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. INTR ODUCTION

In quartum chemistry calculations, the correlation energyis de ned asthe energyerror
of the Hartree-Fock wave function, i.e., the di erence betweenthe Hartree-Fock limit en-
ergy and the exact solution of the nonrelativistic Sdredinger equation[]. Dierent types
of electron correlation are often distinguished in quartum chemistry sud as dynamical
and nondynamical[3, radial vs angular correlation for atoms, left-right, in-out and radial
correlation for diatomic moleculesand weak and strong correlation for solids. There also
exists other measuref electron correlation in the literature sud asthe statistical correla-
tion coe cien ts[3] and more recernly the Shannonertropy as a measureof the correlation
strength[4{8]. Correlation of a quantum marny-body state makesthe one-particle density
matrix nonidempotent. Therefore, the Shannonenropy of the natural occupation num-
bers measuresthe correlation strength on the one-particle level[7]. Electron correlations
have a strong in uence on many atomic, molecular[d, and solid properties[10]. The con-
cept of electron correlation as de ned in quantum chemistry calculationsis useful but not
directly obsenable, i.e., there is no operator in quantum medanicsthat its measuremen
givesthe correlation energy Moreover, there are caseswherethe kinetic energydominates
the Coulomb repulsionbetweenelectrons,the electroncorrelation alonefails asa correlation
measure[f

Entanglemen is a quantum medanical property that descrites a correlation between
guartum medanical systemsthat hasno classicalanalog[1113, 15? ]. Sdwredinger wasthe
rst to introducethesestatesand gave them the name"Versdirankung” to a correlation of
guantum nature[16]: "For an entangled state the best possibleknowledgeof the whole does
not include the best possibleknowledgeof its parts”. Latter, Bell[17] de ned entanglemer
as"A correlationthat is strongerthan any classicalcorrelation”. Thus, it might be usefulas
an alternative measureof electron-electroncorrelation in quantum chemistry calculations.

Ever sincethe appearanceof the famousEPR Gadankenexperimert [18],the phenomenon
of ertanglemen [19], which featuresthe essehal di erence betweenclassicaland quantum
physics, has received wide theoretical and experimertal attentions [17, 20{25]. Generally
speaking, if two particles are in an ertangled state then, even if the particles are physically
separatedby a great distance,they behave in somerespectsasa singleertity rather than as

two separateertities. There is no doubt that the ertanglemert hasbeenlying in the heart



of the foundation of quartum medanics.

Recernly a desireto understand the quantum erntanglemern is fueled by the dewelop-
mert of quartum computation, which has started from 1980swith the pioneeringwork of
Benio [26], Bennett[27], Deutsc [28], Feynman[29]and Landauer[30]but gatheredthe mo-
mertum and much researb interestonly after the Peter Shor'srevolutionary discovery[3]] of
a quantum computer algorithm in 1994that would e ciently nd the prime factors of com-
posite integers. Sinceinteger factorization is the basisfor cryptoscystemsusedfor security
nowadays, Shor's nding will have a profound e ect upon cryptography. The astronomical
power of quantum computations has chasedresearbers all over the world racing to be the
rst to createa practical quantum computer.

Besidesquantum computations, entanglemert has also been the core of many other
active researb sud as quantum teleportation[32, 33], dense coding[34, 35, quantum
comnunication[36 and quartum cryptography[37]. It is beliewved that the conceptual puz-
zles posedby entanglemert have now becomea physical sourceto brew completely novel
ideasthat might result in applications.

A big challengefacedby all the above-merioned applicationsis to preparethe entangled
states,which is much more subtle than classicallycorrelatedstates. To preparean erntangled
state of good quality is a preliminary condition for any successfubxperimert. In fact, this
is not only a problem involved in experimenrts, but also posean obstacleto theories since
how to quartify ertanglemert is still unsettled, which is now becomingone of the certral
topics in quartum information theory. Any function that quarti es erntanglemert is called
an ertanglemen measure. It should tell us how much ertanglemen there is in a given
mutipartite state. Unfortunately there is currertly no consensusas to the best method to
de ne an entanglemer for all possiblemultipartite states. And the theory of entanglemern
is only partially deweloped [13, 38{40] and for the momernt canonly be appliedin a limited
number of scenarioswherethere is unambiguousway to construct suitable measures.Two
important scenariosare (a) the caseof a pure state of a bipartite systemthat is, a system
consistingof only two componerts and (b) a mixed state of two spin-1/2 particles.

When a bipartite quantum systemsAB descriteby Hy, Hg isin a pure state there is an
essetially well-motivated and unique measureof the entanglemer betweenthe subsystems
A and B given by the von Neumannertropy S. If we denotewith , the partial trace of

2 Hyn Hpg with respect to subsystemB, A = Trg( ), the entropy of enanglemern
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of the state is de ned asthe von Neumann entropy of the reduceddensity operator 4;
S() Tr[ alog a]. It ispossibleto prove that, for pure state, the quartity S doesnot
changeif we exdhangeA and B. Sowe have S( ) Tr[ alog Al Tr[ g log g]:
For any bipartite pure state, if an ertanglemen E( ) is said to be a good one, it is often

requiredto have the following propertiesf? |:
Separability: If is separablethenE( )= 0

Normalization: The ertanglemen of a maximally state of two d-dimensionalsystems

is given by E = log(d).

No Increase Under Local Operations: Applying local operations and classicallycom-

municating cannot increasethe ertanglemer of

Continuity: In the limit of vanishing distance betweentwo density matrices the dif-

ferencebetweentheir entanglemen should tend to zero.

Additivity: A certain number N of identical copiesof the state should cortain N

times the ertanglemen of one copy.

Suladditivity: the ertanglemen of the tensor product of two states should not be

larger that the sum of the ertanglemen of ead of the states.

Convexity: The ertanglement measureshould be a corvex function, i.e.,
E( +@ )) E()+@ )E()forO< < 1.

For a pure bipartite state, it is possibleto showv that the von Neumann entropy of its
reduceddensity matrix, S( req) = Tr( req 103 req), hasall the above properties. Clearly,
S is not the only mathematical object that meet the requiremen but in fact, it is now
basically acceptedasthe correct and unique measureof entanglemer.

The strict de nitions of the four most prominert ertanglemen measuresan be summa-

rized as follows|? |:
Entanglementof distillation Ep
Entanglementof cost Ec

Entanglementof formation Eg



Relative entropy of entanglementEg

The rst two measuresare also called operational measureswhile the secondtwo don't
admit a direct operational interpretation in terms of ertanglement manipulations. It canbe
provedthat, supposeE is an measurede ned on mixed stateswhich satisfy the conditionsfor
agood measuremertioned above, then for all states 2 (HA HB);Ep() E() Ec(),
and both Ep ( ) and E¢( ) coincideson pure stateswithe the von Neumannreducedenropy

as having beendemonstratedabove.

A. Entanglemen t of formation and concurrence

At the current time, there is no simple way to carry out the calculationswith all these
ertanglement measures.Their properties, sud as additivit y, convexity and cortinuity, and
relationships are still in active investigations. Even for the best-understad entanglemert
of formation of the mixed statesin bipartite systemsAB ; oncethe dimensionor A or B is
three or above, we don't know how to getit simply although we have the generalde nitions
showvn above. Howeer, for the casewhereboth subsystemsA and B are spin-1/2 patrticles,
there exists a simple formula from which the ertanglemen of formation can be calculated
[42].

Givenadensity matrix  of a pair of quartum systemsA and B and all possiblepure-state

decompsitions of

X . . .
= pithajs (1)

where p; probabilities for ensenbles of statesj i, the entanglemen E is de ned as the

entropy of either of the subsystemsA and B:
E()= Tr(alog, a)= Tr( s log, 8): (2)

The entanglemen of formation of the mixed is then de ned asthe averageenanglemen

of the pure states of the decomposition[42, minimized over all decompsitions of

X
E()=min pE(): 3)

For a pair of qubits this equation can be written as[42{44,
E()=EC()); (4)
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whereE is a function of the "concurrence"C

!
Ecy=h + 1 ¢
2
whereh in the binary ertropy function[20]
h(x) = xlog,x (1 x)log,(1 x): (5)

In this casethe entanglemert of formation is givenin terms of anotherenanglemen measure,
the concurrenceC [42{44]. The enanglemen of formation varies monotonically with the
concurrence.From the density matrix of the two-spin mixed states, the concurrencecan be
calculated as follows:

C()=max[Q ; 2 3 a]; (6)

r—
where ; are the eigervaluesin decreasingorder of the Hermitian matrix R P-"P-
with = (Y »b2(Y Y): Y hereis the Pauli matrix of the spin in y direction. The
concurrencevaries from C = 0 for a separablestate to C = 1 for a maximally erntangled
state. The concurrenceas a measureof erntanglemen will be usedin sectionll to discuss

tuning and manipulating the ertanglemern for spin systems.

