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I. INTR ODUCTION

In quantum chemistry calculations, the correlation energyis de�ned as the energyerror

of the Hartree-Fock wave function, i.e., the di�erence between the Hartree-Fock limit en-

ergy and the exact solution of the nonrelativistic Schr•odinger equation[1]. Di�eren t types

of electron correlation are often distinguished in quantum chemistry such as dynamical

and nondynamical[2], radial vs angular correlation for atoms, left-right, in-out and radial

correlation for diatomic moleculesand weak and strong correlation for solids. There also

exists other measuresof electroncorrelation in the literature such as the statistical correla-

tion coe�cien ts[3] and more recently the Shannonentropy as a measureof the correlation

strength[4{8]. Correlation of a quantum many-body state makes the one-particle density

matrix nonidempotent. Therefore, the Shannonentropy of the natural occupation num-

bers measuresthe correlation strength on the one-particle level[7]. Electron correlations

have a strong in
uence on many atomic, molecular[9], and solid properties[10]. The con-

cept of electron correlation as de�ned in quantum chemistry calculations is useful but not

directly observable, i.e., there is no operator in quantum mechanics that its measurement

gives the correlation energy. Moreover, there are caseswherethe kinetic energydominates

the Coulomb repulsionbetweenelectrons,the electroncorrelation alonefails asa correlation

measure[6].

Entanglement is a quantum mechanical property that describes a correlation between

quantum mechanical systemsthat hasno classicalanalog[11{13, 15? ]. Schr•odinger wasthe

�rst to introducethesestatesand gave them the name"Verschr•ankung" to a correlation of

quantum nature[16]: "For an entangled state the best possibleknowledgeof the whole does

not include the best possibleknowledgeof its parts". Latter, Bell[17] de�ned entanglement

as"A correlation that is strongerthan any classicalcorrelation". Thus, it might be usefulas

an alternative measureof electron-electroncorrelation in quantum chemistry calculations.

Ever sincethe appearanceof the famousEPR Gadankenexperiment [18],the phenomenon

of entanglement [19], which featuresthe essential di�erence betweenclassicaland quantum

physics, has received wide theoretical and experimental attentions [17, 20{25]. Generally

speaking, if two particles are in an entangled state then, even if the particles are physically

separatedby a great distance,they behave in somerespectsasa singleentit y rather than as

two separateentities. There is no doubt that the entanglement hasbeenlying in the heart
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of the foundation of quantum mechanics.

Recently a desire to understand the quantum entanglement is fueled by the develop-

ment of quantum computation, which has started from 1980swith the pioneeringwork of

Benio�[26], Bennett[27],Deutsch [28], Feynman[29]and Landauer[30]but gatheredthe mo-

mentum and much research interest only after the Peter Shor'srevolutionary discovery[31] of

a quantum computer algorithm in 1994that would e�cien tly �nd the prime factors of com-

posite integers. Sinceinteger factorization is the basisfor cryptoscystemsusedfor security

nowadays, Shor's �nding will have a profound e�ect upon cryptography. The astronomical

power of quantum computations has chasedresearchers all over the world racing to be the

�rst to createa practical quantum computer.

Besidesquantum computations, entanglement has also been the core of many other

active research such as quantum teleportation[32, 33], dense coding[34, 35], quantum

communication[36] and quantum cryptography[37]. It is believed that the conceptualpuz-

zles posedby entanglement have now becomea physical sourceto brew completely novel

ideasthat might result in applications.

A big challengefacedby all the above-mentioned applications is to preparethe entangled

states,which is much moresubtle than classicallycorrelatedstates. To preparean entangled

state of good quality is a preliminary condition for any successfulexperiment. In fact, this

is not only a problem involved in experiments, but also posean obstacleto theories since

how to quantify entanglement is still unsettled, which is now becomingone of the central

topics in quantum information theory. Any function that quanti�es entanglement is called

an entanglement measure. It should tell us how much entanglement there is in a given

mutipartite state. Unfortunately there is currently no consensusas to the best method to

de�ne an entanglement for all possiblemultipartite states. And the theory of entanglement

is only partially developed [13, 38{40] and for the moment can only be applied in a limited

number of scenarios,wherethere is unambiguousway to construct suitable measures.Two

important scenariosare (a) the caseof a pure state of a bipartite systemthat is, a system

consistingof only two components and (b) a mixed state of two spin-1/2 particles.

When a bipartite quantum systemsAB describe by HA 
 HB is in a pure state there is an

essentially well-motivated and unique measureof the entanglement betweenthe subsystems

A and B given by the von Neumann entropy S. If we denote with � A the partial trace of

� 2 HA 
 HB with respect to subsystemB, � A = TrB (� ), the entropy of entanglement
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of the state � is de�ned as the von Neumann entropy of the reduceddensity operator � A ;

S(� ) � � Tr [� A log2 � A ]. It is possibleto prove that, for pure state, the quantit y S doesnot

changeif we exchangeA and B. So we have S(� ) � � Tr [� A log2 � A ] � � Tr [� B log2 � B ] :

For any bipartite pure state, if an entanglement E(� ) is said to be a good one, it is often

required to have the following properties[? ]:

� Separability: If � is separable,then E(� ) = 0

� Normalization: The entanglement of a maximally state of two d-dimensionalsystems

is given by E = log(d).

� No IncreaseUnder Local Operations: Applying local operations and classicallycom-

municating cannot increasethe entanglement of � .

� Continuity: In the limit of vanishing distancebetween two density matrices the dif-

ferencebetweentheir entanglement should tend to zero.

� Additivity: A certain number N of identical copiesof the state � should contain N

times the entanglement of onecopy.

� Subadditivity: the entanglement of the tensor product of two states should not be

larger that the sum of the entanglement of each of the states.

� Convexity: The entanglement measureshould be a convex function, i.e.,

E(�� + (1 � � )� ) � �E (� ) + (1 � � )E(� ) for 0 < � < 1.

For a pure bipartite state, it is possibleto show that the von Neumann entropy of its

reduceddensity matrix, S(� r ed) = � Tr (� r ed log2 � r ed), hasall the above properties. Clearly,

S is not the only mathematical object that meet the requirement but in fact, it is now

basically acceptedas the correct and unique measureof entanglement.

The strict de�nitions of the four most prominent entanglement measurescan be summa-

rized as follows[? ]:

� Entanglementof distil lation ED

� Entanglementof cost EC

� Entanglementof formation EF
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� Relative entropy of entanglementER

The �rst two measuresare also called operational measureswhile the secondtwo don't

admit a direct operational interpretation in terms of entanglement manipulations. It can be

provedthat, supposeE is an measurede�ned on mixed stateswhich satisfy the conditionsfor

a good measurementioned above, then for all states� 2 (H A 
 H B ); ED (� ) � E(� ) � EC (� ),

and both ED (� ) and EC (� ) coincideson pure stateswithe the von Neumannreducedentropy

as having beendemonstratedabove.

A. En tanglemen t of formation and concurrence

At the current time, there is no simple way to carry out the calculations with all these

entanglement measures.Their properties, such as additivit y, convexity and continuity, and

relationships are still in active investigations. Even for the best-understood entanglement

of formation of the mixed states in bipartite systemsAB ; oncethe dimensionor A or B is

three or above, we don't know how to get it simply although we have the generalde�nitions

shown above. However, for the casewhereboth subsystemsA and B are spin-1/2 particles,

there exists a simple formula from which the entanglement of formation can be calculated

[42].

Givena density matrix � of a pair of quantum systemsA and B and all possiblepure-state

decompositions of �

� =
X

i

pi j i i h i j ; (1)

where pi probabilities for ensembles of states j i i , the entanglement E is de�ned as the

entropy of either of the subsystemsA and B:

E( ) = � Tr( � A log2 � A ) = � Tr(� B log2 � B ): (2)

The entanglement of formation of the mixed � is then de�ned as the averageentanglement

of the pure statesof the decomposition[42], minimized over all decompositions of � :

E(� ) = min
X

i

pi E( i ) : (3)

For a pair of qubits this equation can be written as[42{44],

E(� ) = E(C(� )) ; (4)
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whereE is a function of the "concurrence" C

E(C) = h

 
1 +

p
1 � C2

2

!

;

whereh in the binary entropy function[20]

h(x) = � x log2 x � (1 � x) log2(1 � x): (5)

In this casethe entanglement of formation is givenin termsof anotherentanglement measure,

the concurrenceC [42{44]. The entanglement of formation varies monotonically with the

concurrence.From the density matrix of the two-spin mixed states,the concurrencecan be

calculatedas follows:

C(� ) = max[0; � 1 � � 2 � � 3 � � 4]; (6)

where � i are the eigenvalues in decreasingorder of the Hermitian matrix R �

r
p

�
~
� p

�

with
~
� = (� y 
 � y)� � (� y 
 � y): � y here is the Pauli matrix of the spin in y direction. The

concurrencevaries from C = 0 for a separablestate to C = 1 for a maximally entangled

state. The concurrenceas a measureof entanglement will be usedin section I I to discuss

tuning and manipulating the entanglement for spin systems.

