +|0110 >).
(15)
From the state described by Eq. (10) we can see that in the basis of | ng ne| >, there
are four possible states: |00 >, [11 >, |10 >, |01 >. Corresponding to each of the states on
site C, the states on site B are: |11 >, |00 >, |01 >, |10 > in the occupation number basis
| ngy np; >. Under the restriction of the conservation of total number of electrons and total
spin of the system, two ebits can be obtained, one is in the spatial degree of freedom, and
the other is in the spin degree of freedom. In the basis of | n¢; ne| ngy np; >, the two ebits

are:
1 1

V2 V2

These two ebits can be used in quantum teleportation. The C-NOT operation in the occu-

B (]1100 > +]0011 >), B (]1001 > +|0110 >) (16)

pation number basis | na; na; ney nep > is given by:
|1000 >« |1011 >, |1010 > |1001 >, |01 ner No| >« |01 net Ney > (17)

For the ebit (), in the quantum teleportation process, in basis | na; na >

| ncy noyp npy npp >, as shown in Fig. 2, we have the initial state in the quantum dots:

1
W >= (a]10 > +8]01 >)5(|1100 > +[0011 > +]1001 > +/0110 >) (18)

11



Alice performs the CNOT operation on the two qubits she holds, using the source qubit as
a control qubit and the half EPR qubit as target qubit:

1
U1 >=a]10 > —=(|0000 > +[1111 >) + 501 > —=(|1100 > +[0011 >)  (19)

1
V2 V2
she performs the Hadamard operation on the initial qubit:
1 1
Wy >= (|10 > 4|01 >)§(|OOOO > 41111 >) + (|10 > —|01 >)§(|1100 > 40011 >)
(20)
After these operations, Alice does the measurement M; and M, on the two qubits she

holds, the following results will be obtained:

|M1M2 > | npr Np| >

|1011 > alll > 43|00 >

|1000 > al00 > +5|11 >

0111 > alll > =300 >

|0100 > al00 > —p|11 > (21)

Then after performing a unitary transformation using double electron occupation and
zero electron occupation as basis, the source qubit can be obtained on site B. For this

system the Hamiltonian to perform the C-NOT operation is given by:

Henvor = |10 >4 < 10|(|11 >cc0 < 00| + |00 >c o0 < 11|) +
|01 >4 4 < O01|(]11 >¢ ¢ < 11| 4+ /00 >¢ ¢ < 00|)

1
= 5(02‘ + 1)( cTCT cTCl+ cor cop)+

A
S(L=02)( ety ¢ty e cort cer coy ey by, (22)

where o4 is the Pauli matrix. We can see that by using this Hamiltonian, the spin entangle-
ment of the system is filtered, the space entanglement is used in the teleportation process.
An important result is that the original state we want to teleport is in a superposition state
of spin up and spin down electrons. However, after the teleportation process, the state we
obtained on site B is a superposition state of double electron occupation and zero electron
occupation. The information based on spin has been transformed to information based on

charge, but the information content is not changed. It is well known that a difficult task

12



in quantum information processing and spintronics is the measurement of a single elec-
tron spin®’, in the scheme above, we changed the quantum information from spin-based to
charge-based, thus makes the measurement fairly easier. This is also important in quantum
computation based on electron spin since the readout can be easily measured.

The Hamiltonian for the C-NOT operation can be realized by constructing pulse se-
quences using the tools of geometric algebra. The tools of geometric algebra provide a
useful means of constructing pulse sequences for quantum logic operations®. The method
is based on the use of primitive idempotents. The primitive idempotents, F., satisfy the

following properties:
E,+E_=1, (B+)*=E., E.E_=0. (23)
These idempotents can help simplify exponential operations as follows:
e = By + B, (if [A Es]=0). (24)
For spin—% particles, the idempotents of interest are
1 , 1 o
L= (1+0}) BY = S(140lo)) (25)

where ¢’s are the Pauli matrices. Ej‘r1 is thus the density matrix for the A spin in the up
state and E? is the density matrix for the B spin in the down state. Such operators have

been useful in other NMR quantum computing experiments®?.

10
By = 0)(0 (26)
00
e ="’ (27)
01
e —o [0, e = [ (28)
10 00

Using the definitions of £, F_ and o,, the Hamiltonian for C-NOT gate can be rewritten
in a simpler form. In this part we transform the state representation from Fock space to

the standard quantum computing representation: [10) = | 1) =(0), |01) = | |) = |1). In the

13



entangled pair we define [11)¢ = | T]) = |0) and |00)c = |@) = |1). Then the Hamiltonian

can be written as:
Heonor = EXNoSEC + 0$EY) + EAEC + EY) = B0 + E4 (29)

The physical interpretation of the above equation is an instruction to perform the ox
operation on site C if site A is spin-up and to perform the identity operation if the state on
site A is spin-down.