B. Entanglemen t measure for fermions

As we discussedn the previous section, for distinguishable particles, the most suitable
and famousmeasureof the entanglemert is the Wootters' measure[42], the entanglemen of
formation or concurrence. Recertly, Sdlieman[45 46] examinedthe in uence of quartum
statistics on the de nition of the entanglemen. He discussed two-fermion systemwith the
Slater decompsition instead of Sdimidt decomposition for the ertanglemen measure. If
we take ead of the indistinguishable fermionsto be in the single-particle Hilb ert spaceCN
with f;f - (m = 1;:::;N) denotesthe fermionic annihilation and creation operator of single-
particle statesandj i represets the vacuum state. Then a pure two-electronstate can be
written as P‘ Ponffaj i1, where! ,, = ! ,n. Analogousto the Scimidt decompsition,
it canbe p?ér:/ed that everyj i canbe represeted in a appropriately chosenbasisin CN in

a form of Slater decompsition [45],

. 1 X .
P i=ep—— zlapfapl 1 (7)
i=1JZ) =1



wheref; ) j ;2] i,i=1 ;K;formanorthonormal basisin CN. The number of the
nonvanishingcoe cien ts z; is calledthe Slater rank, which is then usedfor the entanglemert
measure. With similar technique, the caseof two-boson systemis studied by Li [47] and
Paskauskas [48].

Gittings [49] put forward three desirable properties of any entanglemert measure: (a)
Invariance under local unitary transformations; (b) Non invariance under non-local unitary
transformations; (c) Correct behavior asdistingusishability of the subsystemds lost. These
requiremens make the relevant distinction betweenone-particleunitary transformation and
one-siteunitary transformations. A natural way adhieving this distinction[49] is to usea
basisbasedupon sitesrather on particles. Through Gittings' investigation, it is shovn that
all the above-discussecertanglement measuredail the tests of the three criteria. Only the
Zanardi's measure[50] survives, which is given in Fock spaceasthe von Neuman erntropy,
namely,

Eji= Trjlog, j; j=Tr;jihj; (8)
where Tr; denotesthe trace over all but the jth site and is the antisymmetric wave
function of the studied system. HenceE; actually describesthe ertanglemen of the jth
site with the remaining sites. A generalizationof this one-siteertanglemert is to de ne an

ertanglemen betweenone L-site block with the rest of the systems[51],

EL= Tr( rlog, L): (9)

C. Entanglemen t and ranks of densit y matrices

In this sectionwe would like to review the known theoremswhich relates entanglemer
to the ranks of density matrices. The rank of a matrix , denoted as rank( ), is the
maximal number of linearly independen row vectors (also column vectors) in the matrix

. Basedon the ranks of reduceddensity matrices, one can derive necessaryconditions for
the separability of multiparticle arbitrary-dimensional mixed states,which are equivalert to
su cient conditions for ertanglemen[52]. For corvenience,let us introduce the following
de nition[53{55]: A pure state of N particles A;;A,; ;Ay is called entangled when it

can not be written as

- A1 Ao An T . Aj (10)



where 5, is the single-particle reduced density matrix given by a, Treag( ) for
fA;jall Aj 6 Ajg. A mixed state of N particles Aj;A,; Ay, descrited by M proba-
: P o .

bilities p; and M pure states ! as = J-le p, !, is called ertangled when it can not be

written as

X o

P A (11)
j=1 =1
wherep; > Oforj = 1;2; ;M with P}‘il p = 1.
Now, we are in a position to list the separability conditions without a proof (The reader
whois interestedin the formal proofscanconsultthe paper by Chong, Keiter and Stolze[52]):
lemma 1: A stateis pure if and only if the rank of its density matrix is equalto 1,

i.e, rank( ) = 1.

lemma 2: A pure stateis entanglal if and only if the rank of at least one of its reduced

density matricesis greater than 1.

lemma 3: Given a pure state , if its particles are semrated into two parts U and V,

thenrank( y) = 1 holdsif and only if thesetwo parts are se@rable,i.e., = V-

Now we can discussthe necessaryconditions for separablestates. For corvenience,we
will usethe following notation. For a state of N particles A1;A,;  ; Ay, the reduced
density matrix obtained by tracing over particle A; is written as g¢) = Tra,( ) where
R(i) denotesthe set of the remaining (N 1) particles other than particle A;. In the same
way, Rrej) = Tra;( ra) = Tra(Tra, (1)) = Tra(Tra, () denotesthe reduced density
matrix obtained by tracing over particles A; and A;j, rgijk) = Tra, (Tra, (Tra( ))), and
soon. In view of theserelations, can be called 1-level-higher density matrix of g() and
2-lewel-higher density matrix of g¢j); r¢) can be called 1-level-higher density matrix of

rG;j) and 2-level-higherdensity matrix of g ); and soon.

Now, let us de ne the Seprability Condition Theorem52]: If a state of N particles
A1; Ay Ay Is separablethen the rank of any reduceddensity matrix of must be less

than or equalto the ranks of all of its 1-level-higherdensity matrices,i.e.,

rank( rg))  rank( ) (12)



holdsfor any A; 2 fA1; Ay, ;AnG; and
rank( rgj))  rank( rp) rank( re))  rank( rg) (13)

holds for any pair of all particles.
This will leadto the conditions for a mixed state to be entangled: Given a mixed state
, if the rank of at least one of the reduced density matricesof is greater than the rank of

one of its 1-level-higherdensity matrices, then the state is entanglel.

[I. ENT ANGLEMENT FOR SPIN SYSTEMS
A. Entanglemen t for two-spin systems

We considera setof N Iocalizedspin-% particles coupledthrough exdxangeinteraction J
and subject to an external magnetic eld of strength B. In this sectionwe will demonstrate
that: (A) Entanglemen canbe cortrolled and tuned by varying the anisotropy parameterin
the Hamiltonian and by intro ducingimpurities into the systems;(B) For certain parameters,
the ertanglemen is zeroup to a critical point ., wherea quartum phasetransition occurs,
and is di erent from zero above . and (C) Entanglemen shows scaling behavior in the
vicinity of the transition point.

For simplicity let us illustrate the calculations of entanglemen for two spin-% particles.

The generalHamiltonian, in atomic units, for sud a systemis given by[56]
H= S+ )i 3 30 )Y % B oL BL & (9

where 2 are the Pauli matrices(a= x,y,z) and is the degreeof anisotropy. For =1
Eq.(14) reducesto the Ising model, whereasfor = 0t is the XY model.
This model admits an exact solution, it is simply a (4 4) matrix of the form,

0 1
2B 0 0 J
O 0 J O
H = ; (15)
0 J 0O O
0O 0 2B
with the following four eigervalues

q — q —Fw
1= J; =0, 3= 4B2+ J2 2, ,= 4B2+ ]J2 2 (16)

10



and the corresppnding eigervectors

0 1 0 1 0 q 1 0 q 1
0 O 228
1=p§ P 0
] 1>= p_¢g:] 2>= p_ ) os>= ) a>= ; (17)
1= 2 1= 0
q
0 0 28
where = P 4B2+ J2 2, In the basissetfj " >; j "#>; j #'>; | ##> g, the eigervectorscan
be written as
j1>= %(J# > +]"#>); (18)
I 2>= p5(#> ] "#>); (19)
S S
j 3>= 2BJ #> + ; ZBJ ">, (20)
S S
o>z B LB 1)

2

Now we con ne our interestto the calculation of the ertanglemen betweenthe two spins.
For simplicity we take = 1, Eq. (14) reducesto the Ising model with the ground state en-
ergy s andthe correspnding eigervectorj 3 >. All the information neededfor quartifying
the entanglemert in this caseis cortained in the reduceddensity matrix (i; j )[42{44].

For our model systemin the ground state j 3 >, the density matrix in the basisset("™

"##" ##) is given by 0 1
-;28 00 q 274282
0 00 0
= : (22)
0 00 0
4428 00 -;28

The eigervaluesof the Hermitian matrix R neededto calculate the concurrence[4p C,

Eg. (6), canbe calculated analytically. We obtained ,= 3= 4= 0 and therefore,
S

C(): 1=

2

yp 55 (23)

where = J=B. Entanglemert is a monotonically increasingfunction of the concurrence

and is given by

11



1 1P
E(C)=h(y)= ylogy (1 ylogl vy) y=5+5 1 Cx (24)
Substituting the value of the concurrenceC, Eq.(23), gives
p___
1 1 1 1 4+ 2 2
E = Qlog?(z yn 2)+,,4+ 2Iog“,erz. (25)

This result for entanglemen is equivalert to the von Neumann ertropy of the reduced
density matrix . Where for our model systemof the form AB in the ground statej 3 >,

the reduceddensity matrix A = Trg( ag) In the basisset(";#) is given by

0 1
+2B 0

A=%>T e (26)

2

As we mertioned before,when a biparticle quantum systemAB is in a pure state there
is essetially a unique measureof the erntanglemen betweenthe subsystemsA and B given
by the von Neumann ertropy S Tr[ alog a]- This approad gives exactly the same
formula asthe onegivenin Eq. (25). This is not surprising sinceall entanglemert measures
should coincide on pure bipartite statesand be equalto the von Neumannertropy of the
reduceddensity matrix (uniqguenesstheorem).

