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Analytic expressions for the large-dimension limit, when renormalized by introducing a suitable 
effective nuclear charge c yield accurate D=3 nonrelativistic energies for ground states of 
many-electron atoms. Using Hartree-Fock data to estimate g, which typically differs from the 
actual charge Z by - 1% or less, we find this dimensional renormalization method (denoted 
DR-0) gives results substantially better than the HF input. Comparison of the l/Z expansion 
for the large-D limit with that for D=3 atoms provides expressions for the leading error terms 
in the renormalized total energy and correlation energy. When configuration mixing occurs in 
the 24 00 limit (as for Be and many other atoms), we find the renormalization procedure is 
markedly improved by including the zeroth-order mixing (denoted DR-1); this contributes a 
term linear in 2. Including the Z-independent term (DR-2) also improves the accuracy when 
zeroth-order mixing is absent (e.g., ground-state atoms with N=2, 3, and 7-l 1) but not 
otherwise. Correlation energies for atoms and cations with N=2-18 electrons and Z=2-28 are 
obtained with a mean error of 26% using just the large-D limit or HF input (DR-0); the mean 
error improves to only 5% when the leading l/Z term is included (either DR-1 or DR-2). 
Results much better than the HF approximation are likewise obtained for the ionization 
potentials and electron aflinities of neutral atoms. 

1. INTRODUCTION 

Dimensional scaling methods are well suited to -treat- 
ing many-body correlation effects.’ In the D-, 00 limit, 
electrons assume fixed positions in a suitably scaled space 
and the exact geometry and energy can be computed for 
any atom or molecule. This prompts efforts to exploit the 
large-D limit, since it takes full account of electron corre- 
lation (albeit in an unphysical limit) whereas at D=3 cor- 
relation is very difficult to treat adequately.’ For two- 
electron atoms, dimensional interpolation3 or perturbation 
expansions4 in l/D have proved effective, but do not seem 
tractable for larger atoms or molecules. For many-electron 
atoms, we have recently obtained encouraging results by 
means of a simple dimensional renormalization proce- 
dure.5*6 This involves finding a renormalized nuclear 
charge g, which renders the dimensionally scaled energy at 
the Dd CO limit a good approximation to that for D=3 
with the actual Z. The renormalized charge is readily eval- 
uated by comparing the Hartree-Pock energy (or any 
other input approximation) with its D+ CO limit. This 
method melds the HF approximation (which lacks corre- 
lation) with the pseudoclassical large-D limit (which lacks 
exchange) and thereby yields substantially better accuracy 
than either ingredient. 

Here we further develop the dimensional renormaliza- 
tion method (DR) as applied to a nonrelativistic 
N-electron atom. By introducing the l/Z expansion for 
both D=3 and D+ 03, we obtain the leading error terms 
in the renormalized charge and energy. This provides a 
systematic procedure for improving the DR method and 
assessing its limitations. In particular, when electronic con- 
figurations of the same symmetry become degenerate for 
2-t 00, as often occurs, it becomes important to include the 

zeroth-order mixing.7*8 We test our results by comparison 
with accurate data for the ground states of atoms and cat- 
ions with up to 18 electrons, the domain for which reliable 
correlation energies are available.gY’O _ ~. 

In Sec. II, we derive and test the renormalization cri- 
teria for the three leading orders of the l/Z expansion. In 
Sec. III, we analyze -the dependence on N and Z of the . . 
re.normalized charge c for successive DR approximations 
as compared with the charge that renders the DR method 
exact. In Sets. IV and V, we examine DR results for cor- 
relation energies, ionization potentials, and electron affin- 
ities. In Sec. VI we briefly discuss other prospective appli- 
cations and improvements of DR procedures. In the 
Appendix we explicitly evaluate the l/Z expansion coeffi- 
cients b&V) for the large-D limit through fifth order. 

II. RENORMALIZATION CRITERIA AND THE l/Z 
EXPANSION 

The ideal renormalization criterion would provide an 
-effective value Z, of the nuclear charge such that the 
large-D limit becomes equal to the actual D=3 energy 

E,W,Z,)=~3(N,Z).. ~. ( ..-.: (1) 
Since the energy at the large-D limit is readily computed 
from analytic expressions, ’ * the exact renormalized charge 
Z, can be determined by inversion.’ For neutral atoms 2; 
differs from the actual Z by at most 2.5% (for N=2) and 
more typically by only -1% (for N up to 86). Such an 
evaluation of Z, is only of descriptive interest, as it re- 
quires knowledge of the actual D= 3 energy. As a practical 
approach, we use Hartree-Fock results to obtain an ap- 
proximate renormalized charge via 
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TABLE K Coefficients in l/Z expansion for the D+ 00 limit.* 

N --bo -9 b4 

2 1 0.707 106 0.156 25 0.008 286 O.ooO 488 0.000 0161 
3 1.125 1.060 660 0.328 125 0.016 572 0.002 380 o.ooo 509 
4 1.25 1.590 990 0.726 562 0.035 217 0.009 887 0.004 114 
5 1.375 2.298 097 1.445 312 0.068 362 0.029 052 0.017 531 
6 1.5 3.181 980 2.578 125 0.120 152 0.068 115 0.053 48 1 
7 1.625 4.242 640 4.218 75 0.194 730 0.137 512 0.132 647 
8 1.75 5.480 077 6.460 937 0.296 239 0.249 877 0.285 618 
9 1.875 6.894 291 9.398 437 0.428 821 0.420 043 0.554 829 

