Charge renormalization at the large- D limit for diatomic molecules
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The charge renormalization procedure for the calculation of the correlation energy of atoms utilizing
the analytically known larg® limit solutions for the exact and Hartree—Fock equations is extended
to diatomic molecules. This procedure is based on the variation of the nuclear cHarged
internuclear distancdy, of the Hartree—Fock Hamiltonian such that the Hartree—Fock energy will
be significantly closer to the exact energy. We calculate to first ordéZ ithe leading contribution

to the correlation energy by changing the nuclear charge to some renormalized nuclear
charge, ZR—Z7,+6Z,. To first order in 6Z, this leads to an approximate expression,
E®(Z,,Z,,R)=(0E™/92,) 6Z,+ (dE™FI92,) 624, , for the correlation energy based on the charge
renormalization paramete®Z, which is fixed systematically from the lardgzimit. The theory is
applied to diatomic molecules. Near the equilibrium, we are predicting the correlation energy
typically with 80% or greater accuracy in a completely self-consistent and systematic way with no
additional cost to the Hartree—Fock calculation. An improved approach to estimating the correlation
energy for allR is outlined. © 1995 American Institute of Physics.

I. INTRODUCTION cessful in the treatment of the ground state and electronic
properties, such as ionization potential and electron affinities,
At present, the major approach for quantitative calculafor N-electron atomé® The previous procedure differs from
tions of many electron systems remains the Hartree—Focke approach taken in this publication in that the charge
self-consistent field approximatidnHartree—Fock calcula- renormalization has been utilized to equate the Hartree—Fock
tions usually give good total energies for most atoms anenergy in three dimensions to the lafeHartree—Fock en-
molecular systems. However, the remaining error relative t@rgy. This renormalized charge was then substituted into the
the exact total energy, the correlation energy, is very importargeD limit for the exact energy, from which the three di-
tant in atoms, and the effects of the correlation energy arenensional energy was approximatedn the present ap-
even more dramatic in molecules, because this energy is gfroach, we renormalized the charge such that the Hartree—
the same order as a chemical bond. Fock energy equals the exact energy in the ldbglamit. We
For bound molecular systems, the Hartree—Fock methothen use this larg® limit charge renormalization to correct
accurately predicts the geometry of the minimum energythe Hartree—Fock energy in three dimensions.
structure. For open shell and weakly bound systems, the In a recent publicatiot’ we have shown a means for
Hartree—Fock method often fails to give the correct dissociapredicting the correlation energy for atoms by using the large
tion limit.? For van der Waal’s systems, such as the rare gadimensional limit results. Because the Hartree—Fock method
clusters and van der Waal’'s complexes, the Hartree—Fociverages over the electron—electron interaction term, we as-
method fails to predict a minimurh. sumed that we could correct for correlation energy by com-
Because of these difficulties, much work has been dongensating this for change by finding an effective nuclear
to improve the accuracy of these self-consistent field calcueharge,ZR=Z+ 5Z. To avoid makingsZ an arbitrarily ad-
lations by the inclusion of perturbation theds in the MP2  justable parameter, we took advantage of the fact that both
and MP4 theories and higher order theories, such as con-the Hartree—Fock and exact Sctimger equations have
figuration interactior(Cl), coupled cluster theorfCC),* and  been solved analytically in the lardg-limit.}* By utilizing
density functional theoryDFT).> These methods signifi- these analytical solutions, we could find a renormalized
cantly improve the Hartree—Fock energy, however, they arehargeZ+ 6Z,,, which corrects for the correlation energy in
much more computationally expensive. The formal cost otthe largeb limit. This procedure recovered more than 80%
high levelab initio methods scales at least[ds, whereN is  of the correlation energy for several atoms and ions and cor-
the number of atomic orbital basis functions, making thenmrected the results for the weakly bound system suffi-
impractical for large molecular systems. Because of the exeiently such that with our procedure, this anion was found to
treme cost of the traditional correlated electronic structurébe stable, while standard Hartree—Fock calculations predicts
methods for large systems, there is a growing effort to intro4t to be unstable.
duce new electronic structure methods to meet the objective In this paper, we expand this theory and apply our ap-
of accounting for the correlation energy with minimal addi- proach to diatomic molecules. For application of charge
tional coast relative to Hartree—Fock calculations. renormalization to molecules, it becomes necessary to ac-
Dimensional scaling offers an effective means to treatount for the variation of the correlation energy as a result of
many-body problems involving nonseparable interactions of/arying the internuclear distance. In the leading order term
strongly correlated particlésThe dimensional renormaliza- for our correlation energy formulation for molecules, we
tion approach utilized in the past has proven to be very sucreed only the partial derivative of the Hartree—Fock energy
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with respect to the nuclear charge, which is calculated usingaBLE I. Comparison of the correlation energy from E6) with the exact
the Hellmann—Feynman theorem. In this way, we assume thelues.
renormalization paramet@Z will be a constant with respect

