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By augmenting Hartree-Fock (HF) results for nonrelativistic ground-state energies of 
N-electron atoms by analytic expressions for the D-+ 00 limit derived by Loeser, we obtain a 
simple renormalization procedure which substantially enhances accuracy. A renormalized 
nuclear charge, Z, , is found which renders the dimensionally scaled energy at D-P cu a good 
approximation to that for D=3 with the actual Z. The renormalized charge is readily evaluated 
by comparing the HF energy (or any other input approximation) with its D-t 00 limit. For 
atoms with any N or Z, the computations are elementary,requiring little more than solution of 
a quartic equation. With only HF input in addition to the D+ CO limit, the renormalization 
procedure yields about 2/3 or more of the correlation energy, for neutral atoms with N=Z. 
=2-+ 86: Further improvements in the method seem feasible, but will require better means to 
incorporate shell-structure in the large-D limit. 

1. INTRODUCTION 

Dimensional scaling methods offer an effective means 
to treat nonseparable many-body problems.’ Among recent 
exemplary applications in chemical physics are calcula- 
tions of the radii of gyration of random walks,:! virial co- 
efficients of hard spheres,3 electronic energies of atoms and 
molecules,4 tunneling splittings,5 and the locations and 
widths of resonant states6 and Regge poles.’ A key feature 
is that the magnitude and number of strong dynamical 
interactions becomes far less troublesome than with con- 
ventional methods because many-body effects, when nor- 
malized to one- or few-body problems, tend to have only 
mild dependence on dimensionality. 

The D-t 03 limit is particularly simple to evaluate. In 
that limit, electrons assume fixed positions relative to the 
nuclei and each other, in a suitably scaled space. The 
large-l) electronic geometry and energy correspond to the 
minimum of an exactly known effective potential and can 
be determined for any atom or molecule.* For two-electron 
atoms, a chief testing ground, good electronic energies 
(much better than the HartreeFock approximation) were 
obtained simply by linear interpolation in l/D between the 
D-t CO and D--S 1 limits.’ Very accurate results (9 figures) 
have been computed by l/D perturbation expansions 
about the large-D limit.” 

In this paper, we examine another means to exploit the 
D -, 00 limit, suggested by an heuristic analogy with renor- 
malization group theory.” The basic notion is to find an 
effective value of a parameter which renders the scaled 
energy at D-, CO a good approximation to that for D= 3 
with the actual value of the parameter. In exploratory ap- 
plications to the helium atomI and to the two-electron 
Hooke’s Law mode&i3 we evaluated the renormalized pa- 
rameter (nuclear charge or spring force constant) by 
merely comparing the Hartree-Fock approximation (HF) 
with its large-D limit. This simple approximate procedure 
yielded quite accurate energies (-0.04%); in effect, the 
renormalized large-D limit serves to supply most of the 
correlation energy lacking in the conventional HF approx- 

imation. Here we apply a similar renormalization method 
to determine ground-state energies for many-electron at- 
oms. Again, the results are substantially more accurate 
(e.g., -0.01% for argon) than the HF input used to eval- 
uate the renormalized nuclear charges. 

In Sec. II, we consider several versions of the renor- 
malization procedure as applied to two-electron atoms. We 
evaluate the renormalized nuclear charge, denoted Z,, 
which makes the scaled energy at D-P CO the same as the 
exa_ct D=3 energy. This is compared with various approx- 
imations to Z,, derived from HF results or from succes- 
sive terms in the l/Z perturbation expansion, to see how 
improving the input for renormalization affects the accu- 
racy. In Sec. III, we employ explicit D-t 03 expressions 
obtained by Loeser14 to develop a renormalization scheme 
for N-electron atoms. This markedly improves the accu- 
racy of his analytic approximations (e.g., about lOO-fold 
for argon). The-chief limitations at present appear to stem 
from inadequate means to incorporate shell-structure. In 
Sec. IV, we discuss the efficacy of renormalization and 
some prospects for extending and improving the proce- 
dure. The simplicity and effectiveness of this method rec- 
ommends it as a general strategy. Once the D+ to limit 
has been determined as a function of the relevant param- 
eter (s) , dimensional renormalization can be easily imple- 
mented for any dynamical problem. 

II. TWO-ELECTRON ATOMS 

In the D+ CO limit, the exact energy and geometry of 
a two-electron atom as found from the minimum of the 
effective potential are given by 

(1+cos 8,)s 
E~=-(l-cOSem) ’ (la) 

1 
(lb) 

cos 8,= -& [A+ ( 128+R2)“2], (lc) 
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lol- where 8 is the angle between the electron-nucleus radii rl 
and r2 and /2= l/Z. Units scaled to the hydrogenic atom 
are used; Z”/K” for energy and 2/Z for distance, with 
K= (D- 1)/2. These results pertain to Zc> 1.2334, a crit- 
ical value below which the potential minimum becomes 
unsymmetrical. l5 Above Z, the electronic geometry for 
D-t M is strongly bent rather than linear because 8, re- 
flects the competition between centrifugal repulsion (min- 
imal for 6J=900> and interelectron repulsion (minimal for 
8=180”). The corresponding large-D limit for the 
Hartree-Fock approximation16 is obtained by merely im- 
posing the constraint 0=9@; thus, 

lo-1 r 

EH,p,-(1-2-3’2/2)2, (24 

I-+$!:= (l-2-34) -1, (2b) 

cos ef;f”=o. (2c) 

For Z, > 0.8839, the potential minimum remains symmet- 
rical. These explicit results facilitate dimensional renormal- 
ization. 

lo-2 r IIF _ 
DR-~1 i 
DR.El : 

lo-3 llll’llll’llll’,.ll’ll,, 
5 10 15 20 

z 

A. Renormalization using HF data 

FIG. 1. Comparison of percentage error in ground-state energy of two- 
electron atoms, for various approximation methods: Hartree-Fock (HF); 
dimensional renormalization using criteria of Eqs. (3) or (5), respec- 
tively (DR-~1 or DR-El, respectively). 