This simple model can be usedto examinethe entanglemer for two electron diatomic
molecules. The value of J, the exdange coupling constart betweenthe spins of the two
electrons, can be calculated as half the energy di erence betweenthe lowest singlet and
triplet statesof the hydrogen molecule. Herring and Flicker have showvn [57] that J for H,
moleculecan be approximated as a function of the interatomic distanceR. In atomic units,

the expressionfor large R is given by
J(R) = 0:821R*?e R + O(R% ): (27)

Figure (1) shaws the calculated concurrenceC( ) asa function of the distance between
the two electronicspinsR, using J(R) of Eq. (27), for di erent valuesof the magnetic eld
strength B. At the limit R! 1 the exdhangeinteraction J vanishesas a result the two
electronic spins are up and the wave function is factorisable,i.e. the concurrenceis zero.
At the other limit, when R = 0 the concurrenceor the entanglemert is zerofor this model
because] = 0. As R increases,the excange interaction increasesleading to increasing

concurrencebetween the two electronic spins. Howewer this increasein the concurrence

12



0.6

Concurrence(C)

o
N
.

0.1

FIG. 1: The concurrence (C) as a function of the distance R between the two spins for di er ent

valuesof the magnetic eld strength B.

reachesa maximum limit asshowvn in the gure. For largedistance,the exdangeinteraction
decreaseexponertially with R and thus the decreaseof the concurrence. Figure (1) also
shows that the concurrenceincreaseswith decreasingthe magnetic eld strength. This
can be attributed to e ectively increasingthe exdangeinteraction. This behavior of the
concurrenceas a function of the internuclear distanceR is typical for two electron diatomic
molecules.We will show later in sectionlV that by using accurateab initio calculationswe
essetially obtained qualitativ ely the samecurve for entanglemen for the H, moleculeas a

function of the internuclear distanceR.
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B. Entanglemen t for one-dimensional N-Spin systems

Now, let usgeneralizat to a one-dimensionalattice with N sitesin a transversemagnetic

eld and impurities. The Hamiltonian for sud a systemis given by[58§]

1+ X 1 X X
Jiivt {8 55— Jdiin { a Bi 7 (28)

i=1 i=1

T
1

i=1
where J;; .1 is the exdhangeinteraction betweensitesi and i + 1, B; is the strength of the
external magnetic eld on site i, 2 arethe Pauli matrices (a = x;y;z), is the degreeof

anisotropy and N is the number of sites. We assumecyclic boundary conditions, so that
N+l = 1) Ne = D N4l =1 (29)

For = 1 the Hamiltonian reducesto the Ising model and for = 0 to the XY model.
For the pure homogeneousase J;i+1 = J andB; = B , the systemexhibit a quartum phase
transition at a dimensionlesscoupling constart = J=2B = 1. The magnetizationh *i is
di erent from zerofor > 1 and it vanishesat the transition point. The magnetization
alongthe z direction h % is di erent from zerofor any value of . At the phasetransition

point, the correlation length  divergesas ] J with = 1[59].

C. Numerical solution of the one-dimension spin-1/2 systems

The standard procedureusedto solwe Eq.(28) is to transform the spin operators into

fermionic operators[60]. Let us de ne the the raising and lowering operatorsa;’, a, ,

1 . 1 .
ai=§ix+'iy)i ai=§(ix i)
Then we introduce Fermi operatorsc;,c; de ned by
X1 X1
a =exp( i ¢g)o; a =cexp(i c¢g):
j=1 j=1
Sothat, the Hamiltonian assumesghe following quadratic form
X + + At X + 1
H= " Jialdan+ ¢dy)+he]l 2 Bi(da 3 (30)
i=1 i=1

= J=2B,

14



We can write the parametersJii.; = J(1+ ii+1), where introducesthe impurity in
the exdangeinteractions and the external magnetic eld takesthe form B; = B(1+ ),

where measurethe impurity in the magnetic eld. When = = 0 we recover the pure

XY case.
Introducing the matrices A, B, where A is symmetrical and B is antisymmetrical, we

can rewrite the Hamiltonian as

Ho= X [ AL G + By ¢ + ho)l
[c Aij G 2(C| i G 0l;
ij =1

where
0 1
1+ 1) 1+ 1;2) 1+ n;1)
1+ 21) @+ 2) 1+ 23)
0
A= :
0
T+ ~n v 2) I+ N 1) @+ N 1n)
@+ 1n) 1+ NN 1) 1+ n)
0 1
0 1+ 1;2) 1+ n;1)
T+ 21) 0 1+ 23)
0
B =
0
1+ N 1N 2) 0 1+ N 1n)
T+ 1n) T+ NN 1) 0
Introducing linear transformation
—_ )(\‘ + . + )(\‘ + .
kK = kG + heiC; K = G + hiG;
i=1 i=1
with the gy and hy; real and which will give the Hamiltonian form
X +
H= k k kT constant:
k
From theseconditions, we can get a set of equationsfor the gx; and hy;
X
kOi = (9GAji hgBji) (31)
j=1
X
ki = (9GBji  heAji) (32)
i=1

15



By introducing the linear combinations
ki = Oki + hii; ki = Ok N
we can get the coupledequation
k(A B)= ¢ x and ((A+B)= « «

then, Wecangetboth  and | vectorfrom thesetwo equationby numericalmethod[61].
The ground state of the systemcorrespndsto the state of 'no-particles' and is denotedas

] 0>,and

ki 0>=0; forall k:

D. Entanglemen t and spin reduced density matrices

The matrix elemers of the reduceddensity matrix neededto calculatethe entanglemern
canbe written in terms of the spin-spincorrelation functions and the averagemagnetization

per spin. The spin-spin correlation functions for ground state are de ned as[61]

1 . .
Sim = i < o ml o>
1 . .
S|ym=zf< o | Wi 0>
1 . .
SIZm = Z < o IZ anJ 0>
and the averagemagnetization per spin
MZ = ! i 7] : 33
P =5< ol o> (33)

Thesescorrelation functions can be obtained using the set ¢ and  from the previous
section.

The structure of the reduceddensity matrix follows from the symmetry properties of the
Hamiltonian. Howeer, for this casethe concurrenceC(i; j ) dependsoni; j and the location

of the impurity and not only onthe di erence ji | asfor the pure case.Usingthe operator

16



expansionfor the density matrix and the symmetriesof the Hamiltonian leadto the general

form,
0 1
1;1 O O 1,4
0 : 2 0
_ 22 23 : (3 4)
O 2;3 3;3 O
1.4 0 0 44
with

2= P aati s 0= " 2z aetiaals =00 T an J ol a=1° 22 e i il
(35)
Using the de nition < A >= Tr(A), we can expressall the matrix elemers in the

density matrix in terms of di erent spin-spin correlation functions[61:

11 = :_2LM|Z+%M§1+SIZm+:ZL_; (36)
22 = :—ZLM|Z %Mé Sh, + %;; (37)
33 = :—ZLM,% :—2L|\/||Z Sk, + %1; (38)
44 = %Mf %Mé + Sfy + %? (39)
23= S+ S (40)
14= S S (41)

E. Some numerical results

Let us shav how the entanglemert can be tuned by changing the anisotropy parameter
by going from the Ising model ( = 1) to the XY model ( = 0). For the XY model
the ertanglemert is zero up to the critical point ., and is di erent from zero above ..
Moreover, by introducing impurities, the entanglemert can be tuned down asthe strength

of the impurity  increases[5B First we examinethe changeof the entanglemer for the
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0.3

0.2

0.1

C(1,2)0
03

0.2

0.1

FIG. 2: The nearest-neighlor concurrence C(1;2) for di er ent valuesof the anisotropy parameter
= 1,0:7;0:3; 0 with an impurity located at i, = 3 as a function of the reduced coupling constant
= J=2h, where J is the exchangeinteraction constant and h is the strength of the external

magnetic eld. The curves correspnd to di er ent valuesof the impurity strength = 0;0.5; 1; 1.5

with systemsizeN = 201

Ising model ( = 1) for di erent valuesof the impurity strength asthe parameter , which
inducesthe quantum phasetransitions, varies. Fig.(2) shows the change of the nearest-
neighbor concurrenceC(1; 2) with the impurity located at i, = 3 as a function of for
di erent valuesof . One can seeclearly in Fig.(2) that the entanglemen can be tuned
down by increasingthe value of the parameter . For = 1.5, the concurrenceapproades

zero above the critical . = 1. The systemsizewastaken N = 201 basedon nite size
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scalinganalysis. Analysis of the all the resultsfor the pure case( = 0) for di erent system
sizerangingfrom N = 41up N = 401collapseonto a singlecurve. Thus, all key ingredierts
of the nite sizescaling are presen in the concurrence. This holds true for the impurity
problem as long as we considerthe behavior of the value of for which the derivative
of the concurrenceattains its minimum value versusthe systemsize. As expected there
is no divergenceof the derivative dcé—lz) for nite N, but there are clear anomalies. By
examining In( . m) versusinN for = 0:1, one obtains that the minimum |, scales
as m ¢ + N %9 and €2 givergeslogarithmically with increasingsystemsize. For
a systemwith the impurity located at larger distancei,, = 10 and the same = 01,

m ¢ + N 98 shawing that the scalingbehavior dependson the distancebetweenthe
impurity and the pair of sitesunder consideration.