10 2 8.485 281 13.125 0.596 621 0.665 039 0.996 505 
11 2.055 55 9.270 955 15.173 61 0.688 692 0.815 728 1.301437 

10.135 19 17.656 25 0.800 098 12 2.111 11 1.017 740 1.754 356 
13 2.166 66 11.07800 20.614 583 0.932 68 1 1.281 575 2.405 253 
14 2.222 22 12.099 38 24.090 27 1.088 281 1.618 706 3.310 826 
15 2.277 77 13.199 32 28.125 1.268 741 2.041 585 4.540 131 
16 2.333 33 = 14.377 83 32.760 41 1.475 901 2.563 639 6.173 055 
17 2.388 88 15.634 91 38.038 19 1.711 603 3.199 273 8.301 655 
18 2.444 44 16.970 56 44 1.977 689 3.963 867 11.03102 

“For expansion of total energy given in Eq. (5); the evaluation of bk is described in the Appendix. For the 
correlation energy of Eq. (6), the leading term Ab2= -0.044 19416,. 

(24 

and then take E, (N,{) as our renormalized approxima- 
tion for the D=3 energy. This procedure, which we des- 
ignate as DR-0, yields results substantially better than the 
HF input.’ 

We also examine approximations obtained by incorpo- 
rating information about the correlation energy given by 
the leading terms of the l/Z expansion. As shown below, 
the renormalization criterion including the first-order 
terms is 

(2b) 

and that including the second-order terms is 

UC) 

Again we take E,(N,c) as the approximation for the 
D=3 energy. We designate these renormalization critera 
as DR-1 and DR-2, respectively. 

The function A B, (N) , which arises from zeroth-order 
configuration mixing, can readily be computed for any 
atom; this only requires diagonalizing a small matrix in a 
hydrogenic basis.7*8 Computation of A B,(N) is much 
more elaborate and at present values are available12 only 
for atoms with N=2-10. However, our tests with data for 
N=2-18 and Z=2-28 indicate that including AB, in the 
renormalization procedure (DR-2) only improves the re- 
sults when AB,=O; thus for most atoms the second-order 
term can be omitted. 

A. Error analysis via l/Z expanslons 

The l/Z expansion for the D=3 energy13 has the form 

E3(N,Z) =Z2 kzo B,dN)Z-k 

=Z2Bo+ZBl+B2+*.. . (3) 

The HF approximation gives the correct zero-order coef- 
ficient B. but does not give the correct first-order term B1 
whenever electronic configurations of the same symmetry 
become degenerate in the Z+ CO limit.7’8 The correlation 
energy AE=E--EHF thus contains a first-order term in 
such cases but otherwise its expansion begins with the 
Z-independent, second-order term 

AE3(N,Z)=ZABl+AB2+AB3/Z+~--. (4) 

The coefficients ABk( N) are given by Bk - gF. In the 
Appendix we determine the corresponding l/Z expansion 
for the large-D limit, 

E,(N,Z)=-ZZ i bk(N)Z-k=Z2bo+Zbl+b2+..’ . 
k=O 

The HF version of this limit always gives the correct b. and 
bl , and by-F=0 for k > 2. Hence the correlation energy is 
given by 

AE,(N,Z)=Ab2+b3/Z+.*. . (6) 

As shown in the Appendix, Ah,(N) is proportional to 
b,(N) and the higher b,(N) coefficients can be determined 
explicitly for any atom. Table I gives these coefficients 
through fifth order. This exhibits the N dependence, which 
for b, and b2 is quite similar to B, and B2 (as far as 
known) for actual D=3 atoms. Table I is also useful for 
quick approximate calculations of E, and AE, . The er- 
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ror, ivhich grows rapidly as N increases, is less than the b, 
term (at worst, 4X 10m4 hartree, for N=Z= 18). For the 
calculations of this paper we used the full analytic expres- 
sion&5111 rather than the l/Z expansion. 

With these expressions we can readily determine the 
error in the renormalized total energy dE=E3(N,Z) 
-E, (NJ). Since our DR procedures all make use of HF 
input, we consider 

E, (NL> =E:FW,C) +A&, (N,L3. 

