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The charge renormalization procedure for the calculation of the correlation energy of atoms utilizing
the analytically known large-D limit solutions for the exact and Hartree–Fock equations is extended
to diatomic molecules. This procedure is based on the variation of the nuclear charge,Z, and
internuclear distance,R, of the Hartree–Fock Hamiltonian such that the Hartree–Fock energy will
be significantly closer to the exact energy. We calculate to first order indZ the leading contribution
to the correlation energy by changing the nuclear charge to some renormalized nuclear
charge, Zi

R→Zi1dZi . To first order in dZ, this leads to an approximate expression,
Ecorr(Za ,Zb ,R)5(]EHF/]Za)dZa1(]EHF/]Zb)dZb , for the correlation energy based on the charge
renormalization parameterdZ, which is fixed systematically from the large-D limit. The theory is
applied to diatomic molecules. Near the equilibrium, we are predicting the correlation energy
typically with 80% or greater accuracy in a completely self-consistent and systematic way with no
additional cost to the Hartree–Fock calculation. An improved approach to estimating the correlation
energy for allR is outlined. © 1995 American Institute of Physics.
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I. INTRODUCTION

At present, the major approach for quantitative calcul
tions of many electron systems remains the Hartree–Fo
self-consistent field approximation.1 Hartree–Fock calcula-
tions usually give good total energies for most atoms a
molecular systems. However, the remaining error relative
the exact total energy, the correlation energy, is very impo
tant in atoms, and the effects of the correlation energy a
even more dramatic in molecules, because this energy is
the same order as a chemical bond.

For bound molecular systems, the Hartree–Fock meth
accurately predicts the geometry of the minimum ener
structure. For open shell and weakly bound systems,
Hartree–Fock method often fails to give the correct dissoc
tion limit.2 For van der Waal’s systems, such as the rare g
clusters and van der Waal’s complexes, the Hartree–Fo
method fails to predict a minimum.3

Because of these difficulties, much work has been do
to improve the accuracy of these self-consistent field calc
lations by the inclusion of perturbation theory~as in the MP2
and MP4 theories!, and higher order theories, such as co
figuration interaction~CI!, coupled cluster theory~CC!,4 and
density functional theory~DFT!.5 These methods signifi-
cantly improve the Hartree–Fock energy, however, they a
much more computationally expensive. The formal cost
high levelab initiomethods scales at least asN5, whereN is
the number of atomic orbital basis functions, making the
impractical for large molecular systems. Because of the e
treme cost of the traditional correlated electronic structu
methods for large systems, there is a growing effort to intr
duce new electronic structure methods to meet the object
of accounting for the correlation energy with minimal add
tional coast relative to Hartree–Fock calculations.

Dimensional scaling offers an effective means to tre
many-body problems involving nonseparable interactions
strongly correlated particles.6 The dimensional renormaliza-
tion approach utilized in the past has proven to be very su
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cessful in the treatment of the ground state and electron
properties, such as ionization potential and electron affinitie
for N-electron atoms.7,8 The previous procedure differs from
the approach taken in this publication in that the charg
renormalization has been utilized to equate the Hartree–Fo
energy in three dimensions to the large-D Hartree–Fock en-
ergy. This renormalized charge was then substituted into t
large-D limit for the exact energy, from which the three di-
mensional energy was approximated.9 In the present ap-
proach, we renormalized the charge such that the Hartre
Fock energy equals the exact energy in the large-D limit. We
then use this large-D limit charge renormalization to correct
the Hartree–Fock energy in three dimensions.

In a recent publication,10 we have shown a means for
predicting the correlation energy for atoms by using the larg
dimensional limit results. Because the Hartree–Fock metho
averages over the electron–electron interaction term, we a
sumed that we could correct for correlation energy by com
pensating this for change by finding an effective nuclea
charge,ZR5Z1dZ. To avoid makingdZ an arbitrarily ad-
justable parameter, we took advantage of the fact that bo
the Hartree–Fock and exact Schro¨dinger equations have
been solved analytically in the large-D limit.11 By utilizing
these analytical solutions, we could find a renormalize
charge,Z1dZ` , which corrects for the correlation energy in
the large-D limit. This procedure recovered more than 80%
of the correlation energy for several atoms and ions and co
rected the results for the weakly bound system H2 suffi-
ciently such that with our procedure, this anion was found t
be stable, while standard Hartree–Fock calculations predic
it to be unstable.