to internuclear distanc® and can be taken from the lardpe- _ &

limit. This procedure predicts the correlation energy with noAtem State 9z AZL  CEXT —EGas % Emor

additional cost to the Hartree—Fock calculation. He 1S  3.372968 0.008173 0.027567 0.04220 34.4
The outline of this paper shall be as follows: in Sec. Il, Li ’s 5715354 0.007207 0.041190 0.04533 9.1

we will discuss the theory behind using effective nuclear B€ 'S~ 8407457 0007224 0060735 009434 356
charges for molecules; in Sec. Il we discuss the details of gc SE ﬁ::gi 451421?1 8:88; ggi 8'.(1)23 gg’g 8:122 2(5) 21:;
our Hartree—Fock Calculations; we review in Sec. IV how to N 45 1834114 0.008445 0.154890 0.18831 17.7
calculate the effective nuclear chargg,, for N-electron at- o} 3p 22265573 0.008900 0.198163 0.25794  23.1
oms; these effective nuclear charges are applied to manyF P 26.525608 0.009337 0.247669 0.32453 236
diatomic molecules in Sec. V: in Sec. VI we discuss our N 'S 31120268 0009750 0303422 039047 222
approach to solving foZ(R); finally, we outline in the agog Rer. 10.

discussion in Sec. VII further plans for correcting the disso-Exact values taken from Ref. 18.

ciation limit based on the work we have done to date. ‘Correcting these values &S to account for the configuration mixing
reduces the error of Be to 20%, B to 4.5%, and C to 14%. See Ref. 10 for
details.

Il. THEORY

Our goal is to find a systematic way to vary the Hartree—lll. HARTREE—FOCK COMPUTATIONS
Fock parameters wh|c_h will have the effect of causing the To calculate the termdE"¥/92), necessary for the cal-
Hartree—Fock calculation to more accurately predict the ex- . .

culation of the correlation energy, we used the Hellmann—
act values. For molecular systems, we can vary the set of th'g . .

. . eynman theorem which yields

nuclear charge$Z;} on each atomi and the internuclear
distances{R;;} between each pair of atomisand j. We corr . 2,62+ 2,62,
choose to vary the nuclear charges by the addition of somE  (Rab,Zi)~ _g 6ZU'Dr+ Rap ’
small correction term resulting in a renormalized nuclear ) o
charges {ZR=7,+ 62} and the internuclear distances where thedZ is calculated from the atomic limit and are

{RiFj?: R;j+ 6R;;}. Expanding the renormalized Hartree— given in Table 1,U' is the Hermitian matrix of the electron—