Fig. (2) alsoshows the variation of nearest-neighor concurrenceas the anisotropy pa-
rameter decreases.For the XY model ( = 0), the concurrencefor = 0is zeroup to
the critical point .= 1 anddierent from zeroabove .= 1. Howewer as increaseshe
concurrencedewelopsa stepsand the results strongly depend on the systemsize. For small
systemsize, sudr asN = 101, the stepsand oscillations are large but becomesmaller as
the systemsizeincreasesas shovn in Fig.(2) for N = 201. But they disappear in the limit
N ! 1. Toexaminethe di erent behavior of the concurrencefor the Ising model and the
XY model, we took the systemsizeto be innite, N ! 1 , wherethe two models have
exact solutions. Howeer, the behavior is the samefor a nite systemwith N = 201. For
larger valuesof i, the concurrencegetslarger and approadesits maximum value, the pure
casewith = 0, at large valuesi,, >> 1. It is worth mertioning that for the Ising model,
the range of entanglemen[62], which is the maximum distance betweenspins at which the
concurrenceis di erent from zero, vanishesunlessthe two sites are at most next-nearest
neighbors. For 6 1, the range of ertanglemen is not universaland tendsto in nit y as
tendsto zero.

So far we have examinedthe change of ertanglemen as the degreeof the anisotropy

varies between zero and one and by introducing impurities at xed sites. Rather than
locating the impurity at onesite in the chain, we canalsointroducea Gaussiandistribution

of the disorder near a particular location[61]. This can be done my modifying the the

N+1

exdangeinteraction, where introducesthe impurity in a Gaussianform certered at =5
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with strength or height
Ny,

o= e @ (42)

The external magnetic eld can alsobe modi ed to take the form h; = h(1+ ), where

hasthe following Gaussiandistribution[61]

N+1 \2
=z )%

i= € « (43)

where is a parameterto be xed. Numerical calculations shav that the ertanglemen
can be tuned in this caseby varying the strengths of the magnetic eld and the impurity
distribution in the system. The concurrenceis maximum closeto . and can be tuned to

zeroabove the critical point.

F. Thermal Entanglemen t and the E ect of Temp erature

Recernly the conceptof thermal entanglemen was introduced and studied within one-

dimensional spin systems[685]. The state of the system descLibad by the Hamiltonian
|

H

H at thermal equilibrium is (T) = exp = =Z; whereZ =Tr exp

R is the parti-

'
tion function and k is the Boltzmann% constart. As (T) represets a thermal state, the
ertanglemern in the state is called the thermal ertanglemen[63].

For two-qubit isotropic Heiserlberg model there exists thermal entanglemer for the an-
tiferromagnetic caseand no thermal entanglemen for the ferromagnetic case[68 While
for the XY model the thermal entanglemen appearsfor both the antiferromagnetic and
ferromagneticcases[6667]. It is known that the isotropic Heiserberg model and the XY
model are special casesof the anisotropic Heiserberg model.

Now that the ertanglemen of the X Y Hamiltonian with impurities hasbeencalculatedat
T = 0, we can considerthe casewherethe systemis at thermal equilibrium at temperature
T. The density matrix for the XY model at thermal equilibrium is given by the canonical
enserble =e H"=Z,where = 1=ksT,andZ = Tr (e ") isthe partition function. The
thermal density matrix is diagonalwhenexpressedn terms of the Jordan-Wigner fermionic
operators. Our interest lies in calculating the quartum correlations presei in the system
as a function of the parameters , , and

For the pure Ising model with = 0, The two-site density matrices constructed[65 are

valid for all temperatures. Using these matrices it is possibleto study the purely two-
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FIG. 3: Nearest-neighlor concurrene C at nonzeio temperature for the transverselsing model

party ertanglemen presem at thermal equilibrium becausethe concurrencemeasure of
ertanglemen can be applied to arbitrary mixed states. For this model the in uence the
critical point hason the ertanglemen structure at nonzerotemperaturesis particularly clear.
The entanglemen between nearest-neighor in the Ising model at nonzerotemperature is
shovn in Fig. (3). The entanglemern is nonzeroonly in a certain regionin the kg T
plane. It is in this regionthat quartum e ects are likely to dominate the behavior of the
system. The entanglemer is largestin the vicinity of the critical point = 1,kgT = 0.
Figure (3) shaws that for certain valuesof , the two-site entanglemert can increaseas
the temperature is increased.Moreover, it shavs the existenceof appreciableentanglemert

in the system for temperatures kg T above the ground state energygap . It has been
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arguedthat quartum systemsbehave classicallywhen the temperature exceedsall relevant
frequencies.For the transverselsing model the only relevant frequencyis given by the ground
state energy gap h! . The presenceof ertanglemen in the systemfor temperatures
above the energygap indicatesthat quartum e ects may persist past the point wherethey
are usually expectedto disappear.

The zero-temperature calculationsof the previoussectionsectionX Y model with impuri-
ties, represeh a highly idealizedsituation, howewer, and it is unclearwhetherthey have any
relevanceto the systemat nonzerotemperature. Sincethe properties of a quartum system
for low temperaturesare strongly in uenced by nearlby quartum critical points, it is tempt-
ing to attribute the e ect of nearby critical points to persisten mixed-state ertanglemen
in the thermal state.

G. Entanglemen t for two-dimensional spin systems

Quantum spin systemsin two dimensionallattices have beenthe subject of intensere-
seard, mainly motivated by their possiblerelevancein the study of high temperature su-
perconductors[68]. On the other hand, high magnetic eld experimerts on materials with
a two-dimensionalstructure which can be described by the Heisemerg antiferromagnetic
model in frustrated lattices have revealednovel phasesas plateau and jumps in the magne-
tization curves[69] and might be usefulfor quantum computing. Among the many di erent
techniquesthat have beenusedto study sud systems,the generalizationof the celebrated
Jordan-Wigner transformation [70] to two spatial dimensions[71] has someappealing fea-
tures. It allows oneto write the spin Hamiltonian completelyin terms of spinelesgermions
in sudh a way that the S = 1=2 single particle constrairt is automatically satis ed due
to the Pauli principle, while the magnetic eld eners as the chemical potertial for the
Jordan-Wigner fermions. This method has been applied to study the X XZ Heiserberg
antiferromagnet[72{74.

For this caseone can usethe Jordan-Wigner transformation sinceit is a generalizationof
the well known transformation in one-dimensionalwe have usedin previous sections. The
Jordan-Wigner transformation is exact but the resulting Hamiltonian is highly non-local
and somekind of appraximation is necessaryto proceed. One can use numerical methods

sudh as Monte-Carlo and variational approad to deal with the transformed Hamiltonian.
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This will allow usfor exploring the ground state of two-dimensionallattice spin 1/2 systems,
in away that could be applied to arbitrary lattice topologies. The method can alsobe used
in the presenceof an external magnetic eld, at nite temperature and even be applied to
disorderedsystems. Once this solved and we have the density matrix, we can follow the
previousprocedureto examinethe entanglemert asthe parameters: external magnetic eld,

temperature, lattice topologies,impurities varies.

[1l.  ENT ANGLEMENT FOR QUANTUM  DOT SYSTEMS

A. Two-electron two-sites Hubbard model

Many electron systemssud as moleculesand quartum dots shav the complex phenom-
ena of electron correlation causedby the Coulonb interactions. This phenomenacan be
descriked to someextert by the Hubbard model[75]. This is a simple model, capture the
main physics of the problem and admits an exact solution in somespecial cases[7p To
calculate the entanglemert for electronsdescriked by this model we will usethe Zanardi's

measure,which is given in Fock spaceasthe von Neumanertropy[77].