In this paper, we expand this theory and apply our ap
proach to diatomic molecules. For application of charg
renormalization to molecules, it becomes necessary to a
count for the variation of the correlation energy as a result o
varying the internuclear distance. In the leading order ter
for our correlation energy formulation for molecules, we
need only the partial derivative of the Hartree–Fock energ
6529)/6529/7/$6.00 © 1995 American Institute of Physicst¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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6530 Bleil et al.: Large-D limit for diatomics
with respect to the nuclear charge, which is calculated us
the Hellmann–Feynman theorem. In this way, we assume
renormalization parameterdZ will be a constant with respect
to internuclear distanceR and can be taken from the large-D
limit. This procedure predicts the correlation energy with n
additional cost to the Hartree–Fock calculation.

The outline of this paper shall be as follows: in Sec. I
we will discuss the theory behind using effective nucle
charges for molecules; in Sec. III we discuss the details
our Hartree–Fock calculations; we review in Sec. IV how
calculate the effective nuclear chargedZ` for N-electron at-
oms; these effective nuclear charges are applied to ma
diatomic molecules in Sec. V; in Sec. VI we discuss o
approach to solving fordZ(R); finally, we outline in the
discussion in Sec. VII further plans for correcting the diss
ciation limit based on the work we have done to date.

II. THEORY

Our goal is to find a systematic way to vary the Hartree
Fock parameters which will have the effect of causing th
Hartree–Fock calculation to more accurately predict the e
act values. For molecular systems, we can vary the set of
nuclear charges$Zi% on each atomi and the internuclear
distances$Ri j % between each pair of atomsi and j . We
choose to vary the nuclear charges by the addition of so
small correction term resulting in a renormalized nucle
charges $Zi

R5Zi1dZi% and the internuclear distance
$Ri j

R5Ri j1dRi j %. Expanding the renormalized Hartree–
Fock energy to first order indZ anddR gives

Ecorr~$Ri j %,$Zi%!5(
i

]EHF

]Zi
dZi1(

i, j

]EHF

]Ri j
dRi j ~1!

as our expression for the correlation energy.
To calculate the derivative of the energy with respect

a parameter, sayl, (]E/]l), we will start with the general
matrix equationMC50, where the self-adjoint matrixM is
defined by the Hamiltonian matrixH, and the overlap matrix
S by12

Mmn5Hmn2ESmn , ~2!

]E

]l
5 K ]H

]l
2E

]S

]l L ~3!

for homonuclear diatomic molecules, which is the subject
this paper, forl5R we obtain the virial theorem and for
l5Z we get the Hellmann–Feynman theorem.

Because at the asymptotic limit as well as at exact eq
librium distance,~]EHF/]R!'0, we expect the leading con-
tribution to the correlation energy for diatomic molecules
be

Ecorr~Za ,Zb ,R!'
]EHF

]Za
dZa1

]EHF

]Zb
dZb . ~4!

The increment in the effective nuclear charge,dZ, is taken to
be the large-D limit, dZ` , for each individual atom in the
molecule, which has been determined previously for atom
by matching the large-D limit Hartree–Fock solution with
Z1dZ` with the exact large-D limit solution.10
J. Chem. Phys., Vol. 103, NDownloaded¬30¬Aug¬2002¬to¬128.210.142.96.¬Redistribution¬subjec
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III. HARTREE–FOCK COMPUTATIONS

To calculate the term~]EHF/]Z!, necessary for the cal-
culation of the correlation energy, we used the Hellmann–
Feynman theorem which yields

Ecorr~Rab ,Zi !'2(
a

dZaU
tDT1

ZadZb1ZbdZa
Rab

, ~5!