®

Fock energy to first order i6Z and R gives nucleus potential energy term in the Hamiltonian, &ndis
JEHF JEFF the total electron density matrix.
_ The calculation of the correlation energy was done on a
E"{Ri},{Zi}) = —— 0Z;+ —— OR;; 1 e .
Ry} A2:) Z 74 ' 2 IR; i@ modified program by Gomperts and Clementi based on the

algorithm designed by Roothaan and Badftior the calcu-

as our expression for the correlation energy. lation of the correlation energy, we used the well-tempered
To calculate the derivative of the energy with respect to oy, P

a parameter, say, (JdE/JN), we will start with the general Gaussian-type functions as our ba_S'S set ba_s,ed upon the
. . - - o Roothaan—Hartree—Fock atomic orbital expansion for atoms
matrix equatiorM C=0, where the self-adjoint matrid is

H 15

defined by the Hamiltonian matrid, and the overlap matrix from hghum €=2) tq neon g=10)." To compare our
S by'2 correlation energy with _exact resylts, we calculated all

Mgller—Plesset perturbation theoriéMP2, MP3, MP4,
M,,=H,,—ES,,, (2 coupled cluster calculations with singles, doules, and triples
JE Py S terms [CCSOT)], and quadratic configuration interaction
. <__ E _> 3) theories including triples ternfQCISD(T)] on GAUSSIAN 92
N\ IN I (Ref. 16 with the standard 6-31TGtriple zeta basis séf.

for homonuclear diatomic molecules, which is the subject of
this paper, forn=R we obtain the virial theorem and for v N-ELECTRON ATOMS
A =Z we get the Hellmann—Feynman theorem.

Because at the asymptotic limit as well as at exact equi- For N-electron atoms we can obt_ain the correlation en-
librium distance (’E"/9R)~0, we expect the leading con- €rgy exactly from Eq.(5) by neglecting the second term
tribution to the correlation energy for diatomic molecules to(nuclear—nuclear energyWe obtained the expression for

be correlation energy
E™ oE™ geonz)~ 5 57 6

Ecorr(Za,Zb,R)~a—Za O0Z,+ &_Zb 0Ly, 4 (2)~ 9z : ©®
The increment in the effective nuclear chargg, is taken to ~ Using the Hellmann—Feynmann theorem,
be the larged limit, 6Z,,, for each individual atom in the JEHF 1\ HF
molecule, which has been determined previously for atoms 0z <r_> (7
by matching the larg® limit Hartree—Fock solution with ' :
Z+ 87, with the exact largdd limit solution® is just the average electron—nuclear potential energy.
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TABLE II. Comparison of the dimensional renormalization correlation energies at equilibrium distances with
higher level theoriesall energies are in atomic unijts

N Molecule Term R} Ecor® MP2 MP4 QCISD % Errdt
6 BH 'St 1232 008603 -005739 -0.07896 -0.08433 -2.01751
7 CH 1 12101 -0.11734 -0.08010 -0.10300 -0.10796 —8.68874
8 NH 57 1038 -015509 -0.10634 -0.12412 -0.12697 -2214511
9 OH a1 09710 -0.19791 -0.15610 -0.16909 ~—0.17227 ~—14.88043
10 HF St 09166 -024861 -021371 -021716 -0.22029 -12.85586
11 Lio 1 158  -024120 -0.16888 -0.17811 -0.18320 -31.65369
12 G M, 13121 -023360 -022242 -0.23580 -0.26049  10.32130
13 BO 2% 1205 -028475 -025611 -0.25891 -0.27178 —4.77220
14 co  '3* 11284 -031512 -030652 -031416 -0.32572 3.25346
15 NO 1 1150 -0.35162 -0.33685 —0.34550 ~—0.36061 249228
16 0, °s, 12076 -039523 -0.36855 -0.37161 -0.38330 —3.11306
17 OF 1 131 044524 -0.36472 -037788 -0.39037 -14.05621
18 R '3, 145 049461 -043343 -043997 -045256 —9.29229

4n angstroms, from Ref. 24.
bCalculated from Eq(4) in the text.
‘Compared with the highest level thed@CISI(T)].