B. En tanglemen t measure for fermions

As we discussedin the previous section, for distinguishableparticles, the most suitable

and famousmeasureof the entanglement is the Wootters' measure[42], the entanglement of

formation or concurrence.Recently, Schlieman[45, 46] examinedthe in
uence of quantum

statistics on the de�nition of the entanglement. He discusseda two-fermionsystemwith the

Slater decomposition instead of Schmidt decomposition for the entanglement measure. If

we take each of the indistinguishable fermionsto be in the single-particleHilbert spaceCN

with f m ; f +
m (m = 1; :::; N ) denotesthe fermionicannihilation and creationoperator of single-

particle statesand j
 i represents the vacuum state. Then a pure two-electronstate can be

written as
P

m;n
! mn f +

m f +
n j
 i , where! mn = � ! nm . Analogousto the Schmidt decomposition,

it can be proved that every j	 i can be represented in a appropriately chosenbasisin CN in

a form of Slater decomposition [45],

j	 i =
1

q P K
i=1 jzi j

2

KX

i =1

zi f +
a1 (i ) f

+
a2 (i ) j
 i ; (7)
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wheref +
a1 (i ) j
 i ; f +

a2 (i ) j
 i , i = 1; � � �; K ; form an orthonormal basisin CN . The number of the

nonvanishingcoe�cien ts zi is calledthe Slater rank, which is then usedfor the entanglement

measure. With similar technique, the caseof two-boson system is studied by Li [47] and

Pa�skauskas [48].

Gittings [49] put forward three desirableproperties of any entanglement measure: (a)

Invarianceunder local unitary transformations; (b) Non invarianceunder non-local unitary

transformations; (c) Correct behavior asdistingusishability of the subsystemsis lost. These

requirements make the relevant distinction betweenone-particleunitary transformation and

one-siteunitary transformations. A natural way achieving this distinction[49] is to use a

basisbasedupon sitesrather on particles. Through Gittings' investigation, it is shown that

all the above-discussedentanglement measuresfail the tests of the three criteria. Only the

Zanardi's measure[50] survives, which is given in Fock spaceas the von Neuman entropy,

namely,

E j = � Tr � j log2 � j ; � j = Tr j j i h j ; (8)

where Tr j denotesthe trace over all but the j th site and  is the antisymmetric wave

function of the studied system. HenceE j actually describes the entanglement of the j th

site with the remaining sites. A generalizationof this one-siteentanglement is to de�ne an

entanglement betweenoneL-site block with the rest of the systems[51],

EL = � Tr (� L log2 � L ): (9)

C. En tanglemen t and ranks of densit y matrices

In this sectionwe would like to review the known theoremswhich relatesentanglement

to the ranks of density matrices. The rank of a matrix � , denoted as rank(� ), is the

maximal number of linearly independent row vectors (also column vectors) in the matrix

� . Basedon the ranks of reduceddensity matrices, one can derive necessaryconditions for

the separability of multiparticle arbitrary-dimensional mixed states,which are equivalent to

su�cien t conditions for entanglement[52]. For convenience,let us introduce the following

de�nition[53 {55]: A pure state � of N particles A1; A2; � � � ; AN is called entangled when it

can not be written as

� = � A 1 
 � A 2 
 � � � 
 � A N =
NO

i =1

� A i (10)
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where � A i is the single-particle reduced density matrix given by � A i � Tr f A j g(� ) for

f A j jall A j 6= A i g. A mixed state � of N particles A1; A2; � � � ; AN , described by M proba-

bilities pj and M pure states � j as � =
P M

j =1 pj �
j , is called entangled when it can not be

written as

� =
MX

j =1

pj

NO

i =1

� j
A i

(11)

wherepj > 0 for j = 1; 2; � � � ; M with
P M

j =1 pj = 1.

Now, we are in a position to list the separability conditions without a proof (The reader

who is interestedin the formal proofscanconsult the paper by Chong,Keiter and Stolze[52]):

lemma 1: A state is pure if and only if the rank of its density matrix � is equal to 1,

i.e., r ank(� ) = 1.

lemma 2: A pure state is entangled if and only if the rank of at least one of its reduced

density matrices is greater than 1.

lemma 3: Given a pure state � , if its particles are separated into two parts U and V,

then rank(� U ) = 1 holdsif and only if thesetwo parts are separable, i.e., � = � U 
 � V .

Now we can discussthe necessaryconditions for separablestates. For convenience,we

will use the following notation. For a state � of N particles A1; A2; � � � ; AN , the reduced

density matrix obtained by tracing � over particle A i is written as � R(i ) = TrA i (� ) where

R(i ) denotesthe set of the remaining (N � 1) particles other than particle A i . In the same

way, � R(i;j ) = TrA j (� R(i ) ) = TrA j (TrA i (� )) = TrA i (TrA j (� )) denotes the reduced density

matrix obtained by tracing � over particles A i and A j , � R(i;j;k ) = TrA i (TrA j (TrA k (� ))), and

so on. In view of theserelations, � can be called 1-level-higher density matrix of � R(i ) and

2-level-higher density matrix of � R(i;j ) ; � R(i ) can be called 1-level-higher density matrix of

� R(i;j ) and 2-level-higher density matrix of � R(i;j;k ) ; and so on.

Now, let us de�ne the Separability Condition Theorem[52]: If a state � of N particles

A1; A2; � � � ; AN is separable,then the rank of any reduceddensity matrix of � must be less

than or equal to the ranks of all of its 1-level-higherdensity matrices, i.e.,

r ank(� R(i ) ) � r ank(� ) (12)
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holds for any A i 2 f A1; A2; � � � ; AN g; and

rank(� R(i;j ) ) � r ank(� R(i ) ) r ank(� R(i;j ) ) � r ank(� R(j ) ) (13)

holds for any pair of all particles.

This will lead to the conditions for a mixed state to be entangled: Given a mixed state

� , if the rank of at least one of the reduced density matricesof � is greater than the rank of

one of its 1-level-higherdensity matrices, then the state � is entangled.

I I. ENT ANGLEMENT FOR SPIN SYSTEMS

A. En tanglemen t for t wo-spin systems

We considera set of N localizedspin-1
2 particles coupledthrough exchangeinteraction J

and subject to an external magnetic�eld of strength B. In this sectionwe will demonstrate

that: (A) Entanglement canbe controlled and tuned by varying the anisotropy parameterin

the Hamiltonian and by introducing impurities into the systems;(B) For certain parameters,

the entanglement is zeroup to a critical point � c, wherea quantum phasetransition occurs,

and is di�erent from zero above � c and (C) Entanglement shows scaling behavior in the

vicinit y of the transition point.

For simplicity let us illustrate the calculationsof entanglement for two spin-1
2 particles.

The generalHamiltonian, in atomic units, for such a systemis given by[56]

H = �
J
2

(1 + 
 )� x
1 
 � x

2 �
J
2

(1 � 
 )� y
1 
 � y

2 � B � z
1 
 I 2 � B I 1 
 � z

2; (14)

where � a are the Pauli matrices(a= x,y,z) and 
 is the degreeof anisotropy. For 
 = 1

Eq.(14) reducesto the Ising model, whereasfor 
 = 0 it is the XY model.

This model admits an exact solution, it is simply a (4 � 4) matrix of the form,

H =

0

B
B
B
B
B
B
B
B
@

� 2B 0 0 � J 


0 0 � J 0

0 � J 0 0

� J 
 0 0 2B

1

C
C
C
C
C
C
C
C
A

; (15)

with the following four eigenvalues

� 1 = � J; � 2 = J; � 3 = �
q

4B 2 + J 2
 2; � 4 =
q

4B 2 + J 2
 2 (16)
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and the corresponding eigenvectors

j� 1 > =

0

B
B
B
B
B
B
B
B
@

0

1=
p

2

1=
p

2

0

1

C
C
C
C
C
C
C
C
A

; j� 2 > =

0

B
B
B
B
B
B
B
B
@

0

� 1=
p

2

1=
p

2

0

1

C
C
C
C
C
C
C
C
A

; j� 3 > =

0

B
B
B
B
B
B
B
B
@

q
� +2 B

2�

0

0
q

� � 2B
2�

1

C
C
C
C
C
C
C
C
A

; j� 4 > =

0

B
B
B
B
B
B
B
B
@

�
q

� � 2B
2�

0

0
q

� +2 B
2�

1

C
C
C
C
C
C
C
C
A

; (17)

where � =
p

4B 2 + J 2
 2. In the basisset fj "" >; j "#>; j #">; j ##> g, the eigenvectorscan

be written as

j� 1 > =
1

p
2

(j #"> + j "#> ); (18)

j� 2 > =
1

p
2

(j #"> �j "#> ); (19)

j� 3 > =

s
� � 2B

2�
j ##> +

s
� + 2B

2�
j "" >; (20)

j� 4 > =

s
� + 2B

2�
j ##> �

s
� � 2B

2�
j "" > : (21)

Now we con�ne our interest to the calculation of the entanglement betweenthe two spins.

For simplicity we take 
 = 1, Eq. (14) reducesto the Ising model with the ground state en-

ergy � 3 and the corresponding eigenvector j� 3 > . All the information neededfor quantifying

the entanglement in this caseis contained in the reduceddensity matrix � (i; j )[42{44].

For our model systemin the ground state j� 3 > , the density matrix in the basisset(""

; "#; #"; ##) is given by

� =

0

B
B
B
B
B
B
B
B
@

� +2 B
2� 0 0

q
� 2 � 4B 2

4� 2

0 0 0 0

0 0 0 0
q

� 2 � 4B 2

4� 2 0 0 � +2 B
2�

1

C
C
C
C
C
C
C
C
A

: (22)

The eigenvaluesof the Hermitian matrix R neededto calculate the concurrence[42], C,

Eq. (6), can be calculatedanalytically. We obtained � 2 = � 3 = � 4 = 0 and therefore,

C(� ) = � 1 =

s
� 2

4 + � 2
; (23)

where � = J=B. Entanglement is a monotonically increasingfunction of the concurrence

and is given by
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E(C) = h(y) = � ylog2y � (1 � y)log2(1 � y); y =
1
2

+
1
2

p
1 � C2: (24)

Substituting the value of the concurrenceC, Eq.(23), gives

E = �
1
2

log2(
1
4

�
1

4 + � 2
) +

1
p

4 + � 2
log2

p
4 + � 2 � 2

p
4 + � 2 + 2

: (25)

This result for entanglement is equivalent to the von Neumann entropy of the reduced

density matrix � A . Where for our model systemof the form AB in the ground state j� 3 > ,

the reduceddensity matrix � A = TrB (� AB ) in the basisset(" ; #) is given by

� A =

0

B
@

� +2 B
2� 0

0 � � 2B
2�

1

C
A : (26)

As we mentioned before,when a biparticle quantum systemAB is in a pure state there

is essentially a unique measureof the entanglement betweenthe subsystemsA and B given

by the von Neumann entropy S � � Tr [� A log2� A ]. This approach gives exactly the same

formula asthe onegiven in Eq. (25). This is not surprising sinceall entanglement measures

should coincideon pure bipartite states and be equal to the von Neumann entropy of the

reduceddensity matrix (uniquenesstheorem).