As the electronic energy is a smooth function of D and 
Z, we expect that an effective value Z, of the nuclear 
charge exists such that the large-D limit becomes equal to 
the scaled energy for D= 3 with the actual value of Z. This 
requires 

fl,(Z,)=E,(Z). (5) 

%(Z,)=E3(a (3) 

The requisite value of Z, is readily found by inverting Eq. 
(la); e.g., for helium we obtain 2.343. The increase above 
the actual charge, AZ, =Z, -Z, offsets the enhanced cen- 
trifugal repulsion of the D--+ 03 limit. Such an evaluation of 
Z, is only of descriptive interest, since it requires knowl- 
edge of the D=3 energy. However, if we estimate Z, or 
AZ, in some other way we can use Eq. (3) to predict an 
approximate D=3 result. For instance, by inverting Eq. 
(2a) we can find the charge Z”,” which makes the Hartree- 
Fock energy for D+ CO become the same as that for D=3; 
for helium this charge is 2.293. The general formula for 
Zy is given merely by a quadratic equation with 

An advantage of this scheme is that the Z, values obtained 
are now much closer to the actual charge; for helium, Z, 
=2.0496 and ZtF=2.0452. The general formula, obtained 
by inserting Eq. (2a) into the criterion of Eq. (5)) is 

ZH,==T3/2+ I@=(Z) 1~2. (6) 

z+2-39 1- 1 <F(Z) I1’2] -1. (4) 

If as a tist approximation we take Z, -ZzF in Eq. (3), we 
obtain a value for e3 (Z) that is substantially more accurate 
than the HF value, c$=, that was used to determine ZtF. 
Figure 1 compares the percentage error in the HF energy 
for two-electron atoms and cations with that obtained with 
this dimensional renormalization procedure, designated 
DR-~1. The error in this simple renormalization approxi- 
mation’2’13 is about half that of the HF result; thus, DR-~1 
yields - 50% of the correlation energy, using as input only 
G’(Z) and the D-+ CO results. 

Table I lists the energy terms and the increments AZ, and 
AZF by which the renormalized charge exceeds the actual 
charge, for the ground-state of nonrelativistic two-electron 
atoms with Z up to 20. Again as a first approximation we 
take Z m -ZF in Eq. (5), and designate this procedure 
DR-El. As shown in Fig. 1, it yields a value for E3 (Z) 
with an error about threefold or more smaller than the HF 
energy, EFF(Z>, that was used to determine ZzF. Thus, 
DR-El accounts for - 65%-90% of the correlation energy 
for Z=2-+20. 

Here, we employ another equally simple renormaliza- 
tion scheme which gives better accuracy. This removes the 
square of the nuclear charge from the energy units, so that 
E,(Z) =Z2~,(Z). Instead of Eq. (3), the renormalization 
criterion is then 

Table I includes similar results for the 2p2 3P doubly 
excited state of two-electron atoms with Z=2, 3, and 6. By 
virtue of an exact interdimensional degeneracy, this state is 
isomorphous with the l? Se ground-state for a D=5 
atom.” Thus, we can carry out the DR-El treatment for 
the excited state by using computational data that provide 
the D-dependence of the exact and HF ground-state ener- 
gies.‘* For helium, renormalization reduces the error in the 
HF energy of the excited state about fourfold and hence 
accounts for -74% of the correlation energy. Aside from 
this example, we consider here only ground-state atoms. 
However, we note that since the D-+ CO limits of Eqs. ( 1) 
and (2) were derived for S-state atoms, use of these for- 
mulas for DR is only appropriate for ground or excited 
states that have no net electronic angular momentum or 
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TABLE I. Renormalized charges and energies (in hartrees) from HF data for two-electron atoms.’ 
.-. 

2 A&, AZEF Em(Z) -wz,H~, _ +@I) % Error 

: - 

_ _. 

Ground-state, 1~~ ?S” (D=3) 

2 0.049617 0.045203 -2.737769 

3 0.046402 .0:043611 -7.032112 

4 0.044948 0.042902 - 13.32572 

5 0.044116 0.042501 -21.61903 

6 0.043578 0.042243 -31.91221 

7 0.043200 0.042063 -44.20530 

8 0.042921 0.041930 -58.49835 

9 0.042706 0.041828 m-74.79136 

10 0.04253 0.04174 -93.08434 

11 0.04239 O-.04168 -113.3773 

12 0.04228 0.04162 =135.6702 

13 0.04218 0.04158 -159.9632 

14 0.04210 0.04154 - 186.2561 

15 0.04203 0.04151 -214.5490 

16 0.04196 0.04148 -244.8420 

17 0.04191 0.04145 -277.1349 

18 0.04186 0.04143 -311,4278 

19 0.04182 0.04141 -347.7207 

20 0.04178 0.04139 -386.0137 

Excited-state,2p* 3Pc (D=3) 3 IS* ‘Se (D=5) 

2 0.031334 

3 0.029022 

6 0,027092 

0.028597 -0.684442 -0.708204 -0.710500 

0.027319 -1.758028 ~~ --1.794370 -1.796648 

0.026285 -7.978054 -8.052437 -8.054724 

-2.888759 - 2.903724 

-7.264888 - 7.279913 

-13.64046 - 13.65.556 

-22.01582 - 22.03097 

-32.39105 - 32.40624 

-44.76622 - 44.78144 

-59,14135. - 59.15659 

-75.51645 - 75.53171 

:93.89153 - 93.90680 

-114.2666 - 114.2818 

-136.6416 - 136.6569 

-161.0167 - 161.0320 

-187.3917 - 187.4070 

-215.7667 - 215.7820 

-246.1!18 - 246.1571 

-278.5168 - 278.5321 

-312.8918 - 312.9071 

-349.2668 : 348.2822 

-387.6419 - 387.6572 

0.5153 

0.2063 

O.ll!.lS 

0.0687 

0.0468 _ 

0.0339 

0.0257 

0.0201 

0.0162 

0.0133 

_!&Olllm 

0.0094 

0.0081 

0.0071 

0.0062 

0.0055 .. 

