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Time evolution of a single spin inhomogeneously coupled
to an interacting spin environment
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We study the time evolution of a single spin coupled by exchange interaction to an environment of
interacting spin bath modeled by the XY Hamiltonian. By evaluating the spin correlator of the single
spin, we observed that the decay rate of the spin oscillations strongly depends on the relative
magnitude of the exchange coupling between the single spin and its nearest neighbor J� and
coupling among the spins in the environment J. The decoherence time varies significantly based on
the relative coupling magnitudes of J and J�. The decay rate law has a Gaussian profile when the
two exchange couplings are of the same order J��J but converts to exponential and then a power
law as we move to the regimes of J��J and J��J. We also show that the spin oscillations
propagate from the single spin to the environmental spins with a certain speed. The effect of varying
the anisotropic parameter, external magnetic field, and temperature on the decaying rate of the spin
state is also discussed. © 2006 American Institute of Physics. �DOI: 10.1063/1.2192778�
I. INTRODUCTION

As classical computers are approaching their limits in
terms of size and capabilities soon, there has been increasing
demand on developing new powerful computing systems that
would fullfill the expected gap. This demand leads to the
birth of the new paradigm of quantum computing and
quantum information processing.1–4 Different experimental
systems have been proposed over the last few years as reli-
able candidates for implementing quantum computing
algorithms.5–12

In particular, there has been a special interest in solid
state systems as they facilitate the fabrication of large inte-
grated networks that would be able to implement realistic
quantum computing algorithms on a large scale. On the other
hand, the strong coupling between a solid state system and
its complex environment makes it a significantly challenging
mission to achieve the high coherence control required to
manipulate the system. Decoherence is considered as one of
the main obstacles toward realizing an effective quantum
computing system.13–16 The main effect of decoherence is to
randomize the relative phases of the possible states of the
isolated system as a result of coupling to the environment.
By randomizing the relative phases, the system loses all
quantum interference effects and may end up behaving clas-
sically.

In recent years, there has been an increasing focus on the
spin dynamics of electrons in semiconductor structures as a
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result of the shift in interest from the charge degree of free-
dom of the electron to the spin one, which led to the new
emerging field of spintronics �spin-based electronics�.17 Add-
ing the spin degree of freedom to conventional charge-based
systems or even replacing it entirely results in significant
advantages. In quantum information and quantum computing
fields there have been proposals for using the electron spin S
itself as the qubit �the basic unit of quantum information in
the quantum computer� or as an intrinsic components of
qubit gates specially in semiconductor quantum dots.18,19

This is in contrast to previous proposals based on the charge
�orbital� degrees of freedom for constructing the qubit,20

which has much shorter decoherence time �nanoseconds�
compared to the spin one �microseconds�. As a system of
special interest, there has been great efforts to study the
mechanism of electron phase decoherence and determine the
time scale for such process �the decoherence time� in solid
state quantum dots both theoretically21–24 and
experimentally.25–29 The main source of electron spin deco-
herence in a quantum dot is the inhomogeneous hyperfine
coupling between the electron spin and the nuclear spins.
The interaction has a Gaussian decay profile over the quan-
tum dot. The mutual interaction among the nuclear spins, due
to direct dipole interaction, is ignored in most of theoretical
works because it is orders of magnitude weaker than the
hyperfine one and because of the complexity that it may add
to the problem.30 In fact, the exponential size of the Hilbert
space in such solid state systems and the different types of
possible decoherence channels make it eventually impossible
to have an exact analysis of the decoherence mechanism or

to obtain an estimate for the relaxation time taking these
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effects into account. Therefore it becomes a necessity to im-
pose different approximations in order to tackle the problem.