Because both the exact and Hartree—Fock energies fancluded for comparison purposes higher level thedisesh
all atoms is known analytically in the lardge-limit, we can as MP2, MP4, and QCISD)] as well. All of these results
use this limit to fix6Z systematicallydZ= 6Z,,. The proce- are summarized in Table Il at the equilibrium distance for
dure has been described more thoroughly in our previoudiatomic molecules which have frold=6 to 18 electrons.
papert® These values fosZ.. , which we will apply to mol-  As can be seen in this table, we have recovered about 70% or
ecules, are given in Table |, along with the electronic statébetter of the correlation energy for all molecules examined.
and percent error when compared with exactly known enerThese results are shown graphically in Fig. 1 as a plot of the
gies. correlation energy as a function of the number of electrons.

For atoms with known near degeneracy mixifigeryl-  This is an encouraging result, and since this has been done
lium, boron, and carbgn our Hartree—Fock calculations without modifications ta5Z as a result of a molecular rather
were modified to approximate the complete active valencgéhan atomic environment, we expect this procedure to work
space multiconfigurational Hartree—Fock energ§y/*S(Z). for all polyatomic heteronuclear and homonuclear molecules
Following Davidsonet al,'® and substitutinge“*5(Z) for  and clusters as well.
EMF(Z) in Eq. (7), we arrive at the corrected equation

HF
a9z

whereAB;(N) has been tabulated in Ref. 18. For atoms, this
renormalization procedure was shown previously to calculate
the correlation energy with errors of about 20% or less rela-
tive to the exact atomic correlation energy.

ECON(Z)~ 5Z+AB(N), ®)

V. DIATOMIC MOLECULES

The correlation energy for molecules will have not only
a charge dependency, but an internuclear distance depen-
dency as well. With the use of E¢l), we assume that the
leading contribution to correlation energy will lie in the
(9EH5Z) term because, at large as well as at equilib-
rium, (JE™F/9R)~0. 6Z is approximated to be a constant
over all values oR. This allows us to fix5Z from the large
R (atomig limit, which we take to be the values fa¥Z.,
derived from the larg® limit. In this publication we are
primarily concerned with correcting the Hartree—Fock theory

near equilibrium. For molecules, then, we will ignore the N
term in Eq.(1) which takes into account the changeRnsR,
as a result of using the new renormalized charge. FIG. 1. Correlation energy calculated by dimensional renormaliz&bét)

We have calculated the correlation energy from EEq and higher level theoriggMP2, MP4, and QCISDI)] as a function of the
’ number of electrons in the molecule. Molecles representing each number of

using the |?-rg€D limits calculated _in our previous paper and gjectrons used to generate this graph are given in Table II, except-far
presented in Table | for several diatomic molecules. We haveéLiH) andN=5 (BeH).
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FIG. 2. Potential energy curvE(R) vs the internuclear distanc® in FIG. 4. Potenital energy curv&(R) vs the internuclear distanck in

atomic units for the 5(125). In the figure, HF refers to the Hartree—Fock atomic units for the E(lzg). The labeling in the figure is the same as in
calclation, CCSIDT) refers to the coupled cluster calculation with singles, Fig. 2.

doubles, and triple terms, QCI$D refers to the quadratic configuration

interaction calculation with triples terms, and MP4 refers to the Mgller—

Plesset perturbation calculation to the fourth order. DR refers to the dimen- .
sional renormalization procedure described in the text to correct théheory calculations such as QCISD and C_CSB?T)- Be-
Hartree—Fock energy for correlation energy. cause our values fofZ were taken systematically from the

largeD limit, rather than the larg® dissociation limit, our
) energy values tend towards the Hartree—Fock limit. How-
In Figs. 2-4, "1"9 present the energy clurves for the homogyer, in the dissociation limit, many of the higher level theo-
nuclear dimer8,(*34), C,(*3g), andF,(*Sg). Ascanbe yigg (such as MP%diverge. In all graphs, we present the
seen in these figures, our correlation energy significantly reg5rtree—Fock energy curve, MP4, CCSD and the
duces the Hartree—Fock error near equilibrium, making thQ)CISD(T) curve as the exact curve, as well as the dimen-
Hartree—Fock results comparable with the best high levejonal renormalization curvéDR) calculated in the present
work, which is the Hartree—Fock energy as a function of
internuclear distancR plus our correlation energy.
E - w The lithium dimer poses difficulties in the Hartree—Fock
i 0,‘ C2(3Z§) calculation. It has been previously noted that various elec-
ER tronic configurations play different roles depending upon the