0.0049 - 

_- Jl.0043 

0.0039 

1 0.3232 

0.1268 

0.0284 

aRenormalized charges Z,=Z+AZ, and e=Z+Ae are computed from Eq. (5); renormalized 
energy E, (c) from Eq. ( la). Values of input Hartree-Fock energy can be readily generated from Eq. 
@a) via ~~F(~~F) =gF(Z). Values of “exact” nonrelativistic energy E,(Z) were obtained from Refs. 20 
and 21; those for E,(Z) derived from Refs. 17 and 18. Percentage error= 100 [E,(Z) -E,(%~F)]/ED(Z). 

states isomorphous with S-states. Particularly among dou- 
bly excited states, there are many such states as a conse- 
quence of exact or approximate interdimensional degener- 
acies. l9 

Figure 2 shows that the percentage error in the energy 
obtained from DR-El is nearly proportional to the square 
of the difference between Z, and ZEF. Accordingly, any 
improvement that provides a renormalized charge closer to 
Z, will be enhanced in determining the energy via Eq. (5). 
Such a scheme was tried in the preliminary application of 

renormalization to helium,12,‘3 likewise using as input only 
gF(Z> and the D + CO results. This involved determining 
the increment AZoE needed to make the HF energy coin- 
cide with the exact energy for D- CO and thus reduce the 
correlation energy to zero in that limit. Then by taking 
Z, -+ZcF+ AZoE in Fq. (3), we obtained 98% of the cor- 
relation energy for D= 3. For helium, this ad hoc proce- 
dure also gave similarly good results when used with Eq. 
(5), but for two-electron atoms of higher Z and for many- 
electron atoms it overestimates 2, and yields poor results. 
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0.03 0.08 0.13 0.18 0.23 

l&L - z,” J2 
FIG. 2. Variation of percentage error in ground-state energy of two- 
electron atoms with square of difference in renormalized nuclear charges, 
Z,-p-“, as derived, respectively, from exact energy and from Hartree- 
Fock approximation according to Eq. (5). A  linear least-squares fit has 
slope 2.6444~ IO”; intercept - 1.6883 X  10v4 and R=0.999 991 1. 

B. Renormalization using l/Z expansions 
For two-electron atoms, the l/Z expansion for the en- 

ergy is convergent and accurately known to high order, for 
both the ground-state*’ and the 2p2 3P” doubly excited 
state.21 With these exp ansions and that for the D-CO 
lixnit,22 we can renormalize successive partial sums and 
thereby examine how improving the input affects the ac- 
curacy attained. We denote the Kth partial sum by Eg’ 
and determine the corresponding renormalized charge 
ZIK) from co 

E(m[Z(m] =EhK’(Z) m  co 2 (7) 

where the partial sums are defined by 

ELK3 (Z) =Z2 i Eg’z-k 
k=O 

(8) 

with &’ the tabulated expansion coefficients.‘7,22 For 
K= 1 or 2, the renormalized charge is obtained simply by 
solving a quadratic equation; hence, 

zc,K)=a+ (a2+by2 (9) 
with p 

a=;-&, I I m  

b= L@?(Z) -&&I 
(0) , Ecn 

where 8K2 is the Kronecker delta, unity if K=2, zero oth- 
erwise. 

Table II gives the results for helium, for both the 
ground state (D=3) and the excited state (D=5). For 
the ground state, even in first-order dimensional renormal- 

ization gives remarkable improvement. The error in ap- 
proximating E3(Z) by E,[Z(,‘)] is about MO-fold smaller 
than that in the first-order perturbation result, El”(Z). 
This accounts fpr 96% of the correlation energy. In 
second-order, there is likewise marked improvement. The 
error in the usual partial sum, EJ2’ (Z), is already about 
l&fold smaller than in the HF approximation (although 
negative, i.e., the second-order result lies below the exact 
energy). In the renormalized energy, E, [Z(,2)], the error is 
reduced further, by about 20-fold (and is now positive). 
This simple approximation thereby accounts for 99.5% of 
the correlation energy. In third order, however, the usual 
partial sum improves further whereas the renormalized re- 
sult becomes less good; at higher orders, the two methods 
soon become coincident. Figure 3 displays the essentially 
exponential improvement in accuracy which occurs with 
increasing order. This also shows that the error in the 
renormalized energy tracks that in the charge, ZiK), which 
likewise jogs upwards for K= 3 before settling into a steady 
decline. 

For the -excited state, the improvement afforded by 
renormalization is less marked but again quite good. In 
first-order, renormalization reduces the error in the energy 
about 60-fold and in second-order about 3-fold. Again, this 
is much superior to the HF approximation (cf. Table I); 
the l/Z renormalization in first- or second-order accounts 
for about 93% and 97% of the correlation energy, respec- 
tively. We !efer until SCC. IV an analysis of why renormal- 
ization works less well with HF input than with l/Z input. 

C. Electronic geometry 
Whereas the DR-E procedure produces substantial im- 

provements in the energy values, it has very little effect on 
the electronic geometry. Since the increments, Z,-Z, in 
the renormalized charge ar& so small, changes in r, or 
cos 8, can be evaluated from the first term of a Taylor 
expansion of Eqs. ( 1) or (2). For instance, for helium we 
find the renormalized r, decreases by only 0.1 bohr units, 
and the angle corresponding to cos 8, decreases by only 
0.2q changes too small to significantly affect comparisons’ 
of the D+ 0~) limit with the most probable D=3 geometry. 

III. MANY-ELECTRON ATOMS 
For an N-electron atom, the effective potential which 

governs the large-D limit14 for S-states involves N radial 
vectors rj and @ (N- 1) angles 8, between them. Loeser 
greatly simplified the analysis by postulating that the glo- 
bal minimum of this potential occurs for a totally symmet- 
ric configuration with all electrons equivalent. Then there 
are only two free parameters, a single distance r, and a 
single angle 8,. He could then carry out the minimization 
analytically, and thus for the D-t 03 limit obtained explicit 
expressions for the energy and geometry, 

(lOa) 

(lob) 
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TABLE II. Renormalization of l/Z expansion for helium.’ 
. 