The longitudinal T1 and transverse T2 relaxation times
are very important quantities in NMR experiments.31,32 T1 is
considered as the characteristic time for recovery of the mag-
netization along the static field to its thermal equilibrium
value. Modeling the revolution of spin in the magnetic field
direction will help us understand this process and provide us
insight to increase the relaxation time. Motivated by these
developments and facts, in this paper we investigate the dy-
namics of a single spin S that is coupled inhomogeneously to
an interacting environment of spin bath. The single spin,
which is considered as the quantum system of interest, is
centered in a one-dimensional spin chain. It is coupled to its
nearest neighbor spins through exchange interaction while its
nearest neighbors are in turn coupled to their nearest neigh-
bors through exchange interaction as well and so on. We
made the relative magnitudes of the coupling of the single
spin to its nearest neighbors and the coupling among the
other spins �constituting the environment� a varying param-
eter. In addition, we consider anisotropic coupling and study
the time evolution of the centered spin at different strengths
of that anisotropy. The composite system �single spin and the
environment� is coupled to a transverse external magnetic
field. The centered single spin can be considered as directly
coupled to its nearest neighbors but indirectly to all other
spins in the environment, through its nearest neighbors, in a
way that the coupling is weakened as it propagates along the
chain. Though this investigation is of fundamental interest in
its own right, it also bears strong resemblance to and can
give good insight about real systems of interest such as the
single electron spin coupled to nuclei in a quantum dot33 and
other localized impurities in host materials, for instance, an
electron bounded to a phosphorous atom inserted as an im-
purity into a silicon matrix34 or Si in a GaAs or Ge matrix.

In our results, we observe a decay in the centered single
spin state, represented by a spin correlator, as a function of
time. The spin exhibits an oscillatory motion with an overall
decaying behavior. An interesting observation is that the de-
cay rate of the spin oscillations strongly depends on the rela-
tive magnitude of the exchange coupling between the single
spin and its nearest neighbors and the coupling among the
spins in the environment. It is largest when the two exchange
couplings are of the same order while it decreases when ei-
ther of them is larger than the other. We also observe that the
decay rate law shows different profiles in different regimes
of relative coupling magnitudes. This means that the deco-
herence time varies significantly based on the relative cou-
pling magnitudes. By comparing to the spin oscillation of
environmental spin without introducing single spin, we
found the spin coherence propagates from the single spin to
the environmental spin with certain speed. Also the aniso-
tropic parameter plays an important role in the decaying rate
of the spin state, where steeper decaying rate is obtained as
the strength of anisotropy is reduced reaching maximum
value for complete isotropic coupling.

This paper is organized as follows. In Sec. II we briefly
describe the details of our model and the calculations of the

spin correlator. In Sec. III we present our numerical results
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stressing on the role that the different parameters of the prob-
lem play in determining the spin decay rate. We close with
our conclusions in Sec. IV.

II. MODEL AND CALCULATIONS

In this section, we briefly present our model and the
numerical calculations. We consider a single spin centered in
a one-dimensional XY type spin chain in an external trans-
verse magnetic field. The Hamiltonian for such system is
given by35,36

H = −
1 + �

2 �
i=1

N

Ji,i+1�i
x�i+1

x −
1 − �

2 �
i=1

N

Ji,i+1�i
y�i+1

y

− �
i=1

N

hi�i
z, �1�

where Ji,i+1 is the exchange interaction between sites i and
i+1, hi is the strength of the external magnetic field on site i,
�a are the Pauli matrices �a=x ,y ,z�, � is the degree of an-
isotropy, and N is the number of sites.

We consider the centered spin on the lth site as the single
spin quantum system and the rest of the chain as its environ-
ment, where in this case l= �N+1� /2. The single spin directly
interacts with its nearest neighbor spins through exchange
interaction Jl−1,l=Jl,l+1=J�.

We assume that exchange interactions between spins in
the environment are uniform, and simply set it as J=1. The
centered spin is considered as inhomogeneously coupled to
all the spins in the environment by being directly coupled to
its nearest neighbors and indirectly to all other spins in the
chain through its nearest neighbors. The coupling is weak-
ened as it propagates through the chain. We assume periodic
boundary conditions, so that

�N+1
x = �1

x, �N+1
y = �1

y, �N+1
z = �1

z . �2�

We apply the standard procedures to solve the Hamil-
tonian �Eq. �1�� by transforming the spin operators into fer-
mionic operators.36,37 We first perform the transformation

ai
+ =

1

2
��i

x + i�i
y�, ai

− =
1

2
��i

x − i�i
y� . �3�

Then, we introduce Fermi operators ci, and ci
+, defined by

ai
− = exp�− �i�

j=1

i−1

cj
+cj�ci, ai

+ = ci
+ exp��i�

j=1

i−1

cj
+cj� ,

�4�

so that the Hamiltonian assumes the following form:

H = − �
i=1

N

Ji,i+1��ci
+ci,i+1 + �ci

+ci+1
+ � + H.c.�

− 2�
i=1

N

hi�ci
+ci −

1

2
� . �5�
This Hamiltonian has the form
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H = �
i,j

N 	ci
+Aijcj +

1

2
�ci

+Bijcj
+ + H.c.�
 , �6�

where A is a symmetric and B is an antisymmetric matrix,
and c’s are fermion operators. In our case,

A = −�
2h J J

J 2h J

· · · · 0

J 2h J�

J� 2h J�

J� 2h J

0 · · · ·

2h J

J J 2h

� , �7�

B =�
0 − J J

J 0 − J

· · · · 0

J 0 − J�

J� 0 − J�

J� 0 − J

0 · · · ·

0 − J

− J J 0

� .

�8�

The Hamiltonian of this form can be diagonalize by ap-
plying the canonical transformation as shown in the Appen-
dix A of Ref. 37,

�k
+ = �

i=1

N

gkici
+ + hkici, �k = �

i=1

N

gkici + hkici
+, �9�

and the Hamiltonian takes the form

H = �
k=1

N

�k�k
+�k + const. �10�

The coefficients gki and hki are real numbers, and can be
determined by the matrix A and B through the following two
coupled equations:

�k�A − B� = 	k
k and 
k�A + B� = 	k�k, �11�

where

�ki = gki + hki, 
ki = gki − hki, �12�

we can obtain the eigenvalues �’s and the coefficients g’s
and h’s.

In order to investigate the evolution of spin in the refer-
ence direction of NMR quantum computer, we start from
equilibrium state of the centered spin and study the decay of
this spin when the environmental spins are presented. We

calculate the spin correlator C�t� in the z direction defined by
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C�t� = Ŝz�0��Ŝz�t�� , �13�

where �Ŝz�t�= Ŝz�t�− Ŝz�0�, Ŝz�t�=exp�iHt�Ŝz exp�−iHt�, and

Ŝz is the spin operator z component. In terms of the c opera-
tors the spin operator for the jth site can be written as

Ŝj
z =

1

2
�cj

+ + cj��cj − cj
+� . �14�

Since the � and  are the orthogonal matrices, we can ob-
tain Sj

z in term of � operators,

Ŝj
z =

1

2 �
m,n=1

N

�mj
nj��m
+ + �m���n − �n

+� . �15�

The time-dependent correlation function of the z compo-
nent at jth site is defined by

� j
z�t,�� = Sj

z�0�Sj
z�t�� , �16�

which turns out to be

� j
z�t,�� =

Tr e−�HŜj
zeiHtŜj

ze−iHt

Tr e−�H =
1

4 �
p,q,r,s=1

N

�pj
qj�rj
sj ·

��p
+ + �p���q − �q

+�eiHt��r
+ + �r���s − �s

+�e−iHt�� , �17�

where �=1/kT.
Because of the simple form of Hamiltonian, Eq. �10�, we

can directly evaluate the Trace ¯�� in Eq. �17� and get

� j
z�t,�� =

1

4�
p,q

N 	�pl
pl�ql
ql tanh�1

2
��p�tanh�1

2
��q�

+ �pl
ql�pl
qlf
+�p�f+�q�

− �pl
ql�ql
plf
−�p�f−�q�
 , �18�

where

f+�m� = cos��mt� + i sin��m�tanh�1

2
��m� , �19�

and

f−�m� = cos��m�tanh�1

2
��m� + i sin��mt� . �20�

Finally, we can write the correlator C�t� for the jth site as

Cj�t� = � j
z�t,�� − � j

z�0,�� , �21�

which we use for studying the decay of the single spin and as
a measure of the decoherence taking place due to coupling to
the environment. Obviously, C�t=0�=0 which means that
the centered single spin is initially in a pure coherent state
�zero decoherence�. As it evolves in time under coupling
with environment it emerges into a mixed state with an in-
creasing amount of decoherence and as a result C�t� deviates
from the initial zero value. In principle, the maximum devia-
tion that C�t� can reach corresponds to a value −1, with zero
coherence left in the system �classical limit�. This is why we
can call C�t� the decoherence function. Also, the behavior of

C�t� reflects the dynamics of the centered spin as a function
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of time since it is proportional to Ŝz�t�− Ŝz�0��. To investi-
gate the decay law of the single spin and have an estimate for
the relaxation time scale we study ln�1+C�t�� as a function
of time as well.