Y _0.@'@ internuclear distance separatibhin particular, at the disso-

T Ry HE oo 1 ciation limit, two electronic configurationd oglo;20g and
Y e logloi20?) are significant with equal but opposite coeffi-
4 % 6-g-6°% QCISD(T) cients. Because of this difficulty at large our charge renor-
ER) i e malization procedure cannot be expected to be as accurate as
5,50 % CCSDT(T) '..f_.w‘" ] with other molecules. We found that using the la@ydimit
1“ :'."'""'.";)R for 6Z resulted in unusually large errors. We have the option

‘ S of taking a value fosZ from smallR (0.5 A, 62=0.0023,

| ;z!f | which we have found reduces the error of our calculated
7590 + !ﬂ! ’ correlation energy when compared with exact correlation en-

Mp4 | ergy taken from QCIS[IY) calculations to about 12% at
B equilibrium distances.
A
7590 e 3
15 ) 25 3 35 VI. 6Z(R) AT THE LARGE- D REGIME
R The bulk of this work has been based upon our ability to

solve for the charge renormalization paramef&r in the
FIG. 3. Potential energy curv&(R) vs the internuclear distanck in IargeD .“mlt for atoms. To solve foriZ as a function oR,
atomic units for the §(°3). The labeling in the figure is the same as in §Z(R)1 it becomes necessary t(? be able to solve the |Brge-
Fig. 2. limit for molecules. Although this becomes a classical prob-
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lem in the larged limit, the largeb solution has been and the cosines of the interparticle anglgg, }. Here,T' is

solved to date only for few electron molecular systéfsor

the Gramian determinai; - r;|=| ;| for all N-particle, and

our N-particle Coulombic system with arbitrary masses,I' is the Gramian determinant for all but thth particle!*

{m;}, and charged,Z;}, the effective potential foB states at

the largeD limit has the forn??

N

Ver= 2

where the geometry of the system is defined by the fadii

N

2.z,

For D—o, the ground-state energy becomes a problem of

finding the global minimum of this effective potential.

—t
Sr(2minl Sty (rfr=2nryt?

C)

4 ; 4
I 1 1
:izl 2PiF_Z 1 2+ 5 1 +j=i2+1 [Pi2+Pj2_
pI Z+§R pi t Zi_ER

where the two nuclei are located on theaxis at —(R/2)
and + (R/2), with equal charges/. Theith electron is lo-

1

Following Tan and Loesét, for the four electron di-
atomic molecule, the effective potential in the lai@dimit
using D-dimensional cylindrical coordinates has form

ZZ

+_1
2pipjyii+(zi— 7)1 R

(10

have includedsZ;, which is the value foisZ which makes
the results exact in three dimensions. This figure shows that

cated at{p;,z} and y;; is the cosine of the dihedral angle this procedure for calculatingZ(R) produces a curve in

qualititive agreement with the values found by usisigy R)
We begin by minimizing this potential with respect to as an arbitrarily adjustable parameter, but does so in a sys-

{pi 2z, vj} to determine the exact energy at the lae- tematic and self-consistent way. Usiag.. as a function of

defined by the two electrons and thexis.

limit. Then, by setting y;;=0.}, we solve for{p; ,z} to find

R in a standard HF calculation results in an energy curve

the Hartree—Fock energy. As we have done previously, wevith a clear minimum at about 6.0 a.u. and well depth of

then varied6Z for a given value ofR until the largeb

Hartree—Fock energy equaled the exact energy,
E¥YR,2)=ER(R,Z+ 5Z.,).