1. Exact solution

The Hamiltonian of two-electrontwo-site Hubbard model can be written as[7§

t X X
H = 5 dcG +2U  NiAiy (44)
i; i
wherecd’ and ¢ arethe Fermi creation and annihilation operators at site i and with spin

=":# and n.

i =c ¢

is the spin-dependert occupancy operator at site i. For two-site
systemi = land 2,i = 3 |, % is the hopping term of di erent site and 2U is the on-
site interaction(U > O for repulsion in our case). The factors § and 2U are chosento
make the following expressiondor eigervaluesand eigervectors as simple as possible. This
Hamiltonian can be solved exactly in the basissetjl";1#2";2 #i, it issimply a (4 4)

matrix of the form
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20 5 30
t t
H=§ 2 cE (45)
2 2
0o L toau
with the following four eigervaluesand eigervectors
Po— Po—
1= U t2+U2; >»=0 3=2U; 4,=U+ t2+ U2 (46)
and the corresppnding eigervectors
0 1 0 1 0 1 0 1
1 0 1 1
) x+pl+x2 ) 1 ) 0 ) X p1+x2
J 1>= p____ i) 2>= v ] 3>= v ] a>= P ¢
X+ 1+ x? 1 0 X 1+ x?
1
(47)
with x = % The eigervalue and eigervector for the ground state are
p__
E=U t2 + U? (48)
and
. . P— P——
jJGS>=jLix+ 1+x%x+ 1+ x2%1> (49)

2. Hartree Fock approximation

In quantum chemistry, the correlation energyE o isde ned asEcorr = Eexact EHE. IN
orderto calculatethe correlation energyof our system,we shav how to calculatethe ground
state using the Hartree Fock approximation. The main ideais to expand the exact wave
function in the form of con guration interaction picture. The rst term of this expansion
correspndsto the Hartree Fock wave function. As a rst step we calculate the spin-traced
one particle density matrix[5] (LPDM)

X
i = hGSj  d ¢ jGSi: (50)
We obtain 0 1
1 2
=B X (51)
2 1



q _———— q
where = p5 1 X;and = e 1+ %X,. Diagonalizethis 1PDM we can get the

binding (+) and unbinding (-) molecularnatural orbitals (NO's)

. (R
jio= P—Q(Jll j2i); (52)
and the correspnding eigervalues
1
n =1 piw, (53)

wherejli andj2i arethe spatial orbitals of site 1 and 2 respectively. The NO's for di erent

spinsare de ned as

. . 1 .- o
jooi= %(c{ ¢ )joi ¢ joi; (54)
where j0i is the vacuum state. After we de ne the geminalsj i = ¢ ¢ jOi, we can

expressGSi in terms of NO's as
r r_—

. N, . . n. .
= Zj++ nJ — :
JGSi 21 I sg 2] [ (55)
In the Hartree Fock appraximation, the GSisgiveby jHFi = j+ +i andEyr = t+U. Let

us examinethe Hartree Fock resultsby de ning the ionic and nonionic geminalsrespectively:

1 -
JAL = P (Cp Cy + G Cy)0

. 1 -
jBi = P(cr Gz *+ Cp 10 (56)
If x ! 0, the system is equally mixed between ionic and nonionic germinal,

jJHFi = jAi + jBi. Whenx ! +1, jGSi ! |Bi, which indicate that as x be-
comeslarge, our systemgoesto the nonionic state. Similarly, jGSi ! jCi, asx! 1 ,
where jCi = p5(cl.cly  CCy)j0i. Thus, the HF results are good approximation only
whenx ! 0. The unreasonablediverging behavior results from not suppressingthe ionic
state jAi in jJHFi whenjxj! 1 . In orderto correctthis shortcomingof the Hartree Fock
method we can considerto conbine di erent wave functions in di erent rangesto obtain a

better wave function for our system. This can be done as follows:

Range |GS Energy|Correlation EnergyWave function|n. |n
Us>t 0 u U+ e iBi 1)1
t Ut t+U | t U |i(Ai+jBi)| 2|0
U< t U u "uzre iCi 1)1

25



3. Correlation entropy

The correlation entropy is a good measureof electroncorrelation in molecularsystems[5
7]. It is de ned using the eigervaluesny of the one-particledensity matrix 1PDM,
S= X ng( Inny); X N = N: (57)
k k
This correlation entropy is basedon the nonidempotency of the NON's ny and provesto be
an appropriate measureof the correlation strength if the referencestate de ning correlation
is a singleSlater determinart. In addition to the eigervaluesny of the 'full’ (spin-dependert)
1PDM, it seemsreasonableto consideralso the eigervaluesn, of the spin-traced 1PDM.
Among all the ny there is certain number Ny of NON's ny, with valuesbetweenl and 2 and
all the other N; NON's ny, also have valuesbetweenO and 1. So one possiblemeasureof
the correlation strength of spin traced 1PDM is
S = X (g, DIn(ng, 1) X Nk, IN N, : (58)
Ko ke
Sinceall the ny=2 have valuesbetween0 and 1, there is another possiblemeasuremen of
the correlation strength

X
S, = ”—Zk In n—zk: (59)

k

4. Entanglement

The ertanglement measureis given by von Neumannentropy [77]
Ej= Tr(jlog ), j=Tr@( >< J) (60)

whereTr; denotesthe trace over all but the j th site,j > isthe antisymmetric wave function
of the fermionssystemand ; is the reduceddensity matrix. HenceE; actually descrites
the entanglemert of the j th site with the remaining sites[7§.

In the Hubbard model, the electron occupation of ead site has four possibilities, there
are four possiblelocal statesat eat site, j >; = jO>;, | ">, j #>, ] "#>;.The reduced

density matrix of the jth site with the other sitesis given by[79, 80]

;= Zj0>< Qj+uTj"><"j+u jE<H]+ W HES<H (61)
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with

W=<nj-Njy >= Tr(njunj# j) (62)
u* =< np- > w; u =<ngs> w (63)
z=1 u u w=1 <n»> <ngE>+w (64)

And the ertanglemen betweenjth site and other sitesis given by
E; = zlog,z u'Log,u” u Log,u  wLog,w; (65)

For the one-dimensionalHubbard model with half- lling electrons,we have < n. >=<

+ 1

ng>= 3, Uu" =u =3 Ww,andthe ertanglemen is given by

NI

Ei = 2wlog,w 2(% W)|ng(% W): (66)

For our caseof two-sitestwo-electronssystemw = m Thus the ertanglemen
is readily calculated from Eqg. (66). In Figure (4), we shov the ertanglemen betweenthe
two sites, top curve, and the correlation ertropy S; and S, as function of x = % The
ertanglemen measureis given by von Neumannertropy in which the density matrix of the
systemis traced over the other site to get the reduceddensity matrix, the reduceddensity
matrix descrikesthe four possibleoccupationson the site: jO >, | ">, #,] "#>. The
minimum of the entanglemert is1asx! 1 . It canbe understood aswhenU ! +1
all the sites are singly occupied, the only di erence is the spin of the electronson eat
site, which can be referred as spin erntanglemen. As U ! 1, all the sites are either
doubly occupiedor empty, which is referred as spaceentanglemen. The maximum of the
ertanglemen is 2 at U=0, all the four occupation are evenly weighted, which is the sum
of the spin and spaceertanglemen of the system. The correlation entropy S; vanishesfor
x! Oandx! 1 andhasmaximum nearjxj = 1, the correlation ertropy S, vanishes
for x I 0 and increasesmonotonically and approatesin2forx! 1 . Forx! +1 can

beviewedast! Ofor xed U>0OorasU! +1 for xed t.

B. One-dimensional quantum dots system

We consideran array of quantum dots modeledby the one-dimensionaHubbard Hamil-

tonian of the form[8]]
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FIG. 4. Two site Hubkard Model: Upper curve is the entanglement calculated by von Newman
entropy. The curvesS; and S, are the correlation entropy of the exact wavefunction as de ned in
the text. The dashel line is the S, for the combined wave function basel on the range of x values.

S, for the combined wave function is zem

X . X

<ij >; i

wheret; standsfor the hopping betweenthe nearestneigtbor sites for the electronswith
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the samespin, i andj are the neigtboring site numbers, is the electronspin, ¢ and ¢
are the creation and annihilation operators, U is the Coulonb repulsionfor the electronson
the samesite. The periodic boundary condition is applied. The enanglemen measureis
given by von Neumannentropy[77].

In the Hubbard model, the electron occupation of ead site has four possibilities, there
arefour possiblelocal statesat ead site,j >; = j0>;,]">;, ] #>, ] "#>;. The dimensions
of the Hilbert spaceof an L-site systemis 4- andj 1 ,::1 | >= QjL:lj j > canbe usedas
basisvectorsfor the system. The ertanglemen of the jth site with the other sitesis given
in the previoussection,by Eq. (65).

In the ideal case,we can expect an array of the quartum dots to have the samesizeand
distributed ewenly, sothat the parameterst and U are the sameewerywhere respectively.
We call this the pure case.In fact the sizeof the dots may not be the sameand they may
not be ewvenly distributed, which we call the impurity case. Here, we considertwo types
of impurities. The rst oneis to introduce a symmetric hopping impurity t° between two
neighboring dots, the secondoneis to introducean asymmetric electronhopping t® between
two neighboring dots, the right hoppingis di erent from the left hopping, while the rest of
the siteswith hopping parametert.