III. RESULTS AND DISCUSSIONS

The Ising system, corresponding to �=1 in our Hamil-
tonian, is known to undergo a quantum phase transition at
	c=J /2h=1.38,39 The magnetization �x� is different from
zero for 	�1 and it vanishes at the transition. However, the
magnetization �z� is different from zero for any value of 	.
At the quantum phase transition the correlation length di-
verges as ���	−	c�−1. When 	→0, the ground state be-
comes a product of spins pointing in the positive z direction.
However, in the limit 	→�, the ground state becomes again
a product of spins pointing in the positive x direction. In both
limits the ground state approaches a product state, thus the
entanglement vanishes. When 	=1, a fundamental transition
in the form of the ground state occurs and the system devel-
ops a nonzero magnetization �x��0 which grows as 	 is
increased. The calculations of entanglement show that it rises
from zero in the two limits 	→0 and 	→� to a maximum
value near the critical point 	c=1. On the other hand, the
centered spin in the quantum dot or NMR experiment di-
rectly interacted with the nuclear spins through hyperfine
interactions. Though compared to external magnetic field,
this interaction is weak, it has a large impact on the dephas-
ing of the consider spin due to the large amounts of nuclei
exist around the spin. In our model we include this effect by
setting the value of coupling constant of centered spin and
environmental spins close to the external magnetic field. In
order to investigate the decay of the centered spin under the
effect of the environment while at the critical point, we set
the external magnetic field h=0.5 with J=1.0 in most of our
calculations except when otherwise is stated.

We first study the dynamics of the centered spin while
weakly coupled �J��1� with the environment within a short

FIG. 1. The spin correlation function C�t� of centered spin for N=501, h
=0.5, and �=1.0 versus time t for different values of the coupling J��J at
zero temperature. The decay profile for each case is shown in the inner
panel.
time period. In Fig. 1 we show C�t� as a function of time
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with different coupling constant values J��1 at zero tem-
perature��→��. As expected, C�t� maintains the value zero
when J�=0 since the centered spin stays in its initial state
with no coupling to environment. When the interaction be-
tween the centered spin and its environment is turned on, for
t�0, it starts to exhibit an oscillatory motion. For instance,
at J�=0.2, the spin maintains its oscillation behavior for a
long time until it reaches the saturation value Cs=−0.08.

Increasing the coupling between the centered spin and
the environment, but keeping J� less than J, we find that the
spin oscillates with smaller amplitude and higher frequency.
But the decay rate becomes much steeper reaching a satura-
tion state very rapidly. It is remarkable that the larger the
coupling between the spin and its environment, the greater
the magnitude of the saturation value Cs is, the more deco-
herence taking place in the spin state. Which means that
more entanglement between the system and its environment
leads to more decoherence introduced into the system as ex-
pected.

In order to figure out the decay law that the system
obeys at different values of J�, we selectively pick up the
points that make up the envelope of C�t� and use them to plot
ln�1.0+C�t�� as a function of time in the inner panel. Inter-
estingly, we find the decay rate obeys different laws depend-
ing on the value of the coupling constant J� �relative to J�.
So, when J� is small �0.2� the decay law is a power law and
as J� gets larger �0.6 for instance� it becomes an exponential
decay law. Finally, when J� is close to one, i.e., the coupling
between the centered spin and the environment is of same
order as the coupling between the spins in the environment,
the decay law has a Gaussian decay profile. In fact, this
variation in the decay behavior is expected, because the
strength of interaction between the centered spin and its en-
vironment decides how fast the spin gets entangled to the
environment and loses its identity. Therefore it should be
expected that the centered single spin suffers more rapid de-
cay with an increasing coupling constant value.