This simple model can be usedto examinethe entanglement for two electron diatomic

molecules. The value of J , the exchangecoupling constant between the spins of the two

electrons, can be calculated as half the energy di�erence between the lowest singlet and

triplet statesof the hydrogenmolecule. Herring and Flicker have shown [57] that J for H2

moleculecan be approximated asa function of the interatomic distanceR. In atomic units,

the expressionfor large R is given by

J (R) = � 0:821R5=2e� 2R + O(R2e� 2R ): (27)

Figure (1) shows the calculated concurrenceC(� ) as a function of the distancebetween

the two electronicspinsR, using J (R) of Eq. (27), for di�erent valuesof the magnetic �eld

strength B. At the limit R ! 1 the exchangeinteraction J vanishesas a result the two

electronic spins are up and the wave function is factorisable, i.e. the concurrenceis zero.

At the other limit, when R = 0 the concurrenceor the entanglement is zero for this model

becauseJ = 0. As R increases,the exchange interaction increasesleading to increasing

concurrencebetween the two electronic spins. However this increasein the concurrence

12



0 1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

R(ºA)

C
o

n
c
u

rr
e

n
c
e

(C
)

B=0.1

B=0.05

B=0.01

B=0.005

FIG. 1: The concurrence (C) as a function of the distance R between the two spins for di�er ent

valuesof the magnetic �eld strength B .

reachesa maximum limit asshown in the �gure. For largedistance,the exchangeinteraction

decreasesexponentially with R and thus the decreaseof the concurrence. Figure (1) also

shows that the concurrenceincreaseswith decreasingthe magnetic �eld strength. This

can be attributed to e�ectively increasingthe exchange interaction. This behavior of the

concurrenceasa function of the internuclear distanceR is typical for two electrondiatomic

molecules.We will show later in sectionIV that by using accurateab initio calculationswe

essentially obtained qualitativ ely the samecurve for entanglement for the H2 moleculeas a

function of the internuclear distanceR.
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B. En tanglemen t for one-dimensional N-Spin systems

Now, let usgeneralizeit to a one-dimensionallattice with N sitesin a transversemagnetic

�eld and impurities. The Hamiltonian for such a systemis given by[58]

H = �
1 + 


2

NX

i =1

Ji;i +1 � x
i � x

i+1 �
1 � 


2

NX

i =1

Ji;i +1 � y
i � y

i+1 �
NX

i =1

B i � z
i ; (28)

whereJi;i +1 is the exchangeinteraction betweensites i and i + 1, B i is the strength of the

external magnetic �eld on site i , � a are the Pauli matrices (a = x; y; z), 
 is the degreeof

anisotropy and N is the number of sites. We assumecyclic boundary conditions, so that

� x
N +1 = � x

1 ; � y
N +1 = � y

1; � z
N +1 = � z

1: (29)

For 
 = 1 the Hamiltonian reducesto the Ising model and for 
 = 0 to the X Y model.

For the pure homogeneouscase,J i;i +1 = J and B i = B , the systemexhibit a quantum phase

transition at a dimensionlesscoupling constant � = J=2B = 1. The magnetization h� x i is

di�erent from zero for � > 1 and it vanishesat the transition point. The magnetization

along the z direction h� zi is di�erent from zero for any value of � . At the phasetransition

point, the correlation length � divergesas � � j� � � cj � � with � = 1[59].

C. Numerical solution of the one-dimension spin-1/2 systems

The standard procedure used to solve Eq.(28) is to transform the spin operators into

fermionic operators[60].Let us de�ne the the raising and lowering operators a+
i , a�

i ,

a+
i =

1
2

(� x
i + i� y

i ); a�
i =

1
2

(� x
i � i� y

i ):

Then we introduceFermi operators ci ,c+
i de�ned by

a�
i = exp(� � i

i � 1X

j =1

c+
j cj )ci ; a+

i = c+
i exp(� i

i � 1X

j =1

c+
j cj ):

So that, the Hamiltonian assumesthe following quadratic form

H = �
NX

i =1

Ji;i +1 [(c+
i ci +1 + 
 c+

i c+
i+1 ) + h:c:] � 2

NX

i =1

B i (c+
i ci �

1
2

): (30)

� = J=2B,
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We can write the parametersJ i;i +1 = J (1 + � i;i +1 ), where � introducesthe impurit y in

the exchange interactions and the external magnetic �eld takes the form B i = B(1 + � i ),

where � measurethe impurit y in the magnetic �eld. When � = � = 0 we recover the pure

XY case.

Introducing the matrices A , B , where A is symmetrical and B is antisymmetrical, we

can rewrite the Hamiltonian as

H 0 =
NX

i;j =1

[c+
i A i;j cj +

1
2

(c+
i B i;j c+

j + h:c)];

where

A = �

0

B
B
B
B
B
B
B
B
B
B
@

(1 + � 1 ) � (1 + � 1;2 ) � (1 + � N ;1 )

� (1 + � 2;1 ) (1 + � 2) � (1 + � 2;3 )

� � � 0

� � �

0 � � �

� (1 + � N � 1;N � 2 ) (1 + � N � 1 ) � (1 + � N � 1;N )

� (1 + � 1;N ) � (1 + � N ;N � 1 ) (1 + � N )

1

C
C
C
C
C
C
C
C
C
C
A

;

B = 


0

B
B
B
B
B
B
B
B
B
B
@

0 � � (1 + � 1;2 ) � (1 + � N ;1 )

� (1 + � 2;1 ) 0 � � (1 + � 2;3 )

� � � 0

� � �

0 � � �

� (1 + � N � 1;N � 2 ) 0 � � (1 + � N � 1;N )

� � (1 + � 1;N ) � (1 + � N ;N � 1 ) 0

1

C
C
C
C
C
C
C
C
C
C
A

Introducing linear transformation

� k =
NX

i =1

gki ci + hki c+
i ; � +

k =
NX

i =1

gki c+
i + hki ci ;

with the gki and hki real and which will give the Hamiltonian form

H =
NX

k

� k � +
k � k + constant:

From theseconditions, we can get a set of equationsfor the gki and hki

� kgki =
NX

j =1

(gkj A j i � hkj B j i ) (31)

� khki =
NX

j =1

(gkj B j i � hkj A j i ) (32)
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By introducing the linear combinations

� ki = gki + hki ;  ki = gki � hki

we can get the coupledequation

� k(A � B) = � k  k and  k (A + B) = � k � k

then, Wecanget both � k and  k vector from thesetwo equationby numericalmethod[61].

The ground state of the systemcorresponds to the state of 'no-particles' and is denotedas

j	 0 > , and

� k j	 0 > = 0; f or all k:

D. En tanglemen t and spin reduced densit y matrices

The matrix elements of the reduceddensity matrix neededto calculatethe entanglement

canbe written in terms of the spin-spincorrelation functions and the averagemagnetization

per spin. The spin-spin correlation functions for ground state are de�ned as[61]

Sx
lm =

1
4

< 	 0j� x
l � x

m j	 0 >

Sy
lm =

1
4

< 	 0j�
y
l � y

m j	 0 >

Sz
lm =

1
4

< 	 0j� z
l � z

m j	 0 >

and the averagemagnetizationper spin

M z
i =

1
2

< 	 0j� z
i j	 0 > : (33)

Thesescorrelation functions can be obtained using the set  k and � k from the previous

section.

The structure of the reduceddensity matrix follows from the symmetry properties of the

Hamiltonian. However, for this casethe concurrenceC(i; j ) dependson i; j and the location

of the impurit y and not only on the di�erence ji � j j asfor the pure case.Using the operator
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expansionfor the density matrix and the symmetriesof the Hamiltonian lead to the general

form,

� =

0

B
B
B
B
B
B
B
B
@

� 1;1 0 0 � 1;4

0 � 2;2 � 2;3 0

0 � 2;3 � 3;3 0

� 1;4 0 0 � 4;4

1

C
C
C
C
C
C
C
C
A

; (34)

with

� a =
p

� 1;1� 4;4+ j� 1;4j; � b =
p

� 2;2� 3;3+ j� 2;3j; � c = j
p

� 1;1� 4;4 � j� 1;4jj ; � d = j
p

� 2;2� 3;3 � j� 2;3jj :

(35)

Using the de�nition < A > = Tr (�A ), we can expressall the matrix elements in the

density matrix in terms of di�erent spin-spin correlation functions[61]:

� 1;1 =
1
2

M z
l +

1
2

M z
m + Sz

lm +
1
4

; (36)

� 2;2 =
1
2

M z
l �

1
2

M z
m � Sz

lm +
1
4

; (37)

� 3;3 =
1
2

M z
m �

1
2

M z
l � Sz

lm +
1
4

; (38)

� 4;4 = �
1
2

M z
l �

1
2

M z
m + Sz

lm +
1
4

; (39)

� 2;3 = Sx
lm + Sy

lm ; (40)

� 1;4 = Sx
lm � Sy

lm : (41)

E. Some numerical results

Let us show how the entanglement can be tuned by changing the anisotropy parameter


 by going from the Ising model (
 = 1) to the X Y model (
 = 0). For the X Y model

the entanglement is zero up to the critical point � c, and is di�erent from zero above � c.