Order,K z, - ZF ELK+ Z) s/o Error E,( Z?’ ) % Error 

Ground-state, la2 ‘S” (D=3) 

0 0.0496180 

1 0.0004821 

2 0.0000645 

3 0.0001548 

4 0.0000558 

5 0.0000164 

6 0.0000051 

7 0.0000016 

8 0.0000005 

9 0.0000001 

10 0.0000000 

Exact 2.0496180 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Exact 

0.0313340 -1.0000000 40.7459 -0;6844422 

0.0007296 -0.6718750 5.43629 -0.7098812 

0.0003335 -0.7112696 -0.10834 -0.7102196 

0.0002143 -0.7103497 0.02110 -0.7103196 

0.0000774 -0.7104350 -0.00912 -0.7104345 

0.0000264 -0.7104773 0.00316 -0.7104773- 

0.0000091 -0.7104918 0.00113 -0.7104918 

0.0000030 -0.710~970 0.00040 -0.7104970 

0.0000007 -0.7104989 0.00013 -0.7104989 

0.0000001 -0.7104996 0.00004 -0.7104996 

0.0000000 -0.7104999 0.00000 -0.7104999 

2.031334 -0.7104999 

-4.00000000 

-2.74999999 

-2.90766642 

-2.90331691 

-2.90353909 

-2.90366868 

-2.90370694 

-2.90371857 

-2.90372237 

-2.90372366 

-2.90372428 

37.75 _ 

5.294 

-0.1358 

0.01403 

0.006376 

0.001913 

0.0005958 

.0.0001952 

0.00006440 

0.00001997 

0;000001378 

-4.00000000 

-2.90208797 

-2.90350528 

-2.90319878 

-2.90353721 

-2.90366863 

-2.90370694 

_ :2.90371857 

-2.90372237 

-2.903723ek 

-2.50372428 

-2.90372424 

Excited-state,2p2 3P’ (D=3) E ls2?S” (D=5) 

37.75 

0.05635 

0.907541 

0.01810 

0.006441 

0.001915 

0.0005958 

0.0001953 

0.06906440 

9.90601987 

0.000001378 

3.66750 

9.08623 

q.03944 

0.02537 

0.00919 

0.00316 

0.00113 

0.00040 

0.00013 

0.00004 

0.00000 

aThe exact renormalized charge Z, is obtained from Eq. (5); approximate charges Z’,“’ for successive 
orders of l/Z perturbation computed from Bq. (7). Perturbation coefficients from Refs. 17 and 22. In 
zeroth-order, Zz’=Z, so the renormalized energy is then just E,(Z). Percentage errors are relative to 
exact E3(Z) -or E,(Z). Energies in hartree units. 

s This minimum has the electrons at the corners of a regular 
cos em=~N) (1Oc) N-point simplex, a “hypertetrahedron,” while the nucleus 

where ( is the smallest positive root of a quartic equation 
lies along an axis that passes perpendicularly through the 
centroid. Numerical calculations’4 confirm that the totally 

8N22~~(2-5-)2= (N-LJ3. mmm(ll) symmetric simplex is indeed the global minimum for a 
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nmax E, (Nn 23 -E, w,- 13) E,(N,Z)yZ2 c f (13) 
n=l n2 101 

IO-5 
0 2 4 6 8 

Order, K 

FIG. 3. Variation of percentage error in ground-state energy of two- 
electron atoms with order of l/Z perturbation expansion. Uppermost 
curve pertains to am(Z), the energy given by Eq, (8), the usual partial 
sum of order K. Lowest curve shows Zm-&J), the deviation of the renor- 
malized charge obtained from Eq. (9) from that which exactly satisfies 
the criterion of Fq. (5). Middle curve pertains to E,[.@am], the approx- 
imate energy evaluated from the D --) CO limit using the renormalized 
charge. 

wide range of atoms, including all neutral atoms with 
Z< 14 and all cations with N/Z<O.936. The correspond- 
ing large-D limit for the Hartree-Fock approximation is 
given by even simpler expressions. Since the HF wave func- 
tion is a product of one-electron orbitals, it does not ex- 
plicitly depend on the interelectronic angles. These angles 
enter only in the Jacobian volume element, which contains 
(sin f3,) o--2 factors. Thus, as DD-* CO, all the interelec- 
tronic angles become fixed at 90”. With this constraint, 
minimization of the effective potential gives 

_N 

1 z 
1-2-3’2w) 1 2 p= 

m -2 ’ 

-1 
+ 1 l- 2-3/2(~-1) 1 , z 

where N,, is the number of electrons with principal quan- 
tum numbers less than or equal to II. The HF total energy 
Ez’(NJ,,Z) is given by a corresponding formula. We retain 
the subscript CO to indicate that these total energies are 
derived from the large-D limit, although Loeser’s approx- 
imate scaling procedure eliminates the major 
D-dependence. The n-’ weighting ensures that in the hy- 
drogenic limit, Z-* CO, Eq. ( 13 ) yields the exact energy, 
but other weighting factors with this property could be 
used instead. For the present, we refrain from such refine- 
ments, in order to examine the effect of renormalization 
alone. 

Loeser also derived the leading term, proportional to 
l/D, in a dimensional perturbation expansion for the 
N-electron atom. This l/D term represents harmonic vi- 
brations of the electrons about the fixed positions attained 
in the D+ 03 limit. By determining which assignments of 
the vibrational quantum numbers are consistent with the 
requirement of antisymmetry, Loeser established a corre- 
spondence with the familiar electron configurations 
) nlll . ..nNIN). This led to different orbital assignments than 
usual, for most atoms beyond oxygen. The best of his three 
variant approximations applied to neutral atoms with N up 
to 127 gave total energies with typical errors of - l%, 
comparable to the accuracy achieved in single-c Hartree- 
Fock calculations.23 

B. Dimensional renormalization 
We find that renormalization by means of Z”,” yields 

much better results. Using only the D-t CO limit, without 
the l/D term, and evaluating Eq. (13) with the usual 
D= 3 electron configurations, we obtain a typical accuracy 
of -0.1% for small atoms (N<6) and -0.01% or better 
for large atoms. 

cos e;F=o. (12c) 

This symmetric simplex remains the global minimum for 
neutral atoms with Z< 12 and all cations with N/Z<O.936 
For any neutral atom or positive ion, the global minimum 
or its HF counterpart differs from th@t of Eqs. (10) or 
(12) by no more than 0.3%; we will use the symmetric 
solutions over the full range of atomic numbers. 

The computational procedure is the same as for two- 
electron atoms, except for solving the quartic equation of 
Eq. ( 11) and summing the terms of Eq. ( 13). Using the 
DR-El method, with EDzZ2~,(Z) and input from st’an- 
dard tables of HF energies,23s24 we determine ZE,” from Eq. 
(12) via EzF(ZHF)=EyF(Z). Then from Eq. (10) we 
evaluate E, (Zz’) as an approximation for E3 (Z). For 
comparison, we also determine the nominally exact Z, via 
Eq. (5), using for E3(Z) the sum of the HF energy and 
estimated correlation energy.25,26 The calculations were 
done on a SUN386i worktitation, with a simple Fortran 
program utilizing a Newton-Raphson root-finding subrou- 
tine. 