where thedZ is calculated from the atomic limit and are
given in Table I,Ut is the Hermitian matrix of the electron–
nucleus potential energy term in the Hamiltonian, andDT is
the total electron density matrix.13

The calculation of the correlation energy was done on
modified program by Gomperts and Clementi based on th
algorithm designed by Roothaan and Bagus.14 For the calcu-
lation of the correlation energy, we used the well-tempere
Gaussian-type functions as our basis set based upon t
Roothaan–Hartree–Fock atomic orbital expansion for atom
from helium (Z52) to neon (Z510).15 To compare our
correlation energy with exact results, we calculated al
Møller–Plesset perturbation theories~MP2, MP3, MP4!,
coupled cluster calculations with singles, doules, and triple
terms @CCSD~T!#, and quadratic configuration interaction
theories including triples terms@QCISD~T!# on GAUSSIAN 92

~Ref. 16! with the standard 6-311G* triple zeta basis set.17

IV. N-ELECTRON ATOMS

For N-electron atoms we can obtain the correlation en
ergy exactly from Eq.~5! by neglecting the second term
~nuclear–nuclear energy!. We obtained the expression for
correlation energy

Ecorr~Z!'
]EHF

]Z
dZ. ~6!

Using the Hellmann–Feynmann theorem,

]EHF

]Z
52(

i
K 1r i L

HF

~7!

is just the average electron–nuclear potential energy.

TABLE I. Comparison of the correlation energy from Eq.~6! with the exact
values.

Atom State
2

]EHF

]Z DZ`
a 2E`

corr 2Eexact
corr b % Error

He 1S 3.372 968 0.008 173 0.027 567 0.042 20 34.4
Li 2S 5.715 354 0.007 207 0.041 190 0.045 33 9.1
Bec 1S 8.407 457 0.007 224 0.060 735 0.094 34 35.6
Bc 2P 11.383 529 0.007 552 0.085 968 0.124 85 31.1
Cc 3P 14.694 444 0.007 984 0.117 320 0.156 40 24.9
N 4S 18.341 14 0.008 445 0.154 890 0.188 31 17.7
O 3P 22.265 573 0.008 900 0.198 163 0.257 94 23.1
F 2P 26.525 608 0.009 337 0.247 669 0.324 53 23.6
Ne 1S 31.120 268 0.009 750 0.303 422 0.390 47 22.2

aSee Ref. 10.
bExact values taken from Ref. 18.
cCorrecting these values toECAS to account for the configuration mixing
reduces the error of Be to 20%, B to 4.5%, and C to 14%. See Ref. 10 fo
details.
o. 15, 15 October 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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TABLE II. Comparison of the dimensional renormalization correlation energies at equilibrium distances wit
higher level theories~all energies are in atomic units!.

N Molecule Term Req
a Ecorr b MP2 MP4 QCISD % Errorc

6 BH 1S1 1.232 20.086 03 20.057 39 20.078 96 20.084 33 22.017 51
7 CH 2P 1.210 1 20.117 34 20.080 10 20.103 00 20.107 96 28.688 74
8 NH 3S2 1.038 20.155 09 20.106 34 20.124 12 20.126 97 222.145 11
9 OH 2P 0.971 0 20.197 91 20.156 10 20.169 09 20.172 27 214.880 43
10 HF 1S1 0.916 6 20.248 61 20.213 71 20.217 16 20.220 29 212.855 86
11 LiO 2P 1.58 20.241 20 20.168 88 20.178 11 20.183 20 231.653 69
12 C2

3Pu 1.312 1 20.233 60 20.222 42 20.235 80 20.260 49 10.321 30
13 BO 2S1 1.205 20.284 75 20.256 11 20.258 91 20.271 78 24.772 20
14 CO 1S1 1.128 4 20.315 12 20.306 52 20.314 16 20.325 72 3.253 46
15 NO 2P 1.150 20.351 62 20.336 85 20.345 50 20.360 61 2.492 28
16 O2