Moreover, by introducing impurities, the entanglement can be tuned down as the strength

of the impurit y � increases[58]. First we examinethe changeof the entanglement for the
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FIG. 2: The nearest-neighbor concurrence C(1; 2) for di�er ent valuesof the anisotropy parameter


 = 1; 0:7; 0:3; 0 with an impurity located at i m = 3 as a function of the reduced coupling constant

� = J=2h, where J is the exchangeinteraction constant and h is the strength of the external

magnetic �eld. The curves correspond to di�er ent valuesof the impurity strength � = 0; 0:5; 1; 1:5

with systemsize N = 201.

Ising model (
 = 1) for di�erent valuesof the impurit y strength � asthe parameter� , which

induces the quantum phasetransitions, varies. Fig.(2) shows the change of the nearest-

neighbor concurrenceC(1; 2) with the impurit y located at i m = 3 as a function of � for

di�erent valuesof � . One can seeclearly in Fig.(2) that the entanglement can be tuned

down by increasingthe value of the parameter � . For � = 1:5, the concurrenceapproaches

zero above the critical � c = 1. The system size was taken N = 201 basedon �nite size
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scalinganalysis. Analysis of the all the results for the pure case(� = 0) for di�erent system

sizeranging from N = 41 up N = 401collapseonto a singlecurve. Thus, all key ingredients

of the �nite size scaling are present in the concurrence. This holds true for the impurit y

problem as long as we consider the behavior of the value of � for which the derivative

of the concurrenceattains its minimum value versusthe system size. As expected there

is no divergenceof the derivative dC(1;2)
d� for �nite N , but there are clear anomalies. By

examining ln(� c � � m ) versusln N for � = 0:1, one obtains that the minimum � m scales

as � m � � c + N � 0:93 and dC(1;2)
d� divergeslogarithmically with increasingsystemsize. For

a system with the impurit y located at larger distance i m = 10 and the same� = 0:1 ,

� m � � c + N � 0:85, showing that the scalingbehavior dependson the distancebetweenthe

impurit y and the pair of sitesunder consideration.

Fig. (2) also shows the variation of nearest-neighbor concurrenceas the anisotropy pa-

rameter 
 decreases.For the X Y model (
 = 0), the concurrencefor � = 0 is zero up to

the critical point � c = 1 and di�erent from zero above � c = 1. However as � increasesthe

concurrencedevelopsa stepsand the results strongly depend on the systemsize. For small

system size, such as N = 101, the stepsand oscillations are large but becomesmaller as

the systemsizeincreasesas shown in Fig.(2) for N = 201. But they disappear in the limit

N ! 1 . To examinethe di�erent behavior of the concurrencefor the Ising model and the

X Y model, we took the system size to be in�nite, N ! 1 , where the two models have

exact solutions. However, the behavior is the samefor a �nite systemwith N = 201. For

larger valuesof i m the concurrencegets larger and approachesits maximum value, the pure

casewith � = 0, at large valuesi m >> 1. It is worth mentioning that for the Ising model,

the rangeof entanglement[62], which is the maximum distancebetweenspins at which the

concurrenceis di�erent from zero, vanishesunlessthe two sites are at most next-nearest

neighbors. For 
 6= 1, the rangeof entanglement is not universal and tends to in�nit y as 


tends to zero.

So far we have examined the change of entanglement as the degreeof the anisotropy


 varies between zero and one and by introducing impurities at �xed sites. Rather than

locating the impurit y at onesite in the chain, we can alsointroducea Gaussiandistribution

of the disorder near a particular location[61]. This can be done my modifying the � the

exchangeinteraction, where � introducesthe impurit y in a Gaussianform centered at N +1
2
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with strength or height � ,

� i;i +1 = � e� � (i � N +1
2 )2

: (42)

The external magnetic �eld can also be modi�ed to take the form hi = h(1 + � i ), where �

has the following Gaussiandistribution[61]

� i = � e� � (i � N +1
2 )2

; (43)

where � is a parameter to be �xed. Numerical calculations show that the entanglement

can be tuned in this caseby varying the strengths of the magnetic �eld and the impurit y

distribution in the system. The concurrenceis maximum closeto � c and can be tuned to

zeroabove the critical point.

F. Thermal En tanglemen t and the E�ect of Temp erature

Recently the concept of thermal entanglement was introduced and studied within one-

dimensional spin systems[63{65]. The state of the system described by the Hamiltonian

H at thermal equilibrium is � (T) = exp
�
� H

kT

�
=Z; where Z =T r

h
exp

�
� H

kT

�i
is the parti-

tion function and k is the Boltzmann0s constant. As � (T) represents a thermal state, the

entanglement in the state is called the thermal entanglement[63].

For two-qubit isotropic Heisenberg model there exists thermal entanglement for the an-

tiferromagnetic caseand no thermal entanglement for the ferromagnetic case[63]. While

for the X Y model the thermal entanglement appears for both the antiferromagnetic and

ferromagneticcases[66, 67]. It is known that the isotropic Heisenberg model and the X Y

model are special casesof the anisotropic Heisenberg model.

Now that the entanglement of the X Y Hamiltonian with impurities hasbeencalculatedat

T = 0, we can considerthe casewherethe systemis at thermal equilibrium at temperature

T. The density matrix for the X Y model at thermal equilibrium is given by the canonical

ensemble � = e� � H =Z, where� = 1=kB T, and Z = Tr (e� � H ) is the partition function. The

thermal density matrix is diagonalwhenexpressedin terms of the Jordan-Wigner fermionic

operators. Our interest lies in calculating the quantum correlations present in the system

as a function of the parameters� , 
 , � and � .

For the pure Ising model with � = 0, The two-site density matrices constructed[65] are

valid for all temperatures. Using these matrices it is possible to study the purely two-
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FIG. 3: Nearest-neighbor concurrence C at nonzero temperature for the transverseIsing model

party entanglement present at thermal equilibrium becausethe concurrencemeasureof

entanglement can be applied to arbitrary mixed states. For this model the in
uence the

critical point hason the entanglement structure at nonzerotemperaturesis particularly clear.

The entanglement betweennearest-neighbor in the Ising model at nonzerotemperature is

shown in Fig. (3). The entanglement is nonzeroonly in a certain region in the kB T � �

plane. It is in this region that quantum e�ects are likely to dominate the behavior of the

system. The entanglement is largest in the vicinit y of the critical point � = 1, kB T = 0.

Figure (3) shows that for certain valuesof � , the two-site entanglement can increaseas

the temperature is increased.Moreover, it shows the existenceof appreciableentanglement

in the system for temperatures kB T above the ground state energy gap �. It has been
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arguedthat quantum systemsbehave classicallywhen the temperature exceedsall relevant

frequencies.For the transverseIsing model the only relevant frequencyis givenby the ground

state energy gap � � �h! . The presenceof entanglement in the system for temperatures

above the energygap indicates that quantum e�ects may persist past the point wherethey

are usually expected to disappear.

The zero-temperaturecalculationsof the previoussectionsection,X Y model with impuri-

ties, represent a highly idealizedsituation, however, and it is unclearwhether they have any

relevanceto the systemat nonzerotemperature. Sincethe properties of a quantum system

for low temperaturesare strongly in
uenced by nearby quantum critical points, it is tempt-

ing to attribute the e�ect of nearby critical points to persistent mixed-state entanglement

in the thermal state.

G. En tanglemen t for t wo-dimensional spin systems

Quantum spin systemsin two dimensional lattices have been the subject of intensere-

search, mainly motivated by their possiblerelevance in the study of high temperature su-

perconductors[68]. On the other hand, high magnetic �eld experiments on materials with

a two-dimensionalstructure which can be described by the Heisenberg antiferromagnetic

model in frustrated lattices have revealednovel phasesasplateau and jumps in the magne-

tization curves[69] and might be useful for quantum computing. Among the many di�erent

techniquesthat have beenusedto study such systems,the generalizationof the celebrated

Jordan-Wigner transformation [70] to two spatial dimensions[71] has someappealing fea-

tures. It allows oneto write the spin Hamiltonian completely in terms of spinelessfermions

in such a way that the S = 1=2 single particle constraint is automatically satis�ed due

to the Pauli principle, while the magnetic �eld enters as the chemical potential for the

Jordan-Wigner fermions. This method has been applied to study the X X Z Heisenberg

antiferromagnet[72{74].

For this caseonecan usethe Jordan-Wigner transformation sinceit is a generalizationof

the well known transformation in one-dimensionalwe have usedin previous sections. The

Jordan-Wigner transformation is exact but the resulting Hamiltonian is highly non-local

and somekind of approximation is necessaryto proceed. One can usenumerical methods

such as Monte-Carlo and variational approach to deal with the transformed Hamiltonian.
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This will allow us for exploring the ground state of two-dimensionallattice spin 1/2 systems,

in a way that could be applied to arbitrary lattice topologies.The method can alsobe used

in the presenceof an external magnetic �eld, at �nite temperature and even be applied to

disorderedsystems. Once this solved and we have the density matrix, we can follow the

previousprocedureto examinethe entanglement asthe parameters:external magnetic�eld,

temperature, lattice topologies,impurities varies.