A. Shell-structure 
Since the large-D limit is pseudoclassical,’ it does not 

exhibit shell-structure, so some means to incorporate this is 
required. We adopt a simple (but not unique) procedure 
suggested by Loeser, which partitions the energy into shell 
contributions, scales each of these by a hydrogenic factor, 
and sums the successive shell ionization energies.14 The 
total ground-state energy (in hartrees) is then given by 

Table III gives results for four- and ten-electron atoms 
and cations with 2~20. The renormalized energies are ap- 
preciably less accurate than those for two-electron atoms 
(cf. Table I) with the same Z. However, as seen in Fig. 4, 
the DR results are considerably more accurate than the 
HF approximation. For Be, the renormalization accounts 
for 65% of the correlation energy and for Ne about 83%. 
As Z increases, the accuracy decreases for the four- 
electron cations but increases for the ten-electron cations. 
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TABLE III. Renormalized charges and energies (in hartrees) from HF data for N=4 and N= 10 atoms. 

Z AZ, AZzF JWZ) Eco@~) E3(z) % Error 
_ 

4 0.037155 0.033221 -14.35311 -14.63392 -14.66736 0.2280 

5 0.030578 0.026164 -24.01414 -24.30045 - 24.34893 0.1991 

6 0.026812 0.022192 -36.17446 -36.47267 - 36.53490 0.1703 

7 0.024368 0.019644 50.83438 -~ -51.14740 - 51.22282 0.1472 

8 0.022651 0.017871 -67.99407 -68.32346 - 68.41170 0.1290 

9 0.021376 0.016565 -87.65361 -88.00633 - 88.10114 0.1144 

10 0.02039 0.01556 -109.3130 -110.1777 - 110.2909 0.1026 

11 0.01961 0.01474 -134.4724 -134.8554 - 134.9809 0.0930 

12 0.01897 0.01413 -161.6317 -162.0334 - 162.1711 0.0849 

13 0.01844 0.01360 -191.2909 -191.7115 - 191.8613 0.0781 

14 0.01800 0.01316 -223.4501 -223.8898 - 224.0517 0.0722 

15 0.01761 0.01277 -258.1093 -258.5682 .- 258.7421 0.0672 

16 0.01728 0.01245 -295.2685 -295.7467 - 295.9326 0.0628 

17 0.01699 0.01216 -334.9276 _ -335.4252 - 335.6231 0.0589 

18 0.01674 0.01190 -377.0868 ~~ -377.6039 - 377.8136 0.0555 

19 0.01651 0.01168 -421.7459 -422.2825 - 422.5042 0.0525 

20 0.01631 0.01149 -468.9050 -469.4612 - 469.6947 0.0497 

Ten-electron atom ground states 

10 0.02326 

11 0.00964 

12 -0.00057 

13 -0.00848 

14 -0.01486 

15 -0.02406 

16 -0.02440 

17 -0.02808 

18 -0.03123 

19 -0.03395 

20 -0.03633 

0.02060 

0.00746 

-0.00243 

-0.01014 

-0.01632 

-0.02139 

-0.02562 

-0.02919 

-0.03226 

-0.03491 

-0.03723 

- 128.2047 

-161.7263 

-199.2466 

-240.7660 

-286.2846 

-335.8027 

-389.3203 

-446.8376 

-508.3546 

-573.8713 

-643.3878 

-128.8547 

-161.9914 

-199.1508 

-240.3250 

-285.5095 

-334.7015 

-387.8994 

-445.1017 

-506.3076 

-571.5165 

-640.7277 

-128,939 0.6654 

-162.969 0.0479 

-199.224 0.0368 

-240.397 0.0300 

-285.579 0.0244 

-334.770 0.0205 

-387.967 0.0174 

-445.168 0.0149 

-506.373 0.0129 

-571.581 0.0113 

-640.792 0.0100 

Four-electron atom ground states 

*Notation and format as in Table I. Hartree-Fock input energies were obtained from Ref. 23; values of 
&(Z) obtained from sum of HF energies and correlation energies of Ref. 25. 
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FIG. 4. Variation of percentage error in ground-state energy of four- and 
ten-electron atoms with Z, for HF approximation (Ref. 23) and for 
renormalized energy (Table III) derived from HF input using Eqs. (IO)- 
(13) with usual electron configurations. 

For neutral atoms with up to ten electrons, l/Z expan- 
sions up to second order are available.” Also, Loeser has 
provided the corresponding expansionI of Eq. ( 10) for an 
N-electron atom, 

N N- 1 
E, W,Z) = -7 

1 
1 -F~+ 

(N- 1) (N-a) 
8Z2 1:’ ’ + 1 ( 14) 

where a=3/4; the expansion for the HF energy, as seen 
from Eq. (12), comprises just the same first three terms 
but with a= 1. We used these expansions in Eq. ( 13) to 
carry out renormalization according to Eqs. (7) and (9). 
In contrast to two-electron atoms (cf. Table II), the accu- 
racy attained is not good. Figure 5 compares the percent- 
age errors in the second-order l/Z partial sums and the 
HF approximation, both with and without dimensional 

I 
4 6 8 10 

N=Z 

FIG. 5. Variation of percentage error in ground-state energy of neutral 
atoms with Z= 3 -+ 10, for second-order partial sums of the l/Z expansion 
(dashed), for the HF approximation (full curve), and for corresponding 
dimensional renormalization results derived with these data as input. 

- renormalization. Although for these atoms the l/Z energy 
is better than the HF approximation, DR actually weakens 
somewhat the l/Z result whereas again DR substantially 
improves the HF result. This situation likely reflects the 
poor convergence of l/Z expansions when Z= N as well as 
the simplistic treatment of shell-structure in Eq. ( 13). In 
any case, here we use HF data si.nce it is so widely avail- 
able. 

Ttible IV summarizes the renormalization results ob- 
tained from HF input23f24 for neutral atoms with 
N=2+86. Although the increment in the renormalized 
charge, AZ, =2,-Z, becomes negative for Z> 12, the HF 
result tracks the exact charge well over the full range. The 
relative error in the approximate renormalized energy, 
EzF(ZEF), wobbles a bit but declines markedly for the first 
two dozen or so elements, then changes sign but remains 
-0.01% or less. As seen in Fig. 6, this accuracy is consis- 
tently better than that of the HF input by roughly a factor 
of 3 or more; consequently, the renormalization typically 
accounts for more than 65% of the correlation energy. 
Also included for comparison is a statistical mode12’ which 
oscillates widely but exhibits a similar general trend with 
atomic number; except for certain atoms, it is much less 
accurate. 