Consider the particle-hole symmetry of the one-dimensionalHubbard model, one can
obtainw( U) = % w(U), sothe ertanglemert is an even function of U, E;( U) = E;(U).
The minimum of the entanglemert islasU! 1 . AsU! +1 all the sitesare singly
occupiedthe only di erence is the spin of the electronson ead site, which can be referred
asspin entanglemer. As U ! 1 , all the sitesare either doubly occupiedor empty, which
is referred as spaceertanglemen. The maximum of the entanglemen is 2 at U=0, which
is the sum of the spin and spaceentanglemen of the system. The ground state of the one-
dimensionalHubbard model at half lling is metallic for U < 0, and insulating for U > 0,
U = 0is the critical point for the metal insulator transition, wherethe local ertanglemen
readesits maximum. In gure(5) we shav the ertanglemen asa function U=t for six sites
and six electrons. Our results are in completeagreemen with exact one obtained by Bethe

ansatz[79].
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FIG. 5: Local entanglementgiven by von Neumann entropy, E,, versusU=t in the pure case.
C. Two-dimensional array of quantum dots

Using the Hubbard model, we can study the ertanglemen scaling behavior in a two-
dimensionalitinerant system. Our resultsindicate that, on the two sidesof the critical point
denoting an inherert quartum phasetransition (QPT), the entanglemert follows di erent
scalingswith the sizejust asan order parameterdoes. This fact revealsthe subtle role played
by the ertanglemen in QPT and points to its potential application in quartum information
processingas a fungible physical resource.

Recerly, it hasbeenspeculatedthat the most entangled systemscould be found at the
critical point[82] whenthe systemundergaesa quartum phasetransition, i. e. a qualitative
change of somephysical properties takes place as an order parameter in the Hamiltonian
is tuned [83. QPT results from quartum uctuations at the absolute zero of temperature
and is a pure quartum e ect featured by long-rangecorrelations. Sofar, there have already
beensomee orts in exploring the above speculations,sut asthe analysisof the XY model
about the single-spinentropies and two-spinquantum correlations[58, 84], the entanglemert
betweena block of L cortiguous sites and the rest of the chain [51] and also the scaling of

ertanglemen near QPT [59. But becausethere is still no analytical proof, the role played
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by the ertanglemen in quartum critical phenomenaremains elusive. Generally speaking,
there exists at least two di culties in resolving this issue. First, until now, only two-
particle ertanglemert is well explored. How to quartify the multi-particle entanglemern is
not clear. SecondQPT closelyrelatesto the notorious many-body problems,which is almost
intractable analytically. Until now, the only e ective and accurateway to deal with QPT
in critical regionis the density-matrix renormalization group method [85]. Unfortunately, it
is only e cient for one-dimensionakasesbecauseof the much more complicated boundary
conditions for two-dimensionalsituation[86].

In this review, we will focuson the ertanglemert behavior in QPT for two-dimensional
array of quartum dots, which provide a suitable arena for implemenation of quan-
tum computation[87, 88, 102]. For this purpose, the real-spacerenormalization group
technique[9Q will be utilized and deweloped for the nite-size analysis of ertanglement.
The model that we will be using is the Hubbard model[82],

X X 1 1
H= t [c'g +Hic]+U _ (§ ni“)(é Nix) (68)
<ij >; i
wheret is the nearest-neighor hoppingterm and U is the local repulsive interaction. ¢ (¢ )
creates(annihilates)an electron with spin  in a Wannier orbital located at site i; the
correspnding number operator isn; = ¢ ¢ and <> denotesthe nearest-neigbor pairs.
H.c. denotesthe Hermitian conjugate.

For a half- lled triangular quartum lattice, there exists a metal-insulator phasetran-
sition with the tuning parameter U=t at the critical point 125 [91{93]. The correspnd-
ing order parameter for metal-insulator transition is the charge gap dened by 4 4 =
E(Ne 1)+ E(Ne+ 1) 2E(N¢), whereE(N) denotesthe lowest energyfor a Ne electron
system. In our case,N. is equal to the site number Ng of the lattice. Unlike the charge
gap calculated from the energylewels, the Zanardi measureof the entanglemert is de ned
upon the wave function correspnding to E(N,) instead. Using the corvertional renormal-
ization group method for the nite-size scalinganalysis[9193], we candiscussthree shemes
of entanglemert scaling: Single-siteertanglemen scalingwith the total systemsizeEgingie;
Single-blak entanglemer scalingwith the block size, Epock; and Block-block entanglemert
scalingwith the block size, Epock block- Our initial results of the single-siteentanglemert
scalingindicate that that Egj,q/e iS N0t a universalquartity. This conclusionis well consister

with the argumert givenby Osborne[84], who claimsthat the single-siteertanglemernt is not
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scalablebecauseat doesnot own the proper extensivity and doesnot distinguish the local and
distributed ertanglemen. This impliesthat only a limited region of sitesaround the certral
site cortributed signi cantly to the single-siteentanglemen. Using the one-parameterscal-
ing theory, near the phasetransition point, we can assumethe existenceof scalingfunction
f for Epiock block SU that: Epock block = ET (Y), whereq= (U=t) (U=t). measureshe
deviation distance of the systemaway from the critical state with (U=t). = 125, which is
exactly equal to the critical value for metal-insulator transition when the sameorder pa-
rameter U=t is used[91{93]. = q isthe correlation length of the systemwith the critical
exponert and N = L2 for the two-dimensionalsystems.

In Fig. (6), we shaw the results of Epock biock @S a function of (U=t) for di erent system
sizes. With proper scaling, all the curves collapseonto one curve, which can be expressed
as Epock block = T (ON %). Thus the critical exponerts areye = 0; = 1. It is interesting to
note that we obtained the same asin the study of metal-insulator transition. This shows
the consistencyof the initial results sincethe critical exponert is only dependen on the
inherert symmetry and dimensionof the investigatedsystem. Another signi cant result lies
in the nding that the metal state is highly ertangled while the insulating state, is only
partly entangled.

It should be mertioned that the calculated ertanglemen here has a correspnding
critical exponert yg = 0. This meansthat the entanglemen is constart at the critical
point over all sizesof the system. But it is not a constart over all valuesof U=t. There
is an abrupt jump acrossthe critical point asL ! 1 . If we divide the regime of the
order parameterinto non-critical regimeand critical regime,the results can be summarized
as follows: In the non-critical regime, i.e. U=t is away from (U=t)., as L increases,the
ertanglemen will saturate onto two di erent valuesdependingon the signof U=t (U=t);
At the critical point, the entanglemer is actually a constart independen of the sizelL.
These properties are qualitatively di erent from the single-siteentanglemen discussedoy
Oshborne [84], where the entanglemen with Zanardi's measureincreasesfrom zeroto the
maximum at the critical point and then decreasesgainto zeroasthe order parameter for
XY mode is tuned. Thesepeculiar properties of the entanglemert we have found here can
be of potential interestto make an e ectiv e ideal "entanglemernt switch”. For example,with
seen blocks of quartum dots on triangular lattice, the entanglemert amongthe blocks can

be regulatedas"0" or "1" almost immediately oncethe tuning parameter U=t crosseshe
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critical point. The switch errorswill depend on the sizeof the blocks. Sinceit hasalready
beena well-deweloped technique to changeU=t for quartum dot lattice [94, 102],the above
stheme should be workable. To remove the special con nemert we have made upon the
calculatederntanglemen, namely only the entanglemen of block 1 and block 7 with the rest
onesare considered,in the following, we will prove that the averagepairwise ertanglemert
alsohasthe propertiesshown in Fig. (6). It is magni cent that aswe changethe sizeof the
certral block, its entanglemen with all the rest sites follows the samescaling properties as
Ebviock block- It is understandableif we considerthe fact that only a limited regionround the
block cortribute mostly to Epock. This result greatly facilitate the fabrication of realistic
entanglemen cortrol devices, sud as quartum gates for quantum computer, since we
don't needto delicately care about the number of componert blocks in fear that the next

neighboring or the next-next neighboring quantum dots shouldin uence the switching e ect.

IV. AB INITIO CALCULA TIONS AND ENT ANGLEMENT

For two electron systemin 2m-dimensionalspin-spaceorbital with c, and ¢ denotethe
fermionic annihilation and creation operators of single-particle states and jO > represets
the vacuum state, a pure two-electronstatej > can be written as[56]

- X -
] == ! anClCho > (69)
a;b2f 1;2;3;4;:::2mg
where a;b run over the orthonormal single particle states, and Pauli exclusion requires

that the 2m 2m expansioncoe cien t matrix ! isantisymmetric: ! ;= ! pa and! i = 0.
In the occupation number represetation (ny ";ny #n, ";n, #:ingm "ing #),

where" and# mean and electronsrespectively, the subscriptsdenotethe spatial orbital

index and m is the total spatial orbital number. By tracing out all other spatial orbitals
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ing ones. (b) Saling of black-black for various systemsize and (¢) Saling of black entanglements
with the black size.