I I I. ENT ANGLEMENT FOR QUANTUM DOT SYSTEMS

A. Tw o-electron t wo-sites Hubbard mo del

Many electron systemssuch as moleculesand quantum dots show the complexphenom-

ena of electron correlation causedby the Coulomb interactions. This phenomenacan be

described to someextent by the Hubbard model[75]. This is a simple model, capture the

main physics of the problem and admits an exact solution in somespecial cases[76]. To

calculate the entanglement for electronsdescribed by this model we will usethe Zanardi's

measure,which is given in Fock spaceas the von Neumanentropy[77].

1. Exact solution

The Hamiltonian of two-electrontwo-site Hubbard model can be written as[76]

H = �
t
2

X

i;�

cy
i� c�i� + 2U

X

i

n̂i " n̂i #; (44)

wherecy
i� and ci� are the Fermi creation and annihilation operators at site i and with spin

� = " ; # and n̂i� = cy
i� ci�

is the spin-dependent occupancy operator at site i . For two-site

system i = 1 and 2, �i = 3 � i , t
2 is the hopping term of di�erent site and 2U is the on-

site interaction(U > 0 for repulsion in our case). The factors t
2 and 2U are chosen to

make the following expressionsfor eigenvaluesand eigenvectorsas simple as possible.This

Hamiltonian can be solved exactly in the basisset j1 " ; 1 #; 2 " ; 2 #i , it is simply a (4 � 4)

matrix of the form
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H =

0

B
B
B
B
B
B
B
B
@

2U � t
2 � t

2 0

� t
2 0 0 � t

2

� t
2 0 0 � t

2

0 � t
2 � t

2 2U

1

C
C
C
C
C
C
C
C
A

; (45)

with the following four eigenvaluesand eigenvectors

� 1 = U �
p

t2 + U2; � 2 = 0; � 3 = 2U; � 4 = U +
p

t2 + U2 (46)

and the corresponding eigenvectors

j� 1 > =

0

B
B
B
B
B
B
B
B
@

1

x +
p

1 + x2

x +
p

1 + x2

1

1

C
C
C
C
C
C
C
C
A

; j� 2 > =

0

B
B
B
B
B
B
B
B
@

0

� 1

1

0

1

C
C
C
C
C
C
C
C
A

; j� 3 > =

0

B
B
B
B
B
B
B
B
@

� 1

0

0

1

1

C
C
C
C
C
C
C
C
A

; j� 4 > =

0

B
B
B
B
B
B
B
B
@

1

x �
p

1 + x2

x �
p

1 + x2

1

1

C
C
C
C
C
C
C
C
A

;

(47)

with x = U
t . The eigenvalue and eigenvector for the ground state are

E = U �
p

t2 + U2 (48)

and

jGS > = j1; x +
p

1 + x2; x +
p

1 + x2; 1 > (49)

2. Hartr ee Fock approximation

In quantum chemistry, the correlation energyEcorr is de�ned asEcorr = Eexact � EH F . In

order to calculatethe correlation energyof our system,we show how to calculatethe ground

state using the Hartree Fock approximation. The main idea is to expand the exact wave

function in the form of con�guration interaction picture. The �rst term of this expansion

corresponds to the Hartree Fock wave function. As a �rst step we calculate the spin-traced

oneparticle density matrix[5] (1PDM) 



 ij = hGSj
X

�
cy

i� cj � jGSi : (50)

We obtain


 =

0

B
@

1 2� �

2� 1

1

C
A ; (51)
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where � = 1p
2

q
1 � x

1+ x2 and � = 1p
2

q
1 + x

1+ x2 . Diagonalize this 1PDM we can get the

binding (+) and unbinding (-) molecularnatural orbitals (NO's)

j�i =
1

p
2

(j1i � j2i ); (52)

and the corresponding eigenvalues

n� = 1 �
1

p
1 + x2

; (53)

wherej1i and j2i are the spatial orbitals of site 1 and 2 respectively. The NO's for di�erent

spinsare de�ned as

j � � i =
1

p
2

(cy
1� � cy

2� )j0i � cy
� � j0i ; (54)

where j0i is the vacuum state. After we de�ne the geminals j � �i = cy
�" cy

�# j0i , we can

expressjGSi in terms of NO's as

jGSi =
r

n+

2
j + + i � sgnU

r
n�

2
j � �i : (55)

In the Hartree Fock approximation, the GSis give by jH F i = j + + i and EH F = � t + U. Let

usexaminethe Hartree Fock resultsby de�ning the ionic and nonionicgeminalsrespectively:

jAi =
1

p
2

(cy
1" c

y
1# + cy

2" cy
2#)j0i

jB i =
1

p
2

(cy
1" c

y
2# + cy

2" cy
1#)j0i : (56)

If x ! 0, the system is equally mixed between ionic and nonionic germinal,

jH F i = jAi + jB i . When x ! + 1 , jGSi ! jB i , which indicate that as x be-

comeslarge, our systemgoes to the nonionic state. Similarly, jGSi ! jCi , as x ! �1 ,

where jCi = 1p
2
(cy

1" cy
1# � cy

2" cy
2#)j0i . Thus, the HF results are good approximation only

when x ! 0. The unreasonablediverging behavior results from not suppressingthe ionic

state jAi in jH F i when jxj ! 1 . In order to correct this shortcomingof the Hartree Fock

method we can considerto combine di�erent wave functions in di�erent rangesto obtain a

better wave function for our system. This can be doneas follows:

Range GS Energy Correlation Energy Wave function n+ n�

U > t 0 U �
p

U2 + t2 jB i 1 1

� t � U � t � t + U t �
p

U2 + t2 1p
2
(jAi + jB i ) 2 0

U < � t 2U � U �
p

U2 + t2 jCi 1 1
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3. Correlation entropy

The correlation entropy is a good measureof electroncorrelation in molecularsystems[5,

7]. It is de�ned using the eigenvaluesnk of the one-particledensity matrix 1PDM,

S =
X

k

nk(� ln nk);
X

k

nk = N: (57)

This correlation entropy is basedon the nonidempotency of the NON's nk and provesto be

an appropriate measureof the correlation strength if the referencestate de�ning correlation

is a singleSlater determinant. In addition to the eigenvaluesnk of the 'full' (spin-dependent)

1PDM, it seemsreasonableto consideralso the eigenvalues nk of the spin-traced 1PDM.

Among all the nk there is certain number N0 of NON's nk0 with valuesbetween1 and 2 and

all the other N1 NON's nk1 also have valuesbetween0 and 1. So one possiblemeasureof

the correlation strength of spin traced 1PDM is

S1 = �
X

k0

(nk0 � 1) ln(nk0 � 1) �
X

k1

nk1 ln nk1 : (58)

Sinceall the nk=2 have valuesbetween0 and 1, there is another possiblemeasurement of

the correlation strength

S2 = �
X

k

nk

2
ln

nk

2
: (59)

4. Entanglement

The entanglement measureis given by von Neumannentropy [77]

E j = � Tr (� j log2� j ); � j = Tr j (j	 >< 	 j) (60)

whereTr j denotesthe traceover all but the j th site, j	 > is the antisymmetric wave function

of the fermions systemand � j is the reduceddensity matrix. HenceE j actually describes

the entanglement of the j th site with the remaining sites[78].

In the Hubbard model, the electron occupation of each site has four possibilities, there

are four possiblelocal states at each site, j� > j = j0 > j , j " > j , j #> j , j "#> j .The reduced

density matrix of the j th site with the other sites is given by[79, 80]

� j = zj0 >< 0j + u+ j " >< " j + u� j #>< # j + wj "#>< "# j (61)
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with

w = < nj " nj # > = Tr (nj " nj #� j ) (62)

u+ = < nj " > � w; u� = < nj # > � w (63)

z = 1 � u+ � u� � w = 1� < nj " > � < nj # > + w: (64)

And the entanglement betweenj th site and other sites is given by

E j = � zLog2z � u+ Log2u+ � u� Log2u� � wLog2w; (65)

For the one-dimensionalHubbard model with half-�lling electrons,we have < n" > = <

n# > = 1
2, u+ = u� = 1

2 � w, and the entanglement is given by

E j = � 2wlog2w � 2(
1
2

� w)log2(
1
2

� w): (66)

For our caseof two-sitestwo-electronssystemw = 1
2+2[ x+

p
1+ x2 ]2

. Thus the entanglement

is readily calculated from Eq. (66). In Figure (4), we show the entanglement betweenthe

two sites, top curve, and the correlation entropy S1 and S2 as function of x = U
t . The

entanglement measureis given by von Neumannentropy in which the density matrix of the

systemis traced over the other site to get the reduceddensity matrix, the reduceddensity

matrix describes the four possibleoccupationson the site: j0 > , j " > , j #> , j "#> . The

minimum of the entanglement is 1 as x ! �1 . It can be understood as when U ! + 1

all the sites are singly occupied, the only di�erence is the spin of the electrons on each

site, which can be referred as spin entanglement. As U ! � 1 , all the sites are either

doubly occupiedor empty, which is referred as spaceentanglement. The maximum of the

entanglement is 2 at U=0, all the four occupation are evenly weighted, which is the sum

of the spin and spaceentanglement of the system. The correlation entropy S1 vanishesfor

x ! 0 and x ! �1 and has maximum near jxj = 1, the correlation entropy S2 vanishes

for x ! 0 and increasesmonotonically and approachesln2 for x ! �1 . For x ! + 1 can

be viewed as t ! 0 for �xed U > 0 or as U ! + 1 for �xed t.

B. One-dimensional quan tum dots system

We consideran array of quantum dots modeledby the one-dimensionalHubbard Hamil-

tonian of the form[81]
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FIG. 4: Two site Hubbard Model: Upper curve is the entanglement calculated by von Newman

entropy. The curvesS1 and S2 are the correlation entropy of the exact wavefunction as de�ned in

the text. The dashed line is the S2 for the combined wavefunction based on the rangeof x values.