Figure 7 compares for Z< 18 (the best characterized 
range) absolute errors in the renormalized energy (DR) 
with those for the HF approximation,25 second-order 
Marller-Plesset perturbation theory2’ (MP2), and one of 
the best current correlation energy functional methods3’ 
(PW91). The HF error, which is the correlation energy, is 
shown for both D=3 and for the D+ CO limit. Although 
the DR results are not as accurate as MP2 or PW91, in 
view of the simplicity of the renormalization procedure, it 
does remarkably well. Indeed, for Z> 10, renormalization 
accounts for more than 90% of the D=3 correlation en- 
ergy. 

Some systematic features of the renormalization results 
are evident on examining the variation of Z,-Z and Z,- 
Z”,” with atomic number. Figure 8 shows these increments 
for neutral atoms with 2~20. Points are plotted for two 
ways of assigning electrons to shells. One way (denoted L) 
is that employed for the large-D limit, and derives a filling 
prescription by requiring the electron vibrations described 
by the l/D term to remain consisitent with those rules. 
The other way (denoted P), the one we adopted for sim- 
plicity, is just the familiar aufbau for the periodic table of 
D=3 ground-state atoms. In effect, it assumes that for 
D-+ to, where the electron positions are fixed, antisymme- 
try constraints need not be invoked and yet the usual shell- 
structure persists. Up to oxygen, the L and P prescriptions 
do not differ. For larger atoms, the corresponding renor- 
malized charges do differ, but this is offset in computing 
the energies, and the two versions give virtually the same 
results. 

However, as seen in the upper panel of Fig. 8, for both 
the L and P filling, Z---Z crests at Z= 10, which corre- 
sponds to closing the yt = 2 shell in Eq. ( 13). Soon after, for 
Z> 12, the renormalized charge becomes less than the ac- 
tual charge. This is perhaps chiefly due to the overly sim- 
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TABLE IV. Renormalized charges and energies (in hartrees) from HF data for neutral atoms.' 

2 Element AZ, AZEF E&Z) G.@~F) E3(Z) 

1 H 0.0000000 0.0000000 - -0.500M100 

2 He 0.0496180 0.0452034 -2.7377691 

3 Li 0.0370986 0.0363784 -1.2653349 

4 Be 0.0370793 0.0332206 -14.353106 

5 B 0.U293617 0.0261836 -24.314829 

6 C 0.0254560 0.4230937 -37.464031 

7 N 0.0253506 0.0238953 -54.114177 

8 0 0.0212984 kO~91221.~ -74.578711 

9 F 0.0203800 0.0181932 -99.171062 

10 Ne- 0.0226307 0.0205956 -128.20466 

ll Na 0.0107870 @.OOCISZ19 -161.84479 

12 Mg 0.0016699 0.0007067 .-199.95891 

13 Al -0.0081959 -@0088615 -242.65213 

14 Si -0.0168629 -0.0172787 -290.16701 

15 P -0.0241823 -0.0242014 -342.53980 

16 S -0.0312738 -0.0316868. -399.94424 

17 Cl -0.0369091 -0.0375652 -462.51967 

18 Ar -0.0410366 -0.0417671 -530.40543 

19 K -0.0509262 -0.0522747 -603.80467 

20 Ca -0.0604477 -0.0617962 -682.48623 

21 SC -0.0755424 -0.0766392 -767.17266 

22 Ti -0.0905342 -0.0913811 -857.73050 

23 V -0.1056213 -0.1062202 -954.29907 

24 Cr -0.1219063 -0.1224651 -1057.2369 

25 Mn -0.1354008. -0.1354076 -1166.0256 

26 Fe -0.1517563 -0.1516247 -1281.4622 

27 Co -0.1676121 -0.1672440 -1403.4668 

28 Ni -0.1833534 -0.1827545 -1532.1785 

29 cu :0.1990318 -0.1980953 -1667.8550 

30 Zn -0.2140179 -0.2129650 -1810.2811 

31 Ga -0.2282543 -0.2271767 -1959.3376 

32 Ge :0.2413139 -0.2402039 -2115.1030 

33 As -0.2532234 -0.2520790 -2277.6556 

34 Se -0.2647400 -0.2635498 -2447.0738 

35 Br -0.2752228 -0.2739983 -2623.4359 

36 Kr -0.2847061 -0.2834320 -2806.8204 

37 Rb -0.2977905 -0.2965050 -2997.6621 

-0.5000000 

-2.8887599 

-7.4738655 

-14.633939 

-24.615711 

-37.807128 

-54.557464 

-75.010091 

_ mT99.660404 

- 128.85474 

- 162.19817 

- 199.98758 

- 242.28557 

- 289.30148 

-341.20663 

-398.03598 

- 460.05893 

- 527.44275 

-599.82190 

- 677.44830 

- 760.47998 

- 849.20709 

-943.74487 

- 1044.2561 

- 1150.8538 

- 1263.4988 

- 1382.5399 

- 1508.0692 

- 1640.2528 

- 1779.2004 

- 1924.6643 

- 2076.8152 

- 2235.7473 

- 2401.4311 

- 2574.0608 

- 2753.7319 

- 2940.0757 

- 0.5000000 

- 2.9037244 

- 7.4780257 

- 14.666721 

- 24.652357 

- 37.842312 

- 54.584524 

- 75.059270 

.- 99.719300 - -i 

-128.91905 

-162.23290 

-2OOm61 

-242.31568 

-289.32231 

-341.20769 

-398.OXJ85 

-460.10187 

-527.49439 _ - 

-599.92453 

-671.55803 

-760.57552 

-849.28575 

-943.80420 

-1044.3152. 