3Sg
2 1.207 6 20.395 23 20.368 55 20.371 61 20.383 30 23.113 06

17 OF 2P 1.31 20.445 24 20.364 72 20.377 88 20.390 37 214.056 21
18 F2

1Sg
1 1.45 20.494 61 20.433 43 20.439 97 20.452 56 29.292 29

aIn angstroms, from Ref. 24.
bCalculated from Eq.~4! in the text.
cCompared with the highest level theory@QCISD~T!#.
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Because both the exact and Hartree–Fock energies
all atoms is known analytically in the large-D limit, we can
use this limit to fixdZ systematically,dZ5dZ` . The proce-
dure has been described more thoroughly in our previo
paper.10 These values fordZ` , which we will apply to mol-
ecules, are given in Table I, along with the electronic sta
and percent error when compared with exactly known en
gies.

For atoms with known near degeneracy mixing~beryl-
lium, boron, and carbon!, our Hartree–Fock calculations
were modified to approximate the complete active valen
space multiconfigurational Hartree–Fock energy,ECAS(Z).
Following Davidsonet al.,18 and substitutingECAS(Z) for
EHF(Z) in Eq. ~7!, we arrive at the corrected equation

Ecorr~Z!'
]EHF

]Z
dZ1DB1~N!, ~8!

whereDB1(N) has been tabulated in Ref. 18. For atoms, th
renormalization procedure was shown previously to calcula
the correlation energy with errors of about 20% or less re
tive to the exact atomic correlation energy.

V. DIATOMIC MOLECULES

The correlation energy for molecules will have not onl
a charge dependency, but an internuclear distance dep
dency as well. With the use of Eq.~1!, we assume that the
leading contribution to correlation energy will lie in the
(]EHF/]Z) term because, at largeR as well as at equilib-
rium, (]EHF/]R)'0. dZ is approximated to be a constan
over all values ofR. This allows us to fixdZ from the large
R ~atomic! limit, which we take to be the values fordZ`

derived from the large-D limit. In this publication we are
primarily concerned with correcting the Hartree–Fock theo
near equilibrium. For molecules, then, we will ignore th
term in Eq.~1! which takes into account the change inR, dR,
as a result of using the new renormalized charge.

We have calculated the correlation energy from Eq.~6!
using the large-D limits calculated in our previous paper an
presented in Table I for several diatomic molecules. We ha
J. Chem. Phys., Vol. 103,¬Aug¬2002¬to¬128.210.142.96.¬Redistribution¬subjec
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included for comparison purposes higher level theories@such
as MP2, MP4, and QCISD~T!# as well. All of these results
are summarized in Table II at the equilibrium distance fo
diatomic molecules which have fromN56 to 18 electrons.
As can be seen in this table, we have recovered about 70%
better of the correlation energy for all molecules examined
These results are shown graphically in Fig. 1 as a plot of th
correlation energy as a function of the number of electron
This is an encouraging result, and since this has been do
without modifications todZ as a result of a molecular rather
than atomic environment, we expect this procedure to wo
for all polyatomic heteronuclear and homonuclear molecule
and clusters as well.

FIG. 1. Correlation energy calculated by dimensional renormalization~DR!
and higher level theories@MP2, MP4, and QCISD~T!# as a function of the
number of electrons in the molecule. Molecles representing each number
electrons used to generate this graph are given in Table II, except forN54
~LiH ! andN55 ~BeH!.
No. 15, 15 October 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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6532 Bleil et al.: Large-D limit for diatomics
In Figs. 2–4, we present the energy curves for the hom
nuclear dimersB2(

1Sg
1), C2(

3Sg
1), andF2(

1Sg
1). As can be

seen in these figures, our correlation energy significantly
duces the Hartree–Fock error near equilibrium, making t
Hartree–Fock results comparable with the best high lev

FIG. 2. Potential energy curveE(R) vs the internuclear distanceR in
atomic units for the B2 (

1Sg
1). In the figure, HF refers to the Hartree–Fock

calclation, CCSD~T! refers to the coupled cluster calculation with singles
doubles, and triple terms, QCISD~T! refers to the quadratic configuration
interaction calculation with triples terms, and MP4 refers to the Møller
Plesset perturbation calculation to the fourth order. DR refers to the dim
sional renormalization procedure described in the text to correct
Hartree–Fock energy for correlation energy.