S1 for the combined wavefunction is zero

H = �
X

<ij >;�

t ij c+
i� cj � + U

X

i

ni " ni # (67)

where t ij stands for the hopping between the nearestneighbor sites for the electronswith
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the samespin, i and j are the neighboring site numbers, � is the electronspin, c+
i� and cj �

are the creation and annihilation operators,U is the Coulomb repulsionfor the electronson

the samesite. The periodic boundary condition is applied. The entanglement measureis

given by von Neumannentropy[77].

In the Hubbard model, the electron occupation of each site has four possibilities, there

arefour possiblelocal statesat each site, j� > j = j0 > j , j " > j , j #> j , j "#> j . The dimensions

of the Hilbert spaceof an L-site systemis 4L and j� 1� 2:::� L > =
Q L

j =1 j� j > j can be usedas

basisvectors for the system. The entanglement of the j th site with the other sites is given

in the previoussection,by Eq. (65).

In the ideal case,we can expect an array of the quantum dots to have the samesizeand

distributed evenly, so that the parameterst and U are the sameeverywhere respectively.

We call this the pure case. In fact the sizeof the dots may not be the sameand they may

not be evenly distributed, which we call the impurit y case. Here, we consider two types

of impurities. The �rst one is to introduce a symmetric hopping impurit y t0 between two

neighboring dots, the secondoneis to introducean asymmetricelectronhopping t0 between

two neighboring dots, the right hopping is di�erent from the left hopping, while the rest of

the siteswith hopping parameter t.

Consider the particle-hole symmetry of the one-dimensionalHubbard model, one can

obtain w(� U) = 1
2 � w(U), so the entanglement is an even function of U, E j (� U) = E j (U).

The minimum of the entanglement is 1 as U ! �1 . As U ! + 1 all the sites are singly

occupiedthe only di�erence is the spin of the electronson each site, which can be referred

asspin entanglement. As U ! � 1 , all the sitesare either doubly occupiedor empty, which

is referred as spaceentanglement. The maximum of the entanglement is 2 at U=0, which

is the sum of the spin and spaceentanglement of the system. The ground state of the one-

dimensionalHubbard model at half �lling is metallic for U < 0, and insulating for U > 0,

U = 0 is the critical point for the metal insulator transition, where the local entanglement

reachesits maximum. In �gure(5) we show the entanglement asa function U=t for six sites

and six electrons.Our results are in completeagreement with exact oneobtained by Bethe

ansatz[79].
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C. Tw o-dimensional arra y of quan tum dots

Using the Hubbard model, we can study the entanglement scaling behavior in a two-

dimensionalitinerant system. Our results indicate that, on the two sidesof the critical point

denoting an inherent quantum phasetransition (QPT), the entanglement follows di�erent

scalingswith the sizejust asan orderparameterdoes. This fact revealsthe subtle role played

by the entanglement in QPT and points to its potential application in quantum information

processingas a fungible physical resource.

Recently, it has beenspeculatedthat the most entangled systemscould be found at the

critical point[82] when the systemundergoesa quantum phasetransition, i. e. a qualitativ e

changeof somephysical properties takes place as an order parameter in the Hamiltonian

is tuned [83]. QPT results from quantum 
uctuations at the absolutezero of temperature

and is a pure quantum e�ect featured by long-rangecorrelations. Sofar, there have already

beensomee�orts in exploring the above speculations,such asthe analysisof the XY model

about the single-spinentropiesand two-spinquantum correlations[58,84], the entanglement

betweena block of L contiguous sites and the rest of the chain [51] and also the scalingof

entanglement near QPT [59]. But becausethere is still no analytical proof, the role played
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by the entanglement in quantum critical phenomenaremainselusive. Generally speaking,

there exists at least two di�culties in resolving this issue. First, until now, only two-

particle entanglement is well explored. How to quantify the multi-particle entanglement is

not clear. Second,QPT closelyrelatesto the notoriousmany-body problems,which is almost

intractable analytically. Until now, the only e�ective and accurateway to deal with QPT

in critical region is the density-matrix renormalization group method [85]. Unfortunately, it

is only e�cien t for one-dimensionalcasesbecauseof the much more complicatedboundary

conditions for two-dimensionalsituation[86].

In this review, we will focus on the entanglement behavior in QPT for two-dimensional

array of quantum dots, which provide a suitable arena for implementation of quan-

tum computation[87, 88, 102]. For this purpose, the real-spacerenormalization group

technique[90] will be utilized and developed for the �nite-size analysis of entanglement.

The model that we will be using is the Hubbard model[82],

H = � t
X

<i;j >;�

[c+
i� cj � + H:c:] + U

X

i

(
1
2

� ni " )(
1
2

� ni #) (68)

wheret is the nearest-neighbor hoppingterm and U is the local repulsive interaction. c+
i� (ci� )

creates(annihilates)an electron with spin � in a Wannier orbital located at site i ; the

corresponding number operator is ni� = c+
i� ci� and <> denotesthe nearest-neighbor pairs.

H.c. denotesthe Hermitian conjugate.

For a half-�lled triangular quantum lattice, there exists a metal-insulator phasetran-

sition with the tuning parameter U=t at the critical point 12:5 [91{93]. The correspond-

ing order parameter for metal-insulator transition is the charge gap de�ned by 4 g =

E(Ne � 1) + E(Ne + 1) � 2E(Ne), whereE(Ne) denotesthe lowest energyfor a Ne� electron

system. In our case,Ne is equal to the site number Ns of the lattice. Unlike the charge

gap calculated from the energy levels, the Zanardi measureof the entanglement is de�ned

upon the wave function corresponding to E(Ne) instead. Using the conventional renormal-

ization group method for the �nite-size scalinganalysis[91{93], we candiscussthree schemes

of entanglement scaling: Single-siteentanglement scalingwith the total systemsize,Esing le;

Single-block entanglement scalingwith the block size,Eblock; and Block-block entanglement

scaling with the block size, Eblock� block. Our initial results of the single-siteentanglement

scalingindicate that that Esing le is not a universalquantit y. This conclusionis well consistent

with the argument givenby Osborne[84], who claimsthat the single-siteentanglement is not
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scalablebecauseit doesnot own the proper extensivity and doesnot distinguish the local and

distributed entanglement. This implies that only a limited regionof sitesaround the central

site contributed signi�cantly to the single-siteentanglement. Using the one-parameterscal-

ing theory, near the phasetransition point, we can assumethe existenceof scalingfunction

f for Eblock� block such that: Eblock� block = qyE f ( L
� ), where q = (U=t) � (U=t)c measuresthe

deviation distanceof the systemaway from the critical state with (U=t)c = 12:5, which is

exactly equal to the critical value for metal-insulator transition when the sameorder pa-

rameter U=t is used[91{93]. � = q� � is the correlation length of the systemwith the critical

exponent � and N = L 2 for the two-dimensionalsystems.

In Fig. (6), we show the results of Eblock� block as a function of (U=t) for di�erent system

sizes. With proper scaling, all the curves collapseonto one curve, which can be expressed

as Eblock� block = f (qN
1
2 ). Thus the critical exponents are yE = 0; � = 1. It is interesting to

note that we obtained the same� as in the study of metal-insulator transition. This shows

the consistencyof the initial results sincethe critical exponent � is only dependent on the

inherent symmetry and dimensionof the investigatedsystem. Another signi�cant result lies

in the �nding that the metal state is highly entangled while the insulating state, is only

partly entangled.

It should be mentioned that the calculated entanglement here has a corresponding

critical exponent yE = 0. This meansthat the entanglement is constant at the critical

point over all sizesof the system. But it is not a constant over all valuesof U=t. There

is an abrupt jump acrossthe critical point as L ! 1 . If we divide the regime of the

order parameter into non-critical regimeand critical regime,the results can be summarized

as follows: In the non-critical regime, i.e. U=t is away from (U=t)c, as L increases,the

entanglement will saturate onto two di�erent valuesdepending on the sign of U=t � (U=t)c;

At the critical point, the entanglement is actually a constant independent of the size L.

Theseproperties are qualitativ ely di�erent from the single-siteentanglement discussedby

Osborne [84], where the entanglement with Zanardi's measureincreasesfrom zero to the

maximum at the critical point and then decreasesagain to zeroasthe order parameter
 for

X Y mode is tuned. Thesepeculiar properties of the entanglement we have found herecan

be of potential interest to make an e�ective ideal "entanglement switch". For example,with

seven blocks of quantum dots on triangular lattice, the entanglement amongthe blocks can

be regulated as "0" or "1" almost immediately oncethe tuning parameter U=t crossesthe
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critical point. The switch errors will depend on the sizeof the blocks. Sinceit has already

beena well-developed technique to changeU=t for quantum dot lattice [94, 102], the above

scheme should be workable. To remove the special con�nement we have made upon the

calculatedentanglement, namelyonly the entanglement of block 1 and block 7 with the rest

onesare considered,in the following, we will prove that the averagepairwise entanglement

alsohasthe propertiesshown in Fig. (6). It is magni�cent that aswe changethe sizeof the

central block, its entanglement with all the rest sites follows the samescalingproperties as

Eblock� block. It is understandableif we considerthe fact that only a limited region round the

block contribute mostly to Eblock. This result greatly facilitate the fabrication of realistic

entanglement control devices, such as quantum gates for quantum computer, since we

don't needto delicately care about the number of component blocks in fear that the next

neighboring or the next-next neighboring quantum dots shouldin
uence the switching e�ect.