34



exceptny, we canobtain a (4 4) reduceddensity matrix for the spatial orbital n,

0 1
P P . .
47 Y M g g e2)? 0 0 0
P . .
_ . . 0 4 {211]! 2;2i+1J2 0 0
ny — TrnlJ >< J - P m . :2
0 0 4 i=2 J' 1:2i) 0
0 0 0 4!
(70)

The matrix elemens of ! canbe calculatedfrom the expansioncoe cien t of the ab initio
Con gure Interaction method. The CI wave function with singleand double excitation can
be written as

. . X .., X . o
j >=cj o>+ j L[>+ Cabl ab > (71)

ar a<b;r <s
wherej (> is the ground state Hartree-Fock wave function, c is the coe cient for single
excitation from orbital ato r, and c;}, is the double excitation from orbital aand bto r and
s. Now the matrix elemens of ! can be written in terms of the Cl expansioncoe cien ts.
In this generalapproad, the ground state ertanglemer is given by von Neumannertropy

of the reduceddensity matrix 1[56]
S( nl) = Tr( n1|092 nl): (72)

We are now ready to evaluate the entanglemen for the H, molecule[5§ as a function of
R using a two-electrondensity matrix calculated from the Con guration Interaction wave
function with single and double electronic excitations[9. Figure (7) shaws the calculated
entanglemen S for H, molecule,as a function of the internuclear distance R using a mini-
mal Gaussianbasisset STO-3G (ead Slater-Type-Orbital tted by 3 Gaussianfunctions)
and a split valence Gaussianbasis set 3-21G[95. For comparisonwe included the usual
electron correlation (E. = jEExact EYHF}) and spin-unrestricted Hartree-Fock (UHF)
calculations[9% using the samebasisset in the gure. At the limit R = 0, the electron
correlation for the He atom, E. = 0:0149@:u:) using 3-21G basis set comparedwith the
entanglemen for the He atom S = 0:0313. With a larger basisset, cc pV5Z[9€], we
obtain numerically E. = 0:0415@:u:) and S = 0:0675. Thus, qualitatively ertanglemert
and absolutecorrelation have similar behavior. At the united atom limit, R! 0, both have

small values,then rise to a maximum value and nally vanishesat the separatedatom limit,
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FIG. 7: Comparison between the absolutevalue of the electron correlation E. = jJEBXct  EUHF;
and the von Neumann entropy (S) as a function of the internuclear distance R for the H, molecule

using two Gaussian basis sets STO-3G and 3-21G.

R! 1 . Howewer, notethat for R > 3A the correlation betweenthe two electronsis almost
zerobut the entanglemert is maximal until around R 4A, the entanglemert vanishesfor
R > 4A.
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V. DYNAMICS OF ENT ANGLEMENT AND DECOHERENCE

In this section, we investigate the dynamics of ertanglemen in one-dimensionalspin
systemswith a time-depender magnetic elds. The Hamiltonian for sud a systemis given
by[97]

J N X
i 5(1 ) |y iy+1 h(t) iz; (73)

i=1 i=1 i=1
whereJ is the coupling constart, h(t) is the time-dependen external magnetic eld, 2 are

H = _(1+ ) § iX+l

the Pauli matrices (a= x;y;z), Iisthe degreeof anisotropy and N is the number of sites.
We can set J=1 for corvenienceand use periodic boundary conditions. Next we transform
the spin operatorsinto fermionic operators. Sothat, the Hamiltonian assumeshe following
form

N=2 N=2

H = p(DIC G + €7y pl+ i plcyc™ + Ge p] + 2h(t) = Hp: (74)
p=1 p=1

where, (t) = 2cos, 2h(t), ,= 2 sin pand ,=2 p/N .It iseasyto shav [Hy; Hy] =
0 , which meansthe spaceof H decompmsesinto noninteracting subspace,eat of four
dimensions. No matter what h(t) is, there will be no transitions among those subspaces.

Using the following basisfor the pth subspace:(jO >;c;c",j0 >;¢j0 >;c";j0 >), we can

explicitly get 1
2h(t) ip 0 0
Ho(t) = i p 4cos p  2h(t) 0 0 §3 (75)
0 0 2c0s p 0
0 0 0 2cos p

We only considerthe systemswhich at time t=0 are in the thermal equilibrium at tem-
perature T. Let ,(t) be the density matrix of the pth subspacewe have ,(0) = e 1@
where = 1=kT and k is the Boltzmann's constart. Therefor, using Eq. 75, we can
have ,(0). Let Uy(t) be the time-ewlution matrix in the pth subspacenamelyh = 1):

| dUp(t) _

= Up(t)Hp(t) , with the boundary condition U,(0) = | . Now, the Liouville equation
of this systemis
RE TOROE (76)
which can be decompsedinto uncorrelatedsubspaceand solved exactly. Thus, in the pth
subspacethe solution of Liouville equationis p(t) = Uy(t) o(0)Uy(t)Y .
As a rst stepto investigatethe dynamicsof the entanglemen we cantake the magnetic

eld to be a step function then generalizeit to other relevant functional forms sud as an
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FIG. 8: Nearest-neighlor concurrencee C at zero temperature as a function of the initial magnetic

eld a for the step function casewith nal eld b.

oscillating one[97].Figure (8) shaws the results for nearest-neigbor concurrenceC(i; i + 1)
at temperature T = 0 and = 1 asa function of the initial magnetic eld a for the step
function casewith nal eld b. For a < 1 region, the concurrenceincreasesvery fast
nearb = 1 and reatesa limit C(i;i + 1) 0:125when b! 1 . It is surprising that
the concurrencewill not disappear when b increaseswith a < 1. This indicates that the
concurrencewill not disappear asthe nal external magnetic eld increaseat in nite time.
It shows that this model is not in agreemenh with the obvious physical intuition, sincewe
expect that increasingthe external magnetic eld will destroy the spin-spin correlations
functions and make the concurrencevanishes. The concurrenceapproates maximum
C(i;i+ 1) 0:258at (a= 1:37;b= 1:37), and decreasesapidly asa 6 b. This indicates
that the uctuation of the external magnetic eld nearthe equilibrium state will rapidly
destroy the entanglemen. Howevwer, in the region wherea > 2:0, the concurrenceis close

to zerowhenb< 1:0 and maximum closeto 1. Moreover, it disappearin the limit ofb! 1 .

Now, let us examine the system size e ect on the ertanglemen with three di erent
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external magnetic elds changingwith time t[98]:

8 9
= o too%. (77)
T2 hr(a beXkt t>07
8 9
2 a t 02
h@®=_ ¥ (78)
“a asin(Kt) t>0:°
8 9
20 t 0%
hin () = : (79)

>

a acogKt) t>07
wherea, band K are varying parameters.

We have found that the ertanglemen uctuates shortly after a disturbanceby an external
magnetic eld whenthe systemsizeis small. For larger systemsize,the entanglemer reates
a stable state for a long time beforeit uctuates. Howeer, this uctuation of entanglemern
disappearswhen the systemsizegoesto in nit y. We also show that in a periodic external
magnetic eld, the nearestneighbor entanglemen displays a periodic structure with a period
relatedto that of the magnetic eld. For the exponertial external magnetic eld, by varying
the constart K we have found that astime ewlves, C(i; i + 1) oscillatesbut it does not
read its equilibrium valueat t! 1 . This conrms the fact that the nonergalic behavior
of the concurrenceis a generalbehavior for slovly changingmagnetic eld. For the periodic
magnetic eld h;, = a(1 sin[ Kt]) the nearestneighbor concurrenceis at maximum at
t = O for valuesof a closeto one, sincethe systemexhibit a quantum phasetransition at

< = J=h = 1, wherein our calculationswe xed J = 1. Moreover for the two periodic
sin[ Kt]andcod Kt] elds the nearestneighbor concurrencedisplays a periodic structure
accordingto the periods of their respective magnetic elds[98].

For the periodic external magnetic eld h;, (t), we show in Figure (9) that the nearest
neighbor concurrenceC(i; i + 1) is zeroat t = 0 sincethe external magnetic eld hy,(t =
0) = 0 and the spinsalignsalongthe x-direction: the total wave function is factorisable. By
increasingthe external magnetic eld we seethe appearanceof nearestneighbor concurrence
but very small. This indicatesthat the concurrencecannot be producedwithout badkground
externalmagnetic eld in the Ising system. Howeer, astime ewlvesonecan seethe periodic
structure of the nearestneighbor concurrenceaccordingto the periodic structure of the

external magnetic eld h, (t)[98].
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FIG. 9: The nearest neighlor concurrence C(i; i + 1) (upper panel) and the periodic external mag-
netic eld h;;(t) = a(l codKt]), see Eq. (14) in the text (lower panel) for K = 0:05 with

di er ent valuesof a as a function of time t.