-1150.8657 

-1263.4832 

-1382.4942 

y1507.9905 

-1640.1228 

-1779.0477 

-1924.5004 

-2076.6391 

-2235.5582 

_ -2301.2258 

-2573.8408 

-2753.4946 

-2939.8270 

0.0600000 
-0.5153582 

-0.0556351 

-0.2236206 

-0.1486507 

-0.0929725 

-0.0495702 

-0.0655203 

-0.0590647 

-0.0498885 

-0.0214069 

-0.0195134 

-0.0124241 

-0.0071937 

-0.0003130 

-0.0062482 

-0.0093323 

-0.0097889 

-0.0171022 

-0.0161966 

-0.0125589 

-0.6092636 

-0.0062859 

-0.QO56575 

-0.0010395 

0.0012367 

0.0033111 

0.6052212 

0.0079265 

0.0085838 

0.0085186 

0.0084765 

0.0084636 

0.0685507 

0,0085464 

O&W86183 

0.0084624 

- .- 
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2 Element A..& AZEF E,(Z) Ec9(Z,HF, E3(Z) % Error 

38 Sr -0.3100700 -0.3088303 

39 Y -0.3221855 -0.3208656 

40 Zr -0.3340340 -0.3327179 

41 Nb -0.3445206 -0.3432045 

42 MO -0.3557510 -0.3546219 

43 Tc -0.3686180 -0.3670540 

44 Ru -0.3786183 -0.3771210 

45 Rh -0.3895836 -0.3881874 

46 Pd -0.4018478 -0.4006195 

47 Ag -0.4107666 -0.4095345 

48 Cd -0.4234810 -0.4214134 

49 In -0.4354744 -0.4335899 

50 Sn -0.4470291 -0;4451561 

51 Sb -0.4579733 -0.4561119 

52 Te -0.4686699 -0.4668007 

53 I -0.4787865 -0.4769173 

54 Xe -0.4883347 -0.4864616 

55 cs -0.5003586 -0.4985275 

56 Ba -0.5119514 -0.5101547 

57 La -0.5223503 -0.5205460 

58 Ce -0.5526123 -0.5506439 

59 Pr -0.5730515 -0.5709953 

60 Nd -0.5936623 -0.5915184 

61 Pm -0.6144333 -0.6122055 

62 Sm -0.6352272 -0.6329079 

63 Eu -0.6559715 -0.6535683 

64 Gd -0.6687546 -0.6664581 

65 Tb -0.6989212 -0.6963425 

66 Dy -0.7203522 -0.7176819 

67 Ho -0.7418365 -0.7391357 

68 Er -0.7634964 -0.7606888 

69 Tm -0.7851410 -0.7822113 

70 Yb -0.8066559 -0.8036346 

71 Lu -0.8211441 -0.8181381 

72 Hf -0.8351822 -0.8321838 

73 Ta -0.8488388 -0.8458405 

74 w -0.8621292 -0.8591232 

-3195.4382 

-3400.4073 

-3612.7140 

-3832.2889 

-4059.4833 

-4294.4434 

-4536.6659 

-4786.8108 

-5045.0322 

-5310.5996 

-5584.7248 

-5866.5610 

L6156.1585 

-6453.5675 

-6758.8380 

-7072.0203 

-7393.1645 

-7122.8474 

-8060.4037 

-8405.7775 

-8767.3513 

-9134.0377 

-9509.6368 

-9894.2272 

-10287.887 

-10690.695 

-11098.812 

-11524.067 

-11954.789 

-12394.972 

-12844.694 

-13304.035 

-13773.071 

-14247.814 

-14731.737 

-15224.890 

-15727.325 

- 3133.3062 -3133.0579 0.0079249 

- 3333.5051 -3333.2312 0.0082180 

- 35’40.8779 -3540.5957 O.bOj9712 

-- 3755.5173 -3755.2245 0.0077951 

- 3977.4739 -3977.2138 0.0065375 

- 4206.8662 -4206.4953 0.0088219 

- 4443.6528 -4443.2864 0.0082419 

- 4688.0361 -4687.6833 0.0075310 

--4940.0679 -4939.7471 0.0064943 

- 5199.8965 -5199.5652 0.0063670 

- 5467.5635 -5466.9922 0.0104498 

-5742.6519 -5742.1170 0.0093113 

- 6025.4678 -6024.9220 0.0090607 

- 6316.0757 -6315.5155 0.0088680 

- 6614.4292 -6613.8548 0.0086821 

- 6920.6816 -6920.0927 Ci.0085095 

- 7234.8955 -7234.2902 0.0083694 

- 7556.7344 -7556.1286 0.008ti194 .- 

- 7886.3882 -7885.7787 o.o077?i75 - 

- 8223.9668 -8223.3412 0.0076122 

- 856S.9307 -8569.2278 0.0082052 

- 8924.2773 -8923.5260 0.0084157 

- 9287.0664 -9286.2648 0.0086338 

- 9658.3711 -9657.5173 0.0088378 

- 10038.315 .- -10037.407 kb090482 

- 10426.997 -10426.034 0.0092354 

- 10824.137 -10823.196 0.0086890 

- 11230.209 -11229.128 -ij.OO96272 

- 11645.190 -11644.047 0.0098209 

- 12069.125 112067.943 0.0097916 

- 12502.087 -12500.833 0.01i)0308 

- 12944.209 -12942.872 0.0103293 

- 13395.593 -13394.i87 0.0104990- 5 

- 13856.019 -13854.59ti 0.0103122 -~ 

- 14325.534 -14324.080 0.0101514 

- 14804..172 -14802.689 o.oiOoi45 --- 

- 15291.980 -15290.467 0.00989ti4 
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TABLE IV. (Continued.) 

Kais, Sung, and Herschbach: Atomic energies 

z Element A&Q AZzF E,(Z) E&:F) E3(z) % Error 

75 Re -0.8750000 -0.8719788 m-J6239.091 - 15789.044 -15787.498 0.00979lJl 

76 OS -0.8878021 -0.8847733 -16760.237 - 16295.237 -16293.656 0.0097035 

77 Ir -0.9002228 -Or8971786 -17290.815 - 16810.779 -16809.163 O.qo96209 

78 Pt -0.9064636 -0.9039917 -17825.486 - 17335.541 -17334.211 0.0076731 

79 Au -0.9185944 -0.9161301 -18375.172 - 17869.881 -17868.533 0.0075421 _ _ 

80 Hg -0.9355164 -0.9324265 -18939.639 - 18413.896 -18412.167 0.0093879 

81 Tl -0.9490509 -0.9459763 -19509.048 - 18966.792 -18965.042 0.0092275 

82 Pb -0.9621506 -0.9590912 -20087.845 - 19529.037 -19527.267 0.0690618 

83 Bi -0.9748154 -0.9717712 -20676.063 - 20100.678 -20098.887 0.0089110 

84 PO -0.9872284 -0.9841919 -21273.739 - 20681.656 -20679.844 0.0087646 

85 At -0.9990768 -0.9962Cl82 -21880.906 - 21272.100 -21270.358 0.0081907 

86 Rn -1.0108337 -1.0078201 -22497.600 - 21872.055 -21870.197 0.0084929 
~_...._ c 

‘Notation and format as in Table I. Hartree-Fock input energies obtained from Refs. 23 and 24; values of 
E,(Z) from sum of HF energies and correlation energies of Refs. 25 and 26. 

plistic incorporation of shell-structure, but may also reflect 
the transition to a nonsymmetric electronic geometry at 
the global minimum.‘5 The lower panel of Fig. 8 shows 
that fluctuations in Z,-Zy with atomic number roughly 
parallel the absolute error in the renormalized energy. This 
correlation reflects the residual contribution from correla- 
tion energy not accounted for by renormalization. 