IV. AB INITIO CALCULA TIONS AND ENT ANGLEMENT

For two electron systemin 2m-dimensionalspin-spaceorbital with ca and cy
a denotethe

fermionic annihilation and creation operators of single-particle states and j0 > represents

the vacuum state, a pure two-electronstate j� > can be written as[56]

j� > =
X

a;b2f 1;2;3;4;:::2mg

! a;bcy
acy

bj0 > (69)

where a;b run over the orthonormal single particle states, and Pauli exclusion requires

that the 2m� 2m expansioncoe�cien t matrix ! is antisymmetric: ! a;b = � ! b;a, and ! i;i = 0 .

In the occupation number representation (n1 " ; n1 #; n2 " ; n2 #; :::; nm " ; nm #),

where" and # mean� and � electronsrespectively, the subscriptsdenotethe spatial orbital

index and m is the total spatial orbital number. By tracing out all other spatial orbitals
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FIG. 6: (a) Schematicdiagram displaysthe lattice con�gur ation with central block and the surround-

ing ones. (b) Scaling of block-block for various systemsize and (c) Scaling of block entanglements

with the block size.
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exceptn1, we can obtain a (4 � 4) reduceddensity matrix for the spatial orbital n1

� n1 = Trn1 j� >< � j =

0

B
B
B
B
B
B
B
B
@

4
P m� 1

i=1
P m� 1

j =1 j! 2i+1 ;2j +2 j2 0 0 0

0 4
P m� 1

i=1 j! 2;2i+1 j2 0 0

0 0 4
P m

i=2 j! 1;2i j2 0

0 0 0 4j! 1;2j2

1

C
C
C
C
C
C
C
C
A

:

(70)

The matrix elements of ! canbe calculatedfrom the expansioncoe�cien t of the ab initio

Con�gure Interaction method. The CI wave function with singleand double excitation can

be written as

j� > = c0j	 0 > +
X

ar
cr

aj	 r
a > +

X

a<b;r <s

cr ;s
a;bj	

r ;s
a;b >; (71)

where j	 0 > is the ground state Hartree-Fock wave function, cr
a is the coe�cien t for single

excitation from orbital a to r , and cr ;s
a;b is the doubleexcitation from orbital a and b to r and

s. Now the matrix elements of ! can be written in terms of the CI expansioncoe�cien ts.

In this generalapproach, the ground state entanglement is given by von Neumannentropy

of the reduceddensity matrix � n1[56]

S(� n1 ) = � Tr (� n1 log2� n1 ): (72)

We are now ready to evaluate the entanglement for the H2 molecule[56] as a function of

R using a two-electrondensity matrix calculated from the Con�guration Interaction wave

function with single and double electronic excitations[95]. Figure (7) shows the calculated

entanglement S for H2 molecule,as a function of the internuclear distanceR using a mini-

mal Gaussianbasisset STO-3G (each Slater-Type-Orbital �tted by 3 Gaussianfunctions)

and a split valenceGaussianbasis set 3-21G[95]. For comparisonwe included the usual

electron correlation (Ec = jE E xact � E UH F j) and spin-unrestricted Hartree-Fock (UHF)

calculations[95] using the samebasis set in the �gure. At the limit R = 0, the electron

correlation for the He atom, Ec = 0:0149(a:u:) using 3-21G basis set comparedwith the

entanglement for the He atom S = 0:0313. With a larger basis set, cc � pV5Z [96], we

obtain numerically Ec = 0:0415(a:u:) and S = 0:0675. Thus, qualitativ ely entanglement

and absolutecorrelation have similar behavior. At the united atom limit, R ! 0, both have

small values,then rise to a maximum valueand �nally vanishesat the separatedatom limit,
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FIG. 7: Comparison between the absolutevalue of the electron correlation E c = jE E xact � E UH F j

and the von Neumann entropy (S) as a function of the internuclear distance R for the H2 molecule

using two Gaussian basis setsSTO-3G and 3-21G.

R ! 1 . However, note that for R > 3�A the correlation betweenthe two electronsis almost

zerobut the entanglement is maximal until around R � 4�A, the entanglement vanishesfor

R > 4�A.
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V. DYNAMICS OF ENT ANGLEMENT AND DECOHERENCE

In this section, we investigate the dynamics of entanglement in one-dimensionalspin

systemswith a time-dependent magnetic �elds. The Hamiltonian for such a systemis given

by[97]

H = �
J
2

(1 + 
 )
NX

i =1

� x
i � x

i+1 �
J
2

(1 � 
 )
NX

i =1

� y
i � y

i+1 �
NX

i =1

h(t)� z
i ; (73)

whereJ is the coupling constant, h(t) is the time-dependent external magnetic �eld, � a are

the Pauli matrices (a = x; y; z), 
 is the degreeof anisotropy and N is the number of sites.

We can set J=1 for convenienceand useperiodic boundary conditions. Next we transform

the spin operators into fermionic operators. Sothat, the Hamiltonian assumesthe following

form

H =
N=2X

p=1

� p(t)[c+
p cp + c+

� pc� p] + i� p[c+
p c+

� p + cpc� p] + 2h(t) =
N=2X

p=1

~Hp: (74)

where,� p(t) = � 2cos� p � 2h(t), � p = 2
 sin� p and � p=2� p/N . It is easyto show [ ~Hp; ~Hq] =

0 , which means the spaceof ~H decomposesinto noninteracting subspace,each of four

dimensions. No matter what h(t) is, there will be no transitions among those subspaces.

Using the following basis for the pth subspace:(j0 > ; c+
p c+

� pj0 > ; c+
p j0 > ; c+

� pj0 > ), we can

explicitly get

~H p (t ) =

0

B
B
B
@

2h(t) � i� p 0 0

i� p � 4cos� p � 2h(t) 0 0

0 0 � 2cos� p 0

0 0 0 � 2cos� p

1

C
C
C
A

: (75)

We only considerthe systemswhich at time t=0 are in the thermal equilibrium at tem-

perature T. Let � p(t) be the density matrix of the pth subspace,we have � p(0) = e� � ~H p (0) ,

where � = 1=kT and k is the Boltzmann's constant. Therefor, using Eq. 75, we can

have � p(0). Let Up(t) be the time-evolution matrix in the pth subspace,namely(�h = 1):

i dUp (t )
dt = Up(t) ~Hp(t) , with the boundary condition Up(0) = I . Now, the Liouville equation

of this systemis

i
d� (t)

dt
= [H (t); � (t)] : (76)

which can be decomposedinto uncorrelatedsubspacesand solved exactly. Thus, in the pth

subspace,the solution of Liouville equation is � p(t) = Up(t)� p(0)Up(t)y .

As a �rst step to investigatethe dynamicsof the entanglement we can take the magnetic

�eld to be a step function then generalizeit to other relevant functional forms such as an
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FIG. 8: Nearest-neighbor concurrence C at zero temperature as a function of the initial magnetic

�eld a for the step function casewith �nal �eld b.

oscillating one[97].Figure (8) shows the results for nearest-neighbor concurrenceC(i; i + 1)

at temperature T = 0 and 
 = 1 as a function of the initial magnetic �eld a for the step

function casewith �nal �eld b. For a < 1 region, the concurrenceincreasesvery fast

near b = 1 and reaches a limit C(i; i + 1) � 0:125 when b ! 1 . It is surprising that

the concurrencewill not disappear when b increaseswith a < 1. This indicates that the

concurrencewill not disappear as the �nal external magnetic �eld increaseat in�nite time.

It shows that this model is not in agreement with the obvious physical intuition, sincewe

expect that increasing the external magnetic �eld will destroy the spin-spin correlations

functions and make the concurrencevanishes. The concurrenceapproaches maximum

C(i; i + 1) � 0:258 at (a = 1:37; b = 1:37), and decreasesrapidly as a 6= b. This indicates

that the 
uctuation of the external magnetic �eld near the equilibrium state will rapidly

destroy the entanglement. However, in the region where a > 2:0, the concurrenceis close

to zerowhenb< 1:0 and maximum closeto 1. Moreover, it disappear in the limit of b ! 1 .

Now, let us examine the system size e�ect on the entanglement with three di�erent
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external magnetic �elds changing with time t[98]:

hI (t) =

8
><

>:

a t � 0

b+ (a � b)e� K t t > 0

9
>=

>;
; (77)

hI I (t) =

8
><

>:

a t � 0

a � asin(K t) t > 0

9
>=

>;
; (78)

hI I I (t) =

8
><

>:

0 t � 0

a � acos(K t) t > 0

9
>=

>;
; (79)

wherea, b and K are varying parameters.

Wehave found that the entanglement 
uctuates shortly after a disturbanceby an external

magnetic�eld whenthe systemsizeis small. For largersystemsize,the entanglement reaches

a stable state for a long time beforeit 
uctuates. However, this 
uctuation of entanglement

disappearswhen the systemsizegoesto in�nit y. We also show that in a periodic external

magnetic�eld, the nearestneighbor entanglement displays a periodic structure with a period

related to that of the magnetic�eld. For the exponential external magnetic�eld, by varying

the constant K we have found that as time evolves, C(i; i + 1) oscillatesbut it does not

reach its equilibrium value at t ! 1 . This con�rms the fact that the nonergodic behavior

of the concurrenceis a generalbehavior for slowly changingmagnetic�eld. For the periodic

magnetic �eld hI I = a(1 � sin[� K t]) the nearestneighbor concurrenceis at maximum at

t = 0 for valuesof a closeto one, sincethe systemexhibit a quantum phasetransition at

� c = J=h = 1, where in our calculations we �xed J = 1. Moreover for the two periodic

sin[� K t] and cos[� K t] �elds the nearestneighbor concurrencedisplays a periodic structure

accordingto the periods of their respective magnetic �elds[98].