On introducing the criterion of Eq. (2a) we have 

(7) 

E,WL) =Es(N,Z) -A.G(N,Z) +AE,UV,C). (8) 

. Hence the error SE,, for procedure DR-0 is just that in the 
correlation energy, or 

SE,,=ZAB1+AB,--Ab,+*.* . (94 

In the same way, we see that adopting the criterion of Eq. 
(2b) eliminates the first-order term, so the error for pro- 
cedure DR-1 becomes 

SE1=AB2-Ab2+AB3/Z-b3/5+... . (9b) 
Likewise, with the criterion of Eq. (2~) the error for DR-2 
becomes 

6E,=AB3/Z-b3/~+AB4/Z2-b~~22+.. . (SC) 

We will find that these error expressions account for sev- 
eral features which had seemed capricious in our previous 
application of the DR-0 procedure.5 

An instructive DR variant uses, instead of HF input, 
simply the partial sums of the l/Z expansion. A similar 
error analysis yields, for the first-order sum as input, 

SE(,)=B2-bbz+B3/Z-bb3/5+... . (9d) 

Analogous formulas obtain for higher partial sums. Ap- 
plied to two-electron atoms,5 for which the B2 and b2 co- 
efficients are known to very high order,14?15 this DR variant 
gave remarkably accurate results, much better than DR-0. 
For larger atoms, DR-0 is far superior. With Eqs. (9b) and 
(9d), we now have a simple explanation. For N= 2~ atoms 
it happens that B2-b2 is an order of magnitude smaller 
than AB2-Ab,, in contrast to what is found for larger 
atoms. 

B. Tests for ground-state energies 

Recently Davidson and co-workers’,” have completed 
a definitive study of nonrelativistic correlation energies and 
relativistic corrections to ionization potentials for 323 
ground-state atoms and cations with N=2-18, Z=2-28. 
In implementing our DR procedures, we used their tabu- 
lated values of HF energies and AB, and determined AB2 
by numerically fitting the correlation energies.16 Table II 
lists these parameters. Ten of the isoelectronic series (N 
=4-6 and 12-18) have AB,#O and seven (N=5 3, and 
7-l 1) have A B, = 0 (in which case DR-0 and DR- 1 do not 
differ). 

Figures l-4 exhibit the enhancement of accuracy re- 
sulting from dimensional renormalization. Values of 
E, (N&J) computed with s’s obtained from the three vari- 

TABLE II. Coefficients for DR-1 and DR-2 approximations.* 

N A4 ABz AB,-Ab, 

2 0 -0.046 662 -0.015 412 
3 0 -0.053 590 -0.006 715 
4 -0.011726 -0.071980 -0.001668 
5 -0.006 922 -0.127 395 -0.025 832 
6 -0.003 094 -0.182 922 -0.042 297 
7 0 -0.237 222 -0.049 720 
8 0 -0.303 500 -0.061 313 
9 0 -0.361930 -0.057 243 

10 0 -0.414 400 -0.039 400 
11 0 -0.460 059 -0.050 337 
12 -0.003 573 -0.505 248 -0.057 332 
13 -0.004 397 -0.554 564 -0.064 982 
14 -0.004 838 -0.600 620 -0.065 899 
15 -0.004 885 -0.638 964 -0.055 632 
16 -0.005 811 -0.704 777 -0.069 362 
17 -0.006 497 -0.777 745 -0.086 775 
18 -0.006 926 -0.858 850 -0.108 851 

aValues of AB, from Table I of Ref. 10; values of AB, from numerical 
fitting of data in Table X of Ref. 10. 

ants of Eq. (2) are compared with the corresponding D= 3 
input energies. Figure 1 pertains to the helium isoelec- 
tronic series. The error in the HF approximation varies 
from 1.5% for Z=2 to 0.0060% for Z=28, whereas the 
error in the corresponding DR-0 result is about threefold 
smaller throughout this range. This is substantially better 
than the improvement by about a factor of 1.6 obtained by 
augmenting the HF energy with AB,. However, using HF 
+ A B2 as input for DR-2 greatly reduces the error, to only 
0.016% for Z=2 and to 0.000 009% for Z=28. This is a 
remarkable improvement; relative to HF, the error shrinks 
by a factor of - lo2 for He and a factor of - lo3 for Z=28. 

Figure 2 gives results for four-electron atoms. Again 
the DR-0 result is a considerable improvement over HF. 
As noted previously,5 this improvement decreases as Z in- 
creases, in contrast to other cases (e.g., N=2 and N= 10 

FIG. 1. Variation of percentage error in ground-state energy of two- 
eleotron atoms with nuclear charge Z=2-28 for various approximations. 
Here and in subsequent figures, open symbols denote results for input 
approximations (circles for Hartree-Fock; triangles for HF+ZAB1 ; 
squares for HF+ZA B, + A B2) ; solid symbols denote corresponding re- 
sults obtained from dhzensional renormalization (circles for DR-0; tian- 
gles for DR-1; squares for DR-2), as specified by Eq, (2), 
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FIG. 2. Error in total ground-state energy of four-electron atoms; nota- 
tion as in Fig. 1. 

atoms). From Eq. (9a), the contrasting 2 dependences of 
these DR-0 results is now seen to arise chiefly from the 
presence or absence of zeroth-order configuration mixing. 
Accordingly, augmenting the HF energy with ZAB, re- 
duces the error substantially, especially as Z increases, and 
DR-1 greatly amplifies the improvement. On the other 
hand, adding the AB, term does not noticeably improve 
the D=3 energy and the corresponding DR-2 result actu- 
ally becomes slightly less good than DR-1 as Z increases. 