The expression of the problem in terms of idempotents also makes the generation of the
pulse sequence quite straightforward. The propagator for the C-NOT can be factorized
into elements which can be physically applied. This is accomplished by first rewriting the
propagator as

Henor = B + Efo§ = B2 + (i)(—i) E{o§ (30)
which can be factorized into
Honor = (B4 —iE20$)(EA +iEY) (31)

Using the fact that the idempotents can be expressed as exponentials, the above expres-

sion becomes:

_iBALC A
HCNOT —e ZE+O'X7T/2 . 62E+7r/2 (32>

This expression can be expressed as
Henor = oI/ | pmioSn/A | jiogT/A | jiogom/4 (33)

This is an exact expression for the propagator, and is also the pulse sequence for its
implementation. Note here the basis for 0§ is different from the basis for o, the basis for
the former is double and zero occupation of site C', and the basis for the later is spin-up and
spin-down state, so in the operation o will transform between state |11) and |00) in Fock
space.

For another ebit (4, in the quantum teleportation process, in basis | nay na >

| nct Ne| Ny Ny > , We have:

1
W >= (a]10 > 6|01 >)5(1100 > +]0011 > +]1001 > +/0110 >) (34)

1
U1 >= 10 > —=(]0101 > +[1010 >) + BJ01 > —=(|1001 > +{0110>)  (35)

1
v V2

14



1 1
| Uy >= (|10 > +]01 >)§(|0101 > +[1010 > +3(]10 > —|01 >)§(|1001 > 40110 >)
(36)

When Alice does the measurement M; and M, the following results will be obtained:

|M1M2 > | npr Np| >

11001 > al0l > +43]10 >

11010 > al10 > +8/01 >

0101 > alol > —4[10 >

0110 > al10 > —4[01 > (37)

For this system the Hamiltonian to perform the C-NOT operation is:

Henvor = |10 >4 < 10|(|10 >oc < 01| + |01 >co o0 < 10|) +

|01 >4 4 < 01|(]01 >¢ ¢ < 01| + |10 >¢ ¢ < 10])

1
= 5(0'? +1)( by cort ey cor)
1
+§(1 — o) ( by cor coy i+ by ey eoy cly) (38)

Then after doing a unitary transformation using the electron spin up and spin down as
basis, the source qubit can be recovered on site B. By using this Hamiltonian for the C-NOT
operation the space entanglement of the system is filtered, the spin entanglement is used in
the process.

Using the geometric techniques of idempotents, the Hamiltonian for the C-NOT gate can
be written in a simpler form. Here we transform the representation of the qubit state from
Fock space to standard quantum computing state: [10) =| T) =10),|01) =| |) =|1). In the
entangled pair we define |10)c = | T) = |0) and [01)¢ = | |) = |1). Then the Hamiltonian

can be rewritten as:
Henor = BN oS ES + oS ES) + EAEC + ES) = EA + E0§ (39)

The physical interpretation of the above equation is an instruction to perform the ox
operation of site C' if site A is spin-up and to do the identity operation if the site A is
spin-down.

The propagator for the C-NOT operation can be constructed as follows, first rewriting
the propagator as:

Henor = B4 + Efo§ = B2 + (i) (—i) E{o§ (40)

15



which can be factorized into
Honor = (B2 —iE20) (B2 +iEY) (41)

Using the fact that the idempotents can be expressed as exponentials, the above expres-
sion becomes:

_irALC S A
HCNOT —e iEom/2 67,E+7r/2 (42)

This expression can be expressed as:

; —ioC A Ao
Henor = eim/A | giox /4 gmiogm/A | giogokm/4 (43)

This is an exact expression for the propagatorand is also a pulse sequence for its im-
plementation. Note here the basis for ¢ is the same as for o4, the electron spin-up and
spin-down state.

For U # 0, the state of the 2-electron 2-sites system can be described as follows:

U >= q;]1100 > +a5|0011 > +b;[1001 > +b|0110 >; af + a3 + b + b3 = 1, (44)

where a; = as, by = by because of the symmetry in the entangled pairs, such that the

state can be written as:

U >=afy+bBy; a®+b° = 1. (45)

From the above analysis, we can see that in the case of using [y or (3; as ebits, the
unitary transformation is performed in the occupation number basis of | ngy ng; >, using
basis |11 >, |00 > or |10 >,|01 >. We can select the basis separately, either charge or spin.
We can also choose the Hamiltonian (one is related to the spin entanglement and the other
is related to space entanglement) for the CNOT operation, when the Hamiltonian for one
ebit is chosen, the ebit corresponding to the other Hamiltonian is filtered.

If U > 0, the contribution of the spin entanglement to the total entanglement is greater
than that of the space entanglement. The probability of getting the ebit |3; > increases
as U becomes larger. If U < 0, the contribution of the space entanglement to the total
entanglement becomes greater than that of the spin entanglement, the probability of getting

the ebit |Gy > increases as U becomes more negative. In the limit of U goes to +oo, only
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spin entanglement or space entanglement will exist. This might be related to the spin charge

1°3. In a previous study®, we showed that the maximum

separation in the Hubbard mode
entanglement can be reached at U > 0 by introducing asymmetric electron hopping impurity
to the system. This is very convenient in the quantum information processing. We can

control the parameter U/t to increase the probability of getting either ebit.