FIG. 3. Potential energy curveE(R) vs the internuclear distanceR in
atomic units for the C2 (

3S). The labeling in the figure is the same as in
Fig. 2.
J. Chem. Phys., Vol. 103,Downloaded¬30¬Aug¬2002¬to¬128.210.142.96.¬Redistribution¬subjec
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theory calculations such as QCISD~T! and CCSD~T!. Be-
cause our values fordZ were taken systematically from the
large-D limit, rather than the largeR dissociation limit, our
energy values tend towards the Hartree–Fock limit. Ho
ever, in the dissociation limit, many of the higher level theo
ries ~such as MP4! diverge. In all graphs, we present th
Hartree–Fock energy curve, MP4, CCSD~T!, and the
QCISD~T! curve as the exact curve, as well as the dime
sional renormalization curve~DR! calculated in the present
work, which is the Hartree–Fock energy as a function
internuclear distanceR plus our correlation energy.

The lithium dimer poses difficulties in the Hartree–Foc
calculation. It has been previously noted that various ele
tronic configurations play different roles depending upon t
internuclear distance separation.19 In particular, at the disso-
ciation limit, two electronic configurations~1sg

21su
22sg

2 and
1sg

21su
22su

2! are significant with equal but opposite coeffi
cients. Because of this difficulty at largeR, our charge renor-
malization procedure cannot be expected to be as accurat
with other molecules. We found that using the large-D limit
for dZ resulted in unusually large errors. We have the opti
of taking a value fordZ from smallR ~0.5 Å, dZ50.0023!,
which we have found reduces the error of our calculat
correlation energy when compared with exact correlation e
ergy taken from QCISD~T! calculations to about 12% at
equilibrium distances.

VI. dZ(R) AT THE LARGE-D REGIME

The bulk of this work has been based upon our ability
solve for the charge renormalization parameterdZ in the
large-D limit for atoms. To solve fordZ as a function ofR,
dZ(R), it becomes necessary to be able to solve the largeD
limit for molecules. Although this becomes a classical pro

,

–
n-
he

FIG. 4. Potenital energy curveE(R) vs the internuclear distanceR in
atomic units for the F2 (

1Sg
1). The labeling in the figure is the same as in

Fig. 2.
No. 15, 15 October 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp



6533Bleil et al.: Large-D limit for diatomics
lem in the large-D limit, the large-D solution has been
solved to date only for few electron molecular systems.21 For
our N-particle Coulombic system with arbitrary masse
$mi%, and charges,$Zi%, the effective potential forS states at
the large-D limit has the form,22

Veff5(
i51

N F G i

2mir iG
1 (

j5 i11

N
ZiZj

~r i
21r j

222r i r jg i j !
1/2G , ~9!

where the geometry of the system is defined by the radii$r i%
e

o

n

J. Chem. Phys., Vol. 103,Downloaded¬30¬Aug¬2002¬to¬128.210.142.96.¬Redistribution¬subje
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and the cosines of the interparticle angles,$g i j %. Here,G is
the Gramian determinantur i•r j u5ug i j u for all N-particle, and
G i is the Gramian determinant for all but thei th particle.11

For D→`, the ground-state energy becomes a problem of
finding the global minimum of this effective potential.

Following Tan and Loeser,21 for the four electron di-
atomic molecule, the effective potential in the large-D limit
usingD-dimensional cylindrical coordinates has form
Veff5(
i51

4 H G i

2r iG
2ZF 1

Ar i
21S zi1 1

2
RD 2 1

1

Ar i
21S zi2 1

2
RD 2G1 (

j5 i11

4
1

@r i
21r j

222r ir jg i j1~zi2zj !
2#1/2J 1

Z2

R
,

~10!
w

at

ys-

e
f
e
h

-

where the two nuclei are located on thez-axis at2(R/2)
and1(R/2), with equal charges,Z. The i th electron is lo-
cated at$r i ,zi% and g i j is the cosine of the dihedral angl
defined by the two electrons and thez-axis.