Figure 3 shows that these features become more pro- 
nounced for l&electron atoms. Augmenting the HF en- 
ergy with ZAB, and AB, produces only modest improve- 
ments in the D= 3 energy but gives substantially better DR 
results. Now the DR-1 version is much better than DR-2 
throughout the Z range. Indeed, DR-0 is even better than 
DR-2 for argon and the first few isoelectronic cations. Al- 
though this may be partly due to inaccuracy in estimating 
the ABz term,16 we consistently find for the domain of N 
and Z examined that including A B, in the renormalization 
procedure only improves the results when AB, =O. Evi- 
dently, in Eq. (9c) the higher-order contributions, involv- 
ing differences -of D=3 and D-+ 00 terms, do not decay 

loa I , 

N = 18 

FIG. 3. Error in total ground-state energy of l&electron atoms; notation 
as in Fig. 1. 

10-3"~""'~"'~'.1""' 
0 5 10 15 26 

N=Z 

FIG. 4. Error in total ground-state energy of neutral atoms with N=2-18 
electrons; notation as in Fig. 1. 

monotonically, and in Eq. (9b) the cancellation is in fact 
more effective. 

Figure 4 compares the input and DR approximations 
for neutral atoms with N=Z=2-18. As in the examples 
considered above, the DR results are always considerably 
better than the input. The optimal version is seen to be 
DR-1 when zeroth-order mixing occurs and to be DR-2 
when it does not (i.e., for N=2, 3, and 7-11). 

III. ANALYSIS OF RENORMALIZED CHARGE 

The ideal renormalization criterion of Eq. ( 1) implic- 
itly defines a function Z, rc(iV,Z) such that the l/Z ex- 
pansions of the left- and right-hand sides match exactly 
term-by-term to all orders. This function has a l/Z expan- 
sion of the form 

fW,Z) =zk& u&v)z-~=zu~+a~+~+. . . . 
(10) 

Inserting this into Eq. ( 1) and matching terms, we find the 
leading coefficients are related to those of Eqs. (3) and (5) 
by 

c&J= 1, (114 

~~=fU+--b~Vbo, (lib) 

a2=~(Bz--42)/bo-~~alEalt(bl/bo)l. (llc) 
Likewise, we can determine from Eqs. (2) the leading 
terms of the l/Z expansions for the approximate renormal- 
ized charges, here designated co, ci, and I&, that specify 
DR-32 DR-1,-&d DR-2, respectively. An analysis like that 
of Eqs. (7)-(g) shows that the l/Z expansions for these 
approximate s’s agree with the exact Eqs. (11) through 
zeroth, first, and second order for DR-0, DR-1, and DR-2, 
respectively, when AB,#O. Of course, if AB1=O then 

r DR-0.. and DR-1 become the same and are exact through 
first order. 

In particular, if AB,#O;the leading error term in the 
renormalized charge for DR-0 is given by cc-Z, = - ( l/ 
2)ABl/bo, independent of Z, but otherwise the leading 
error term is linear in l/Z. This accounts for the quite 
different behavior previously observed in numerical calcu- 
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0 0.1 0.2 0.3 0.4 0.5 0.6 

l/Z 

FIG. 5. Variation with l/Z of difference between renormalized charge 6 
and actual charge for ground states of two-electron atoms. Here and in 
Fii. 6 and 7, the solid curve pertains to E=Z, , the renormalized charge 
defined in Eq. (l), which renders the large-D limit exactly equal to the 
D=3 energy. Dashed curves and points pertain to approximate values of 
6 derived from criteria of Eq. (2), denoted as in Fig. 1. 

lations for N=2 and N=4 atoms (cf. Tables I and III of 
Ref. 5) as well as other features (Fig. 2 of Ref. 5). 

For two-electron atoms, the ak coefficients of Eq. (10) 
can be determined to very high order since the requisite Bk 
and bk coefficients are known.‘4P’5 The key difference be- 
tween DR-0 and DR-2 appears in the a2 coefficient, as 
expected. Figure 5 plots values of co and 5; as well as Z, , 
as determined by numerical solution of Eqs. ( 1) and (2); 
in accord with Eq. (lo), the near linearity indicates the 
major role of the a2 coefficient, which governs the slope of 
this plot. The intercept is governed by a,, which is the 
same for DR-O and DR-2. 

Figure 6 shows a similar plot for ‘four-electron atoms. 
Since AB+O, the intercept now has the key role rather 
than the slope. The al is too small for DR-0 but becomes 
exact for DR-1 and DR-2, for which a2 is also quite sim- 
ilar. However, the curvature of the plot shows a3 is appre- 
ciable, although somewhat larger for the approximate DR 
procedures than for the exact renormalization. Figure 7 

0.015E 

FIG. 6. Difference between renormalized charge g and actual charge for 
four-electron atoms; notation as in Fig. 5. 

.0.085 
E 

,- ,’ 
J I’ c no 1 ,’ ,’ 

.0.09 1 

.0.095 1 

“‘y ’ 
.$ ‘DR.1 1 J$’ A. .o.l r “JJ. 1 L 

0.04 0.042 0.044 tr.046 0.048 0.05 

l/Z 

FIG. 7. Difference between renormalized charge { and actual charge for 
18-electron atoms; notation as in Fig. 5. 

gives a portion of the plot for 18-electron atoms, illustrat- 
ing that DR-1 closely approaches the exact Z, whereas 
DR-0 and DR-2 deviate in opposite ways. 