VI. SUMMARY

We have proposed two schemes for teleportation of a single qubit in quantum dots system
modelled by the one-dimensional Hubbard Hamiltonian, two ebits are contained in the
system and can be used in the teleportation process. Now we analyze the theoretical fidelity
of these two teleportation schemes. The fidelity of teleportation is defined as the projection
of the teleported state |¢)') on site C' to the initial state |¢)) = a|0) + []|1) on the site A,
| (] |2. If Alice can distinguish all four possible measurement outcomes, the teleportation
process can, in principle, be completed with a 100% success rate and is deterministic. If
Alice, on the other hand, is only able to perform a partial measurement on her two particles,
the success probability is less than 100% and the teleportation is probabilistic. In the first
scheme, when the space entangled ebit is used, Alice does the measurement in charge basis.
She can only distinguish on site C', whether it is doubly charged or has no charge. As a
result, she can only distinguish two measurement results, thus the fidelity of this scheme is
50%. In the second scheme, by using the spin entanglement, Alice does the measurement in
spin basis, all four measurement results can be distinguished, thus the fidelity is 100%.

We discussed implementing quantum teleportation in three-electron system. For more
electrons and in the limit of U — 400 there is no double occupation, the system is reduced
to the Heisenberg model, in the magnetic field. The neighboring spins will favor the anti-
parallel configuration for the ground state. If the spin at one end is flipped, then the spins
on the whole chain will be flipped accordingly due to the spin-spin correlation. Such that the
spins at the two ends of the chain are entangled, a spin entanglement, this can be used for
quantum teleportation, the information can be transferred through the chain. For U # +o0,
for the N-sites N-electron system with S = 0, the first N — 1 sites entangled with the N-th
site in the same way as that of the two-electron two-sites system: if the N-th site has 2

electrons, then the first N —1 sites will have N —2 electrons; if the N-th site has 0 electrons,
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then the first N — 1 sites will have N electrons; if the N-th site has 1 spin-up electron,
then the total spin of the first N — 1 sites will be 1 spin-down; if the N-th site has the 1
spin-down electron, then the total spin of the first N — 1 sites will be 1 spin-up. So the same
procedure discussed above can be used for quantum teleportation but the new system with
N-electrons is much more complicated than the previous three electron system. Moreover,
Alice needs to control the first NV — 1 sites and the source qubit. This situation is different
from the spin chain. The correlation can not be transferred from one end to the other.

We have studied the entanglement of an array of quantum dots modelled by the one-
dimensional Hubbard Hamiltonian and its application in quantum teleportation. The en-
tanglement in this system is a mixture of space and spin entanglement. The application
of such entanglement in quantum teleportation process has been discussed. By applying
different Hamiltonian for the CNOT operation, we can separate the ebit based on space
entanglement or spin entanglement and apply it in quantum teleportation process. It turns
out that if we use the ebit of the space entanglement, we can transform the spin-based
quantum information to the charge-based quantum information making the measurement
fairly easy.

Efficient long-distance quantum teleportation is crucial for quantum communication and
quantum networking schemes. Ursin® et. al have performed a high-fidelity teleportation of
photons over a distance of 600 meters across the River Danube in Vienna, with the optimal
efficiency that can be achieved using linear optics. Another exciting experiment in quantum
communication has also been done by Ursin et. al®®5". One photon is measured locally at
the Canary Island of La Palma, whereas the other is sent over an optical free-space link
to Tenerife, where the Optical Ground Station of the European Space Agency acts as the
receiver. This exceeds previous free-space experiments by more than an order of magnitude
in distance, and is an essential step towards future satellite-based quantum communication.
Recently decoy-state quantum cryptography over a distance of 144 km between two Canary
Islands was demonstrated successfully. Such experiments also open up the possibility of
quantum communication on a large scale using satellites.

Teleportation of single qubits is insufficient for a large-scale realization of quantum com-
munication and quantum computation. Many scientists have developed and exploited tele-
portation of two-qubit composite system using a six-photon interferometer®®. In this exper-

iment, a six-photon interferometer has been exploited to teleport an arbitrary polarization
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state of two photons. The observed teleportation fidelities for different initial states are
all well beyond the state estimation limit of 0.40 Not only does six-photon interferometer
provide an important step towards teleportation of a complex system, it will also enable
future experimental investigations on a number of fundamental quantum communication

and computation protocols.
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FIG. 1: Local entanglement given by the von Neumann entropy E, versus U/t for two sites two

electrons.
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FIG. 2: Quantum circuit for teleporting a qubit. The two top lines represent Alice’s system,
while the bottom line is Bob’s system. ( is an entangled pair of qubits Alice and Bob share. H
represents a Hadamard transformation, M; and Ms represent the measurement on the two top
lines. U represents a unitary operation that Bob performs to rotate his qubit to the state Alice
teleport. |Wy) is the initial state for the whole system, |¥y) is the state after Alice performs CNOT
operation, and |Ws) is the state after Alice performs Hadamard operation on initial qubit she holds;
The outcome is the teleported state Bob will get after performing a unitary operation according

to the result of the measurement Alice made.
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