0.5 8 

FIG. 6. Variation of percentage error in ground-state energy of neutral 
atoms with atomic number 2=2+86, for HF approximation (Refs. 23 
and 24) and statistical model (SM, Ref. 28) compared with renormalized 
energy (DR, Table IV) derived from HF input using Eqs. (lo)-( 13) 
with usual electron configurations. 

IV. DISCUSSION 

This study offers evidence that merely augmenting 
conventional approximations such as HF or l/Z data with 
the large-D limit can substantially improve accuracy. Al- 
though we have just treated atoms, the method should be 
widely applicable. We have also considered only a quite 

-. 

illllll~llll~lll~~i 
- 2 4 6 8 10 12 14 16 18 

N=Z 

FIG. 7. Variation of absolute error (hartree units) in ground-state energy 
of neutral atoms with atomic number Z=2+ 18. The HF error (correla- 
tion energy) is shown for D=3 and D+ m . The error in the DR energy, 
E,(Z)-E, (pmF), is compared with second-order Mailer-Plesset pertur- 
bation theory (MP2, Ref. 29), and the Perdew-Wang density functional 
method (PW91, Ref. 30). 
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FIG. 9. Dimensional renormalization procedure: (a) with Hartree-Fock 
as input data; (b) with first-order or (c) second-order l/Z expansion 
coefficients as input. Diagrams pertain to criterion of Eq. (5) and are 
drawn to scale for the helium atom. 
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FIG. 8. Variation of renormalized nuclear charge with atomic number: 
(a) for difference, Z,-2, between exact renormalized~ value and actual 
charge; (b) for difference, Z--c, between exact and HF renormalized 
values. Curves are shown for two ways of assigning electrons to shells (L 
and P, as described in text). Also shown in (b) is the absolute error 
(right-hand ordinate) in the renormalized energy, E, (pm,“), as com- 
pared with Es(Z). 

rudimentary form of renormalization, based on the crite- 
rion of Eq. (5), in order to test the basic notion. Two- 
electron atoms provide a rigorous test, as we have exact 
expressions for the large-D limit. For many-electron at- 
oms, our treatment involves approximations in the formu- 
las used for the large-D limit, Fqs. ( lo)-( 14). These in- 
clude a crude means of incorporating shell-structure; 
employing expressions derived for S-states although some 
ground-states are not-S; taking the totally symmetric sim- 
plex as the global minimum although for Z> 12-14 the 
actual global minimum is not symmetric. It is gratifying 
that, despite such blithe simplifications, dimensional renor- 
malization proves to be effective. With just the HF energy 
as input in addition to the D+ CO limit, we find that DR 
typically yields more than 2/3 of the correlation energy. 

Case (i) accounts for the remarkable efficacy of DR 
with the first-order l/Z input. Case (ii) pertains for HF 
input, and the Z2 factor that enters into Eq. (5) accounts 
for its advantage over Eq. (3). This simplest version of DR 
is not subject to a variational principle, and thus may over- 
shoot the true energy. Although this does happen for neu- 
tral atoms with Z> 25 (Table IV), we suspect that it is 
chiefly due to the approximations involved in the E,(Z) 
function we have used. Such overshooting does not occur 
for two-electron atoms (Tables I and II), where the exact 
form of E, (Z) is available. 

At present, the justification for DR is heuristic and 
empirical. However, some aspects can be analyzed in terms 
of a geometrical construction. Figure 9 illustrates this for 

The agenda for further development of DR methods 
includes, for many-electron atoms and molecules: ( 1) in- 
corporating more detailed HF data to better treat shell- 
structure; (2) evaluating the actual global minimum at 
large-D when it is not totally symmetric; (3) introducing 
electronic angular momentum for non-S’ states; (4) deter- 
mining the large-D limit for higher quality input, such as 
Moller-Plesset perturbation theory; (5) adding the l/D 
term and possibly higher terms to enhance interpolation 
between the large-D limit and D=3. For molecules, di- 

J. Chem. Phys., Vol. 99, No. 7, 1 October 1993 

helium. From this construction, it is readily seen why the 
criterion of Eq. (3) proved less good than of Eq. (5) and 
why HF input can be less effective for DR than first-order 
l/Z data (cf. Tables I and, II and Fig. 1 ), although without . 
DR the latter provides a much poorer approximation for 
the energy. Figure 9 makes evident two situations that 
foster the accuracy of renormalization: 

(i) If the spacings, E,(Z) -E:(Z), for D=3 and the 
D+ CO limit are quite similar, DR works best when E, (2) 
and E”, (Z) remain nearly parallel over a range of Z that 
includes the renormalized values. 

(ii) If these spacings are substantially different, DR 
works best when E, (Z) and E”, (Z) spread apart or draw 
together as Z+Z, , in such a way as to offset some of the 
difference in the D=3 and D+ CO spacings. 
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mensional scaling procedures are now available,g but 
renormalization may need to deal with more than one pa- 
rameter. Items ( 1) or (4) appear feasible, and (2) can be 
handled by complex scaling31 or numerical minimization, 
(3) by recently developed methods,32 and (5) by dimen- 
sional perturbation expansions.“” Beyond these prospects, 
there is the possibility that a more fundamental DR ap- 
proach for electronic structure can be found, grounded in 
symmerty properties of dimensional scaling33 and with the 
iterative power of the renormalization group theory.‘1P34 
Although that remains a distant goal, the results of this 
paper encourage optimistic pursuit. 
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