Figure 8 compares for neutral atoms with N=Z=2- 
18 the error in the renormalized charges for the three DR 
variants. For DR-0 the charge &, < Z, , but this does not 
hold for g1 and 5;. The error in the renormalized charge, 
Z, -c, is least for DR- 1 if A B, is nonzero, for DR-2 if it 
is zero. The same holds for the cations isoelectronic with 
these atoms. Thus, we take g1 or 5; as the optimal choice 
depending on whether or not AB, is nonzero. 

The l/Z expansion of Eq. ( 10) for the renormalized 
charges offers a practical means to compactly represent 
atomic energies, a different than usual means to separate 
the N and Zdependence. Table III gives the leading coef- 
ficients for Z, and the optimal DR approximation (fi or 
c2). For each N, the al coefficient was computed from Eq. 
( 1 lb), using the exactly known B1 and bl values. The 
other ak coefficients listed were obtained from numerical 
fits to values of Z, , cr, and 5; determined for the 323 
systems in the data base provided by Davidson et al.971o 
(Although for Ng 10, the a2 coefficient could be computed 

z-3 
‘8 

N 

III 

‘.:. ” 

O’Oo4 k ADR-0 1 

U.UUI y 
F 

: 
,‘DR-I . . ‘+, - ;.--. 

. 
0 , -A-t ::: ‘.* .* 

“-*..’ I 
. .’ 

>.4 ‘*.. l --+-.-c~ 
,iDR-2 . . . . 

------I I.._~ .~ +-,“: 1 ~~~~~~‘...~ , --_._.. , ---..- ._____ I__.j 
2 6 10 14 18 

N=Z 
,,.~..~. *,’ .‘:. . ..e. .A . . 

FIG. 8. Difference between exact and approximate renormalized charges, 
2, -<, for neutral atoms with N=2-18 electrons. Curves correspond to 
the three renormalization criteria of Eq. (2); points designate the optimal 
choice among these three, which in each case corresponds to using as 
input the HF energy plus the first nonzero contribution to the l/Z ex- 
pansion of the correlation energy. 
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TABLE III. Coefficientsa in l/Z expansion for 5-Z. 

N al a2 a3 a4 

2 0.041053 

3 

4 

5 

0.016 824 

0.012 686 

-0.010 702 

6 -0.025 628 

7 -0.034 133 

8 -0.051950 

9 -0.064 012 

10 -0.071 387 

11 

12 

13 

14 

15 

-0.088 771 

-0.101 514 

-0.126 462 

-0.147 121 

-0.163 810 

16 -0.181 165 

17 -0.194 852 

18 -0.205 128 

0.014 388 0.004 245 0.001682 0.001 589 
0.014 406 0.004 680 0.002 955 -O.CQO 691 
0.043 3 14 0.039 556 0.017 860 0.098 653 
0.043 333 0.035 439 0.019 779 0.094 301 
0.068 168 0.082 028 0.019 490 0.511 231 
0.066 857 0.128 220 -0.218 679 1.218 746 
0.132 782 0.217 094 0.408 764 1.047 281 
0.122 777 0.272 307 0.136 929 2.092 203 
0.195 383 0.407 427 1.269 529 1.929 293 
0.179 688 0.509 890 0.469 799 4.765 291 
0.253 174 0.825 220 0.679 335 il.394 204 
0.254 320 0.844 566 1.010 329 10.182 836 
0.344 408 1.542551 -0.992 563 34.236 486 
0.348 450 1.426 830 01866 670 26.166 178 
0.433 568 2.468 746 -3.592 223 74.254 394 
0.436 317 2.158 346 0.175 448 56.128 216 
0.520 973 3.648 987 -8.368 139 143.961035 
0.532 933 3.124 561 -1.864 318 I 10.033 357 
0.606 288 5.049 226 - 25.402 577 327.433 367 
0.606 537 5.058 065 -25.458 380 324.177 924 
0.676 115 6.763 723 -45.686 376 558.380 802 
0.663 031 6.967 215 -49.300 273 583.524 608 
0.853 293 9.184 649 ~~ -70.293 537 883.193 731 
0.839 419 9.554 603 -77.176 659 938.427 895 
1.027 083 11.333 572 - 88.492 738 1230.764 16 
1.004 375 12.453 381 - 110.175 945 1384.776 43 
1.175 492 14.544 325 -127.112916 1781.940 67 
1.157 694 15.636 409 - 149.033 652 1944.415 21 
1.316 777 19.617 741 -204.534 525 2733.036 13 
1.303 077 20.458 193 -222.618 166 2883.869 50 
1.455 602 24.331 523 - 280.474 149 3834.744 60 
1.426 911 26.196 844 --319.793 098 4132.082 05 
1.544 214 31.865 849 -425.378 035 5618.71409 
1.526 300 33.069 488 -448.223 924 5785.210 08 

aFor expansion of Eq. (lo), truncated by setting ak=O for k> 5. The al coefficient is computed from Eq. 
( 1 lb), others fit to numerical results as described in the text. For each N, the upper line pertains to Z, , 
the exact renormalized charge defined in Eq. (1); the lower line pertains to cl or & as specified in Fig. 8. 

from the known B2 and b2, adjusting a2 slightly gave better 
overall fits.) Using these coefficients (with higher order 
ak=O), we find the error is only 10v5 or less (usually 
much less) in reproducing the renormalized charges. This 
corresponds to 6-7 figure accuracy (at worst, 6 X 10v4 har- 
tree, for N=Z= 18) in the renormalized energy. 