Recerly, there has beena special interest in solid state systemsas they facilitate the
fabrication of large integrated networks that would be able to implemert realistic quantum
computing algorithms on a large scale. On the other hand, the strong coupling betweena
solid state systemand its complexernvironment makesit a signi cantly challenging mission

to achieve the high coherencecortrol required to manipulate the system. Decoherenceas
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consideredas one of the main obstaclestoward realizing an e ective quartum computing
system [99102]. The main e ect of decoherencds to randomize the relative phasesof
the possiblestates of the isolated systemas a result of coupling to the ervironmert. By
randomizing the relative phases,the systemlosesall quartum interferencee ects and may
end up behaving classically

In order to study the decoherence ect, we examinedthe time ewlution of a single spin
coupledby exdangeinteraction to an ervironmert of interacting spin bath modeledby the

XY-Hamiltonian. The Hamiltonian for sud systemis given by[103
1+ X 1 X W
H = Jist { f 5 diia | hi (80)
2 i Z i=1

where J;; .1 is the exdhangeinteraction betweensitesi and i + 1, h; is the strength of the

external magnetic eld on site i, 2 arethe Pauli matrices(a = x;y;z), is the degreeof
anisotropy and N is the number of sites. We considerthe certered spin on the |y, site asthe
single spin quartum systemand the rest of the chain asits ervironmert, wherein this case
| = (N + 1)=2. The single spin directly interacts with its nearestneighbor spins through
exdangeinteraction J; 1y = Jj1+1 = J% We assumeexdiangeinteractions betweenspinsin
the ervironmert are uniform, and simply setit asJ = 1. The certered spin is considered
as inhomogeneouslycoupledto all the spinsin the environment by being directly coupled
to its nearestneighbors and indirectly to all other spinsin the chain through its nearest
neighbors.

By evaluating the spin correlator C(t) of the singlespin,the jy, site[103]

Ci)= j(t ) {0 ) (81)
we obsened that the deca rate of the spin oscillations strongly depends on the relative
magnitude of the exchangecoupling betweenthe single spin and its nearestneighbor J°and
coupling amongthe spinsin the ervironment J. The decoherencdime varies signi cantly
basedon the relative couplingsmagnitudesof J and J°. The decy rate law hasa Gaussian
prole when the two exdange couplings are of the sameorder J° J but corverts to
exponertial and then a power law aswe move to the regimesof J°> J and J°< J. We also
showv that the spin oscillations propagate from the single spin to the ervironmertal spins
with a certain speed.

Moreover, the amourt of saturated decoherencenduced into the spin state dependson

this relative magnitude and approates maximum value for a relative magnitude of unity.
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Our results suggestghat setting the interaction within the ervironment in sud a way that
its magnitude is much higher or lower than the interaction with the single spin may reduce
the deca rate of the spin state. The reasonbehind this phenomenoncould be that the
variation in the coupling strength along the chain at onepoint (where the single spin exits)
blocks the propagation of decoherenc@longthe chain by reducingthe ertanglemert among
the spins within the ervironmernt which reducesits decoherencee ect on the single spin
in return[103]. This result might be applicable in generalto similar casesof a certered
guartum systemcoupledinhomogeneouslyo an interacting ervironment with large degrees

of freedom.

VI.  ENT ANGLEMENT  AND DENSITY FUNCTIONAL THEOR Y

Density functional theory is originally basedon the Hoherberg-Kohntheorem[104,1085.
In the caseof a many-electron system, the Hoherberg-Kohn theorem establishesthat the
ground state electronicdensity (r), instead of the potential v(r), can be usedas the fun-
damertal variable to descrike the physical properties of the system. In the caseof a Hamil-
tonian given by

X
H = Ho+ Heq = Ho+ R (82)
|

where | is the cortrol parameter assaiated with a set of mutually comnuting Hermi-
tian operators f R g, the expectation valuesof &, for the ground statej i are denoted by
the setfag fh jARj ig. For suh a Hamiltonian Wu et. al[10§ linked ertanglemen
in interacting many-body quartum systemsto density functional theory. They usedthe
Hoherberg-Kohn theorem on the ground state to show that the ground state expectation
value of any obsenable can be interchangeablyviewed as a unique function of either the
cortrol parameterf g or the assaiated operator represeting the obsenable f a,g.

The Hoherberg-Kohn theorem can be usedto rede ne entanglemen measuresn terms
of new physical quartities: expectation valuesof obsenables,f a ginstead of external cortrol
parameters,f ;g. Consideran arbitrary entanglemert measureM for the ground state of
Hamiltonian (82). For a bipartite ertanglemer, onecan prove a certral lemma, which very
generallyconnectsM and energyderivatives.

Lemma: Any entanglementmeasure M can be expresséd as a unique functional of the set
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of rst derivativesof the ground state eneigy{104:

M = M(tag) = M(f 9 (83)
The proof follows from the fact that, accordingto the generalizedHoherberg-Kohntheo-
rem, the ground state wave function j i isauniquefunctional of f a;g, andsincej i provides
a complete description of the state of the system, everything elseis a unique functional of
fagaswell, including M. Wu et. al [106]usedensity functional theory conceptsto express
entanglemen measuresn terms of the rst or secondderivative of the ground state energy
As a further application they discussentanglemert and quartum phasetransitions in the
caseof mean eld approximations for realistic models of many-body systems[10p
This interesting connectionbetweendensity functional theory and ertanglemen was fur-
ther generalizedfor arbitrary mixed states by Rajagopal and Rendell[107 using the max-
imum ertropy principle. In this way they establishedthe duality in the senseof Legendre
transform betweenthe set of mean valuesof the obsenablesbasedon the density matrix

and the correspnding set of conjugatecontrol parametersassaiated with the obsenables.

VIl. FUTURE DIRECTIONS

We have examinedand reviewed the relation between electron-electroncorrelation, the
correlation entropy and the entanglemert for two exactly solvable models: the Ising model
and the Hubbard model for two sites. The ab initio calculation of the ertanglemen for the
H, systemis also discussed. Our result shav that there is a qualitatively similar behar-
ior betweenthe entanglemer and absolute standard correlation of electronsfor the Ising
model. Thus, entanglemert might be usedas an alternative measureof electron correlation
in quartum chemistry calculations. Entanglemert is directly obsenable and it is one of the
most striking properties of quartum medanics.

Dimensional scalingtheory [10§ provides a natural meansto examineelectron electron
correlation, quantum phasetransitions[109]and ertanglemen. The primary e ect of elec-
tron correlationintheD ! 1 limit isto openup the dihedral anglesfrom their Hartree-Fock
values[10§ of exactly 9°. Anglesin the correlated solution are determinedby the balance
betweencertrifugal e ects which always favor 90° and interelectron repulsionswhich always

favor 18C°. Sincethe electronsare localizedat the D ! 1 limit one might needto add
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the rst harmonic correction in the 1=D expansionto obtain a useful density matrix for
the whole system, thus the von Neumannertropy. The relation betweenertanglemen and
electron-electroncorrelation at the large dimensionallimit for the dimensionalscalingmodel
of the H, molecule[11Dwill bein future studies.

Recetlly a new promising approad is emergingfor the realization of quantum chem-
istry calculationswithout wave functionsthrough rst order semide nite programming[11].
Mazziotti has deweloped a rst-order, nonlinear algorithm for the semide nite programing
of the two-electronreduceddensity matrix method that reducesmemory and oating-p oint
requiremens by orders of magnitude[112 113. The electronic energiesand properties of
atoms and moleculesare computable simply from an e ectiv e two-electronreduceddensity
matrix (as)[114 115]. Thus, the electron-electroncorrelation can be directly calculatedas
e ectively the ertanglemen betweenthe two electrons,which is readily calculatedasthe von
Neumannertropy S= Tr alog a, Where o = Trg (ag). With this cormrbined approadh
one calculatesthe electronic energiesand properties of atoms and moleculesincluding cor-
relation without wave functions or Hartree-Fock referencesystems. This approad provides
a natural way to extend the calculationsof entanglemert to larger molecules.

Quantum phasetransitions are a qualitative changein the ground state of a quantum
marny-body systemas someparameterin varied[83 116]. Unlike classicalphasetransitions,
which occur at a nonzerotemperature, the uctuations in a quantum phase transitions
are fully quarntum and driven by the Heisefberg uncertainty relation. Both classicaland
qguartum critical points are governedby a diverging correlation length, although quantum
systemspossessdditional correlationsthat do not have a classicalcourterpart: this is the
ertanglemen phenomenon.Recertly a newline of exciting researt points to the connection
between the ertanglemen of a many-particle system and the appearanceof a quartum
phasetransitions[59, 65, 117, 118]. For a classof one-dimensionalmagnetic systems,the
entanglemen shaws scaling behavior in the vicinity of the transition point[59]. Deeper
understandingof quartum phasetransitions and erntanglemert might be of great relevance

to quantum information and computation.
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