We begin by minimizing this potential with respect t
$r i ,zi ,g i j % to determine the exact energy at the large-D
limit. Then, by setting$g i j50.%, we solve for$r i ,zi% to find
the Hartree–Fock energy. As we have done previously,
then varieddZ for a given value ofR until the large-D
Hartree–Fock energy equaled the exact energy,

E`
exact~R,Z!5E`

HF~R,Z1dZ`!. ~11!

Solving Eq.~11! for all R, we finddZ`(R). We show in Fig.
5 the value ofdZ` as a function ofR. For comparison, we

FIG. 5. Comparison ofdZ` anddZ3 as a function of internuclear separatio
distanceR for the helium dimer.
c

e

have includeddZ3 , which is the value fordZ which makes
the results exact in three dimensions. This figure shows th
this procedure for calculatingdZ(R) produces a curve in
qualititive agreement with the values found by usingdZ(R)
as an arbitrarily adjustable parameter, but does so in a s
tematic and self-consistent way. UsingdZ` as a function of
R in a standard HF calculation results in an energy curv
with a clear minimum at about 6.0 a.u. and well depth o
27.88 cm21, as shown in Fig. 6, while exact results hav
shown a minimum in this curve at 5.73 a.u. with well dept
27.428 cm21.23

VII. DISCUSSION

Our zeroth order approximation, thatdZ is independent
of the internuclear separation distanceR, does lead to some

FIG. 6. Interaction potential for the helium dimer calculated from dimen
sional renormalization usingdZ`(R) as a function of internuclear
distanceR.
No. 15, 15 October 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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6534 Bleil et al.: Large-D limit for diatomics
structure of the correlation energy calculated by dimensio
renormalization, as shown in Fig. 7. Here, we show that
C2(

3Sg
1), the dimensional renormalization correlation e

ergy behaves qualitatively in the same way that the ex
correlation energy behaves@calculated from QCISD~T!#.
Comparison of the two scales presented in this figure, h
ever, demonstrates that the curvature of the DR correla
energy as a function ofR is significantly less than that for th
QCISD~T! correlation energy, especially near the dissoc
tion limit.

Previous research utilizing a scaled Hartree–Fock op
tor has been used to define new orbitals to correct for
correlation energy of atoms and some molecules.20 This
method utilizes one adjustable parameter which is fixed s
that the second-order Rayleigh–Schro¨dinger perturbation
theory for the ground state vanishes, showing improved
sults over the original Hartree–Fock method. Although t
approach was successful for the excited states of H2 mol-
ecule, the computational cost is the same as for MP2.20

One possible approach to correct the DR Correlation
ergy as the dissociation limit is to use the unrestric
Hartree–Fock method~UHF! instead of the restricted HF
method~RHF!. We have tried this approach for theN2(

1Eg
1)

molecules, the results of which are given in Fig. 8. Here,
show that our correlation energy behaves in a qualitativ
similar way as the correlation energy calculated from hig
level theories up to the dissociation limit. Because our zer
order approximation to the correlation energy shows o
small fluctuations as a function ofR, the dissociation limit
correlation energy is very much a function of the behavior
the Hartree–Fock dissociation limit as demonstrated by
example. Although the use of UHF may be one approach
solving this problem, it would be best if we could find a
other approach to solving the large-R correlation energy

FIG. 7. Comparison of correlation energy as calculated by dimensi
renormalization~DR! and QCISD~T! as a function of internuclear separatio
distanceR for C2 (

3Sg
1).
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based upon the renormalization procedure for solving t
correlation energy at equilibrium. The approach under deve
opment is based upon the results discussed in Sec. VI of t
paper.

Because we had to take no special account for the fa
that we were dealing with molecules rather than atoms, w
have high expectations that this procedure should work w
for polyatomic molecules as well as it has for diatomic mo
ecules. The preliminary results of the helium dimer, using th
charge renormalization as a function ofR, demonstrate a
promising future for using a similar approach for correctin
the correlation energy at the dissociation limit.
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