IV. CORRELATION ENERGY 

For the DR procedures considered here, the corre- 
sponding correlation energy (CE) is approximated by 

AmN,Z) zE,(NJ) -EF(N,Z). (12) 

Hence the error expressions of Eq. (9) also apply to the 
CE. In our previous use of the DR-0 procedure5.6 we found 
that the correlation energy obtained was practically the 
same as the large-D result without renormalization, 
AE, (&,Z) as given in Eq. (6). Frcm Eq. (9a), we see 
that the renormalized result will differ only by 

AE, (N,Z) --hE, (N&,) = k;3 biAZ2-k-5;-k> 

=A&, 2 kbkZ1-’ (13) 
k=3 

and since A&=&-Z is very small, this difference is neg- 
ligible. Figure 9 compares the overall N and Z dependence 
of the correlation energy for D= 3 with the large-D result. 
Since the latter does not contain configuration mixing, for 
this comparison we have deducted ZAB, from the D=3 
values. Although modest systematic differences are evi- 
dent, the general correspondence is striking. 

Table IV shows that for neutral atoms the large-D 
result, equivalent to DR-0 but even simpler to compute, 
indeed provides a fairly good estimate for the CE. In mag- 
nitude, this estimate is always too low but as yet we have 
no proof that this need generally hold. The mean error is 
24% for N=2-10 and 13% for N= 11-18. 

The DR-1 and DR-2 procedures offer considerably im- 
proved approximations for the CE, better than the input 
information (cf. our comments on Figs. 14). Table IV 
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FIG. 9. Comparison of Z and N dependence of correlation energy (in 
hartree units) for the large-D limit (righthand panel) with that for D= 3 
atoms and cations after deducting the contribution ZABi from zeroth- 
order configuration mixing (which vanishes for N=2, 3, and 7-11). 

includes AE,(N,c) computed for the optimal g, or c2 
(according as ABr is nonzero or not). In magnitude, these 
estimates for CE are sometimes too high. The mean error 
is 7.2% for N=2-10 and 2.9% for N= 11-18. This com- 
pares favorably with the mean errors of 7.1% for less com- 
plete results from Meller-Plesset perturbation theory, l7 
and about 10% from the best available density functional 
models. l8 

For cations, DR approximations for the correlation 
energy become more accurate. The percentage error in the 
approximate AE3 as given by Eq. (12) may be obtained 
from that in the total energy E3 by multiplying by the ratio 
( E3/AE3). Since the absolute error in AE3 is usually more 
pertinent, we illustrate this in Figs. 10-12, again for N=2, 
4, and 18. For the CE of helium, DR-2 is much better than 
DR-0 (giving 101% rather than only 64%) and an appre- 
ciable improvement over the CE input A B2 (which corre- 

4.025 I I I I, I I I 4, I I I I,. I I I I s I I. ,I I I I 

.0,03~~; 
DR.0 

4.035 - 7 

E.i:::;s~; 

DR.2’ 
.o.os * ’ ’ ’ ’ * t ’ ’ ’ 3 * ’ ’ * ’ ’ 8 ’ ’ 3 * * ’ ’ ’ ’ ’ 

0 5 10 15 20 25 30 

Z 

FIG. 10. Correlation energy (in hartree units) for two-electron atoms; 
notation as in Fig. 5. 

sponds to 111%). In effect, DR-2 amounts to approximat- 
ing the k)3 terms of Eq. (4) with the corresponding terms 
for the large-D limit. As Z increases, those terms contrib- 
ute less so the accuracy improves but the benefit of using 
DR-2 fades away. 

For larger N the benefits of DR persist, however, and 
actually are amplifed. For the CE of beryllium, as seen in 
Fig. 11, DR-1 is considerably better than DR-0 (giving 
114% rather than 65%) and much better than the CE 
input ZAB, (which corresponds to 50%). For four- 
electron cations, as Z increases the absolute error in this 
input remains virtually the same whereas DR-1 improves 
in accuracy. This behavior is much more marked for the 
CE of 18-electron atoms, as shown in Fig. 12. For argon, 
DR-1 is quite good ( 104% compared with 87% for DR-0) 
and far better than its CE input ZA B, (which corresponds 

TABLE IV. Comparison of accurate correlation energies with large-l) results. 