Solving Eq.(11) for all R, we find §Z..(R). We show in Fig.
5 the value oféZ,, as a function ofR. For comparison, we

0.018 — — —— 0.00835 410°
II He .5
0007 | 2 310
v
' ! 1 ~ -5
we| | 0.00830 . 210
b S 110t
Ly i g
Lo 100085 07 g o'y
gt L I
Vo ~ 110°f
: 5Z3\. s o)
YIRS
= 'l7l .., 10,0020 NPT
"8,
I A Y- "
001 \-II M- - 310°
0011 bt : ' ‘ 0.00815 410°
/A T T R S S |
R

distanceR for the helium dimer.

—7.88 cm’!, as shown in Fig. 6, while exact results have

shown a minimum in this curve at 5.73 a.u. with well depth

(11)

—7.428 cm?t1?®

VII. DISCUSSION

Our zeroth order approximation, tha¥ is independent

of the internuclear separation distariRedoes lead to some

iDR

; ‘

FIG. 6. Interaction potential for the helium dimer calculated from dimen-
FIG. 5. Comparison 08Z., and 6Z5 as a function of internuclear separation sional renormalization usingéZ.(R) as a function of internuclear

distanceR.

Downloaded-30-Aug-2002-t0-128.210.143 9GNRRMSu¥AL L AFe NOtoL o 5 REIRer 988y right, ~see—http://ojps.aip.org/icpoljcper.jsp



6534 Bleil et al.: Large-D limit for diatomics

0230 —— —— SN 020 ——————— —
ey .y, N(TD
424 ¥ .
B +0.30 ‘..."; 'y
015 'kt "
A2 | Y
- & b 0407 ‘\;i * UDR
g V8 N YN L]
) CISH(T) o :
g Y 1, 0 AE Y
0240 : J 8 -0.50 R
H B r - I}“
; & 45 8 R
a0 : { o = LS
'y R o 2 -0.60 T
A4 | g ‘..". 7 H .:..\"o
oy 140~ | MRS |
A 0.70 ! QCISD(T)
0246 | DR igqatye '-. }
Yoo . . i CCSD(T)
.0'248 Il PRSP S S T N Y L L 1 L L n <. 0. b 1 Il |
0 0.4 0.8 12 14 2 1 2 3 4 5
R R

FIG. 7. Comparison of correlation energy as calculated by dimensionak|G. 8. Correlation energy calculated by dimensional renormalization based

renormalization(DR) and QCISIVT) as a function of internuclear separation on unrestricted Hartree—Fock calculatiddDR) and higher level theories

distanceR for C, (325). [MP4, CCSDT), and QCISDT)] as a function of the number of internu-
clear separatioR for N, (!3;).

structure of the correlation energy calculated by dimensional o )
renormalization, as shown in Fig. 7. Here, we show that fo?ased upon the renormalization procedure for solving the

Cy(3%), the dimensional renormalization correlation en-correlation energy at equilibrium. The approach under devel-

ergy behaves qualitatively in the same way that the exacdpment is based upon the results discussed in Sec. VI of this

correlation energy behavegalculated from QCISDr)].  Paper.

Comparison of the two scales presented in this figure, how- Because we had to take no special account for the fact

ever, demonstrates that the curvature of the DR correlatiofat we were dealing with molecules rather than atoms, we

energy as a function @& is significantly less than that for the Nhave high expectations that this procedure should work well

QCISID(T) correlation energy, especially near the dissociafor polyatomic molecules as well as it has for diatomic mol-

tion limit. ecules. The preliminary results of the helium dimer, using the
Previous research utilizing a scaled Hartree—Fock operszharge renormalization as a function Bf demonstrate a

tor has been used to define new orbitals to correct for th@romising future for using a similar approach for correcting

correlation energy of atoms and some molec@eZhis the correlation energy at the dissociation limit.

method utilizes one adjustable parameter which is fixed such

that the second-order Rayleigh—Satirger perturbation ACKNOWLEDGMENTS
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