For the periodic external magnetic �eld hI I I (t), we show in Figure (9) that the nearest

neighbor concurrenceC(i; i + 1) is zero at t = 0 sincethe external magnetic �eld hI I I (t =

0) = 0 and the spinsalignsalong the x-direction: the total wave function is factorisable. By

increasingthe external magnetic�eld we seethe appearanceof nearestneighbor concurrence

but very small. This indicatesthat the concurrencecannot beproducedwithout background

externalmagnetic�eld in the Ising system. However, astime evolvesonecanseethe periodic

structure of the nearest neighbor concurrenceaccording to the periodic structure of the

external magnetic �eld hI I I (t)[98].
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FIG. 9: The nearest neighbor concurrence C(i; i + 1) (upper panel) and the periodic external mag-

netic �eld hI I I (t) = a(1 � cos[K t]), see Eq. (14) in the text (lower panel) for K = 0:05 with

di�er ent valuesof a as a function of time t.

Recently, there has been a special interest in solid state systemsas they facilitate the

fabrication of large integrated networks that would be able to implement realistic quantum

computing algorithms on a large scale. On the other hand, the strong coupling betweena

solid state systemand its complexenvironment makesit a signi�cantly challengingmission

to achieve the high coherencecontrol required to manipulate the system. Decoherenceis
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consideredas one of the main obstaclestoward realizing an e�ective quantum computing

system [99{102]. The main e�ect of decoherenceis to randomize the relative phasesof

the possiblestates of the isolated system as a result of coupling to the environment. By

randomizing the relative phases,the systemlosesall quantum interferencee�ects and may

end up behaving classically.

In order to study the decoherencee�ect, we examinedthe time evolution of a singlespin

coupledby exchangeinteraction to an environment of interacting spin bath modeledby the

XY-Hamiltonian. The Hamiltonian for such systemis given by[103]

H = �
1 + 


2

NX

i =1

Ji;i +1 � x
i � x

i+1 �
1 � 


2

NX

i =1

Ji;i +1 � y
i � y

i+1 �
NX

i =1

hi � z
i ; (80)

whereJi;i +1 is the exchangeinteraction betweensites i and i + 1, hi is the strength of the

external magnetic �eld on site i , � a are the Pauli matrices (a = x; y; z), 
 is the degreeof

anisotropy and N is the number of sites. We considerthe centered spin on the l th site asthe

singlespin quantum systemand the rest of the chain as its environment, wherein this case

l = (N + 1)=2. The single spin directly interacts with its nearestneighbor spins through

exchangeinteraction J l � 1;l = Jl ;l +1 = J 0. We assumeexchangeinteractions betweenspinsin

the environment are uniform, and simply set it as J = 1. The centered spin is considered

as inhomogeneouslycoupled to all the spins in the environment by being directly coupled

to its nearestneighbors and indirectly to all other spins in the chain through its nearest

neighbors.

By evaluating the spin correlator C(t) of the singlespin,the j th site[103]

Cj (t) = � z
j (t; � ) � � z

j (0; � ); (81)

we observed that the decay rate of the spin oscillations strongly depends on the relative

magnitudeof the exchangecoupling betweenthe singlespin and its nearestneighbor J 0 and

coupling among the spins in the environment J . The decoherencetime varies signi�cantly

basedon the relative couplingsmagnitudesof J and J 0. The decay rate law hasa Gaussian

pro�le when the two exchange couplings are of the same order J 0 � J but converts to

exponential and then a power law aswe move to the regimesof J 0 > J and J 0 < J . We also

show that the spin oscillations propagate from the single spin to the environmental spins

with a certain speed.

Moreover, the amount of saturated decoherenceinduced into the spin state dependson

this relative magnitude and approachesmaximum value for a relative magnitude of unity.
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Our results suggeststhat setting the interaction within the environment in such a way that

its magnitude is much higher or lower than the interaction with the singlespin may reduce

the decay rate of the spin state. The reasonbehind this phenomenoncould be that the

variation in the coupling strength along the chain at onepoint (where the singlespin exits)

blocks the propagationof decoherencealongthe chain by reducingthe entanglement among

the spins within the environment which reducesits decoherencee�ect on the single spin

in return[103]. This result might be applicable in general to similar casesof a centered

quantum systemcoupledinhomogeneouslyto an interacting environment with largedegrees

of freedom.

VI. ENT ANGLEMENT AND DENSITY FUNCTIONAL THEOR Y

Density functional theory is originally basedon the Hohenberg-Kohn theorem[104,105].

In the caseof a many-electron system, the Hohenberg-Kohn theorem establishesthat the

ground state electronic density � (r ), instead of the potential v(r ), can be usedas the fun-

damental variable to describe the physical properties of the system. In the caseof a Hamil-

tonian given by

H = H0 + Hext = H0 +
X

l

� l
bA l ; (82)

where � l is the control parameter associated with a set of mutually commuting Hermi-

tian operators f bA lg, the expectation valuesof bA l for the ground state j i are denotedby

the set f alg � fh j bA l j ig . For such a Hamiltonian Wu et. al[106] linked entanglement

in interacting many-body quantum systemsto density functional theory. They used the

Hohenberg-Kohn theorem on the ground state to show that the ground state expectation

value of any observable can be interchangeablyviewed as a unique function of either the

control parameter f � lg or the associated operator representing the observable f alg.

The Hohenberg-Kohn theorem can be usedto rede�ne entanglement measuresin terms

of newphysical quantities: expectation valuesof observables,f alginsteadof external control

parameters,f � lg. Consideran arbitrary entanglement measureM for the ground state of

Hamiltonian (82). For a bipartite entanglement, onecan prove a central lemma,which very

generallyconnectsM and energyderivatives.

Lemma: Any entanglementmeasure M can be expressed as a unique functional of the set
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of �rst derivativesof the ground state energy[106]:

M = M (f al g) = M (f
@E
@� l

g): (83)

The proof follows from the fact that, accordingto the generalizedHohenberg-Kohn theo-

rem, the groundstate wave function j	 i is a uniquefunctional of f alg, and sincej	 i provides

a completedescription of the state of the system,everything elseis a unique functional of

f alg aswell, including M . Wu et. al [106]usedensity functional theory conceptsto express

entanglement measuresin terms of the �rst or secondderivative of the ground state energy.

As a further application they discussentanglement and quantum phasetransitions in the

caseof mean�eld approximations for realistic modelsof many-body systems[106].

This interesting connectionbetweendensity functional theory and entanglement wasfur-

ther generalizedfor arbitrary mixed states by Rajagopal and Rendell[107] using the max-

imum entropy principle. In this way they establishedthe duality in the senseof Legendre

transform between the set of mean valuesof the observablesbasedon the density matrix

and the corresponding set of conjugatecontrol parametersassociated with the observables.

VI I. FUTURE DIRECTIONS

We have examinedand reviewed the relation betweenelectron-electroncorrelation, the

correlation entropy and the entanglement for two exactly solvable models: the Ising model

and the Hubbard model for two sites. The ab initio calculation of the entanglement for the

H2 system is also discussed. Our result show that there is a qualitativ ely similar behav-

ior between the entanglement and absolute standard correlation of electronsfor the Ising

model. Thus, entanglement might be usedasan alternative measureof electroncorrelation

in quantum chemistry calculations. Entanglement is directly observable and it is oneof the

most striking properties of quantum mechanics.

Dimensionalscaling theory [108] provides a natural meansto examineelectron electron

correlation, quantum phasetransitions[109]and entanglement. The primary e�ect of elec-

tron correlation in the D ! 1 limit is to openup the dihedral anglesfrom their Hartree-Fock

values[108] of exactly 90o. Angles in the correlatedsolution are determinedby the balance

betweencentrifugal e�ects which always favor 90o and interelectron repulsionswhich always

favor 180o. Since the electronsare localized at the D ! 1 limit one might need to add

43



the �rst harmonic correction in the 1=D expansionto obtain a useful density matrix for

the whole system,thus the von Neumannentropy. The relation betweenentanglement and

electron-electroncorrelation at the largedimensionallimit for the dimensionalscalingmodel

of the H2 molecule[110] will be in future studies.

Recently a new promising approach is emerging for the realization of quantum chem-

istry calculationswithout wave functions through �rst order semide�nite programming[111].

Mazziotti has developed a �rst-order, nonlinear algorithm for the semide�nite programing

of the two-electronreduceddensity matrix method that reducesmemory and 
oating-p oint

requirements by orders of magnitude[112, 113]. The electronic energiesand properties of

atoms and moleculesare computablesimply from an e�ective two-electronreduceddensity

matrix � (AB ) [114, 115]. Thus, the electron-electroncorrelation can be directly calculatedas

e�ectively the entanglement betweenthe two electrons,which is readily calculatedasthe von

Neumannentropy S = � Tr � A log2� A , where� A = TrB � (AB ) . With this combined approach

one calculatesthe electronic energiesand properties of atoms and moleculesincluding cor-

relation without wave functions or Hartree-Fock referencesystems.This approach provides

a natural way to extend the calculationsof entanglement to larger molecules.

Quantum phasetransitions are a qualitativ e change in the ground state of a quantum

many-body systemassomeparameter in varied[83, 116]. Unlike classicalphasetransitions,

which occur at a nonzero temperature, the 
uctuations in a quantum phase transitions

are fully quantum and driven by the Heisenberg uncertainty relation. Both classicaland

quantum critical points are governed by a diverging correlation length, although quantum

systemspossessadditional correlations that do not have a classicalcounterpart: this is the

entanglement phenomenon.Recently a newline of exciting research points to the connection

between the entanglement of a many-particle system and the appearanceof a quantum

phasetransitions[59, 65, 117, 118]. For a classof one-dimensionalmagnetic systems,the

entanglement shows scaling behavior in the vicinit y of the transition point[59]. Deeper

understandingof quantum phasetransitions and entanglement might be of great relevance

to quantum information and computation.
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