N=Z --bE,WY -AIT,(Z)~ -AE,(Z)” % Error % Error 

2 0.04202 0.037 36 0.026 98 35.8 0.04250 -1.1 
3 0.04533 0.04106 9.4 0.04783 -5.5 
4 0.094 34 0.076 32 0.06081 35.5 O.iO7 82 - 14.2 
5 0.124 85 0.086 56 30.6 0.121-27 2.9 
6 0.156 40 0.118 41 '24.2 0.137 07 12.3 
7 0.188 31 0.156 41 16.9 0.207 42 -10.1 
8 0.257 94 0.200 58 22.2 0.265 63 -2.9 
9 0.32453 0.25093 22.6 0.29775 8.3 

10 0.390 47 0.388 5 0.30747 21.2 0.361 86 7.3 
11 0.395 64 0.339 18 14.2 0.389 83 1.5 
12 0.438 28 0.428 0 0.372 94 14.9 6.415 83 5.1 
13 0.469 60 0.40892 12.9 0.466mOi 0.8 
14 0.505 03 0.44726 11.4 0.514 87 -2.0 
15 0.54026 0.488 03 9.6 0.561 17 -3.8 
16 0.60476 0.53131 12.1 0.62406 -3.2 
17 0.665 98 0.577 14 13.3 0.68728 -3.2 
18 0.722 16 0.7049 0.625 61 13.3 0.749 80 -3.8 

“From Ref. 10. 
bFrom MP2 calculations of Ref. 17. 
Carom Eq. (6). 
dFrom dimensional renormalization, using 5, or 5; as specified in Fig. 8. 
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FIG. 11. Correlation energy for four-electron atoms; notation as in Figs. 
5 and 10. 

to only 17%), and again for isoelectronic cations the ad- 
vantage persists. This is a consequence of the basic advan- 
tage of DR, the ability to transmute HF input into a good 
first approximation for the correlation energy (DR-0) 
which then enhances any additional CE input (DR-1 or 
DR-2). 

V. IONIZATION POTENTIALS AND ELECTRON 
AFFINITIES 

The CE contribution to energy differences between dif- 
ferent electronic species is particularly vexing for conven- 
tional computations because of the-difficulty of balancing 
basis sets. The large-D limit is free of such problems. As a 
test of its utility, we consider CE corrections to HF ion- 
ization energies and electron affinities. According to Eqs. 
(12) and ( 13), for the DR-0 approximation these correc- 
tions consist merely of the differences in AE,(N,Z) for 
neutral and cation, or for anion and neutral. Figures 13 

15 20 25 30 

FIG. 12. Correlation energy for l&electron atoms; notation as in Figs. 5 
and 10. 

_. ~- 0.1’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ ’ 
2 4 6 8 10 12 14 16 18 20 

N=Z 

FIG. 13. First ionization energy for neutral atoms (in hartree units). 
Solid curve and diamond points show experimental values from Ref. 20; 
dashed curve with open-circle points shows HartrecFock results from 
Ref. 19; that with solid-circle points shows dimensional renormalization 
result from the DR-O approximation. 

and 14 show the results, together with the HF values,” and 
experimental data.20P21 These corrections, very simple to 
evaluate, indeed serve to remove most of the systematic 
error in the HF results. 

The DR-1 and DR-2 approximations do not consis- 
tently improve the results for ionization energies (although 
for most atoms the changes would not be noticeable on the 
scale of Fig. 13). This is probably because the differences 
involved in the CE corrections amplify any errors in the N 
dependence. The DR-1 and DR-2 approximations in fact 
work less well than DR-0 for electron affinities. Again, this 
reflects the sensitivity of small differences and the smoother 
N dependence of CEs for DR-0. Another likely factor is 
the nature of correlation in negative ions in contrast to 
neutral atoms and cations. The anionic electron is loosely 

EA 

0.1 - 

0.05 . 

o- 

-0.05 
Li B C 0 F fia AlSi P S Cl K 
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2 4 6 8 10 12 14 16 18 20 
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FIG. 14. Electron affinity for neutral atoms (in hartree units). Notation 
as in Fig. 13. Experimental values from Ref. 21, Hartree-Fock results 
from Ref. 19. 
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bound to a core whose electronic configuration is similar to 
that of the parent neutral atom. In renormalization it may 
be more appropriate to suppose the ABr or AB2 terms of 
the anion are similar to the parent neutral, and thus largely 
cancel from the CE correction. The treatment of negative 
ions requires further study. However, even DR-0 estimates 
of the CE corrections may prove useful, especially for large 
atoms, since the HF approximation often fails to identify 
stable negative ions. 

Recently, Loeser and co-workers2’ have also evaluated 
CE corrections to ionization energies and electron affinities 
from the large-D limit, nearly equivalent to DR-0. They 
point out that the remaining deviations from experimental 
values are strongly correlated with the spin changes upon 
ionization. Usually, overestimates or underestimates ac- 
company, respectively, a decrease or increase in S upon 
loss of an electron (A- -+A0 or A’+A+). This pattern is 
attributable to effects of exchange on correlation in the 
valence shell.22 

VI. DISCUSSION 

The chief motivating theme of dimensional scaling’ is 
to exploit the simplicity of the large-D limit in treating 
many-body dynamical correlations. This is well served by 
the DR approach, which relies on a- complementary alli- 
ance with conventional methods. As we have recently sur- 
veyed the most apparent prospects and limitations of this 
approach,5 here we comment on only a few aspects per- 
taining to this study. 

We use HF results as the basic input both because 
these data are most widely available and the large-D limit 
for HF is easily evaluated. This also introduces exchange, 
which is otherwise lacking in the large-D limit.22 However, 
in this alliance (DR-0) the full responsibility for correla- 
tion is borne by the large-D limit. Better performance is 
attainable by supplying higher quality D=3 input which 
can provide some of the correlation. Here we have exam- 
ined a modest step of this kind by incorporating from the 
l/Z expansion just the first nonvanishing correction to the 
hydrogenic limit, either the zeroth-order configuration 
mixing term (DR-1) or the constant term (DR-2). As 
seen in Fig. 4 and Table IV, the improvement in treating 
correlation is appreciable. 

The zeroth-order configuration mixing has another im- 
portant role. It is nonzero whenever states of the same 
symmetry become degenerate in the large-Z limit, and en- 
sures that the atom correctly approaches that limit. This is 
particularly congenial for DR, which by construction con- 
forms to the large-l) limit and is also consistent with the 
large-N hmit.6~11B22 Even for large atoms, the zeroth-order 
mixing can readily be evaluated since only hydrogenic ma- 
trix elements are involved. Although in such an atom the 
zeroth-order mixing term may be relatively small, as illus- 
trated in Fig. 12, including it in DR substantially enhances 
the correlation results. 

Prospects for improving both the D=3 and large-l) 
components of DR are inviting. Input from high quality 
variational calculations such as MP-2 should yield better 
DR results for exchange as well as correlation. This re- 

quires determining the large-D limit of the variational ma- 
trix elements, a painstaking but straightforward task.23324 
Effort would be better invested there than in extending the 
l/Z perturbation expansion, since generic variational func- 
tions can be applied also to molecules. Relativistic correc- 
tions are another prospect for DR; the D-dimensional gen- 
eralization of the Dirac atom has been solved25 and it 
appears feasible to obtain the large-D limit for an 
N-electron atom. 

-As illustrated by the error expressions of Eq. (9), the 
performance of DR procedures depends essentially on how 
well the N and Z dependence ofwhat is lacking from the 

~D=3 input is approximated by the corresponding part of 
the large-D component. This might be improved in several 
ways. We have thus far used only the simplest large-l) 
model for a many-electron atom.” It employs a hydro- 
genie, parameter-free scaling for each principal quantum 
number to remove the major D dependence and introduce 
shell structure. The model also does not take account of 
electronic angular momentum and symmetry breaking in 
the large-D limit. Means to better handle all these aspects 
are now available.1*5 Furthermore, Loeser and co- 
workers2’ have recently formulated two new ways to map 
D+ 03 solutions to finite D. 

The possibility of employing DR procedures with den- 
sity functional theory is especially appealing,26 since the 
large-D limit is compatible with the large-N limit and the 
Kohn-Sham and HF equations are formally similar. As 
well as a means to construct exchange-correlation func- 
tionals, the ability of DR to treat excited electronic states5 
and to incorporate zeroth-order configuration mixing 
would allay persistent shortcomings of current density 
functional models.27’2s 
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APPENDIX: i/Z EXPANSION COEFFICIENTS 

Here we evaluate the l/Z expansion for the large-D 
limit of the ground-state energy (in hartree units) of an 
N-electron atom, through fifth order. Since derivations and 
caveats are fully presented elsewhere,516*11 we start from the 
D-scaled expression obtained by Loeser, 

nmax 1 

where N, is the number of electrons with principal quan- 
tum number less than or equal to n. The function E, (N,Z) 
is given explicitly in terms of the smallest positive root of a 
quartic equation, * ’ and an iterative solution of the quartic 
yields 

E, WZ) = j, &&V)Z-k. (A2) 
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TABLE V. Coefficients in l/Z expansion for the D-+ CO limit.’ 

Coe5cient 

bo 
4 
9 
$” 
Ab2=bz-bF 
b3 
4 
bs 

Expansion coefficient bk(X) 

‘s --T 1 
2-3'z(s$-s,) 3 -2-4(s3-$2+.gsl) 

-2-4(&--2&+s,) 
-2-6(S2-S,)= -2-g’2b, 

2-'7'~(s3-~s2+~s*, 
2-"(3s,-9s3+8&-2s,) 

3~2-~"~(8S,-36~4+56S~,-35S~+7&) 

‘The quantities S,, are defined in Eq. (AS). 

The coefficients 6,&N) are simple polynomials in N, given 
in Ref. 6 for k<5. For the corresponding Hartree-Fock 
approximation, the coefficients ba and bt are the same and 
the bk with k> 2 all vanish. Thus, the l/Z expansions for 
the total energy and the HF approximation have the form 

E,(iV,Z) = 2 bk(N)Z-k 
k=l 

with 

(A31 

nmax 1 
b&W 2 nzl 2 [b^k(%> -ikk(%-1) 1. (A4) 

Explicit formulas for the expansion coefficients hence are 
readily obtained in terms of sums that involve just powers 
of integers, 

%ax 1 
S,E nsI ;;z C~-~-l)~ (AS) 

Table V lists the formujas for the bk up through k= 5; these 
are obtained from the b&V) coefficient8 by replacing each 
term involving IV” by S,,. The correlation energy is given 
by 

AE, (iV,Z) =E, (N,Z) -$wF(N,Z) 

=Ab+ 2 bkZ2--. 
k=3 

(A@ 

Here Ab2 is simply proportional to bj and b3 is a linear 
combination of b2 and b, , whereas each higher-order coef- 
ficient b, involves SK plus bk with k < K. 
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