In Fig. 2 we show the decay behavior of the centered
spin in the strong interaction regime �J��J� at zero tempera-

FIG. 2. The spin correlation function C�t� of centered spin for N=501, h
=0.5, and �=1.0 vs time t for different values of the coupling J��J at zero
temperature. The decay profile for each case is shown in the inner panel.
ture. We observe that for J��J the decay behavior is still
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Gaussian but as we increase J� it converts to an exponential
and then to a power law. For larger values of J� the oscilla-
tions persist for a very long time and its amplitude and fre-
quency get larger and they decay much slower. Remarkably
the spin oscillates about the same average value for this large
J� values. The decaying profile collapses into one line when
J��1.6, which suggests for this region that the decoherence
time is not significantly affected by the magnitude of inter-
action between the centered spin and the environment. This
is because the coupling between spins in the environment is
weaker compared to the coupling between the centered spin
and its nearest neighbor, which leads to stronger entangle-
ment between the spins in the environment compared to the
entanglement between centered spin and its nearest neigh-
bors. So that the centered spin will lose its identity quickly
through its nearest neighbors to the environment, the cou-
pling between spins in the environment decides the decay
rate of centered spin. However, when we decrease the en-
tanglement between the centered spin and its nearest neigh-
bors by further increasing the J� value, the decay rate of the
centered spin becomes smaller.

To compare the decay rates in the two different regimes
of weak and strong couplings, we plot C�t� versus time for
J��J, J��J, and J��J at zero temperature in Fig. 3. As it
has been observed in the previous figures the decay rate be-
haves differently in each region. For J��J the spin decays
with a slow power law for J�=0.2. When J� is close to J, the
decay is Gaussian �or exponential depending on the value of
J��. For the region J��J it oscillates with higher frequency
and the envelope of C�t� decays slowly according to a power
law and maintains the oscillations for a long time.

In Fig. 4, we study the propagation of spin coherence at
zero temperature in the spin chain. The red lines represent
C�t� versus time for J�=1.5, and black lines for J�=J. The
different dynamic behaviors of the centered spin can be seen
in the top left panel. The centered spin starts oscillating
shortly after J�=1.5 is applied. In the top right panel we plot
the C�t� as the function of time for site which is link with
center spin with extra four environmental spins in the

FIG. 3. The spin correlation function C�t� vs time t for different values of
the coupling J��J �red�, J��J �blue�, and J��J �yellow� with N=501, h
=0.5, and �=1.0.
middle. When t�10, the red line and black line collapsing
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into same line show that the environmental spin does not feel
the existence of center spin at this moment. When t closes to
10, we start to see the spin correlation function of J�=1.5
vibrates away from J�=1.0, which indicates the environmen-
tal spin at site 256 start to be disturbed by the centered spin
at this moment. In the bottom left panel, the correlators’
curve becomes different when t is around 20 for the spin 9
sites away from the centered spin, and they show different
when t is near 30 for environment spin 14 away from the
centered spin. This evidence shows that the spin coherence
propagates from the centered spin to the environment with
certain speed.

We show the spin correlation function as a function of
time with different temperatures for the weaker coupling be-
tween the centered spin and environment in Fig. 5. We find
that the temperature does not lead to a significant change in
the decay rate, but the saturated decoherence increases as
temperature increases, when external magnetic field h is
small. For the larger value of h, the spin correlation functions

FIG. 4. The spin correlation function C�t� vs time t with J�=1.0 �black� and
J�=1.5 �red� for the centered spin �upper left� and the spin at site 256 �upper
right�, 261 �lower left�, and 266�lower right� in the environment. N=501,
h=0.5, and �=1.0.

FIG. 5. The spin correlation function C�t� of the centered spin vs time t for
N=501, J=1.0, J�=0.2, and �=1.0 at different temperatures �→� �black
lines� and �=0.1 �red lines� with external magnetic field h=0.25, h=0.5,

and h=1.0.
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drop significantly when we increase the temperature, and the
decay rate of the centered spin changes from the power law
to the exponential law. We also observe that the temperature
has slightly impact on the decay rate and saturated decoher-
ence of the centered spin when the coupling between the
centered spin and its nearest neighbor becomes larger be-
cause the entanglement between the centered spin and neigh-
bor becomes smaller.

In Fig. 6, we show the spin decay at different degrees of
anisotropy in both the weak and strong coupling regimes,
where for �=1.0 the coupling becomes an Ising one while
for �=0 becomes of XY type. Interestingly, weak and strong
interactions show different behaviors. We find the oscilla-
tions decrease when we decrease � from 1 to 0 in the weak
interaction case, and less amount of saturated decoherence is
induced to the spin state for full isotropic case. Particularly,
C�t� decays from 0 and reaches saturated decoherence value
shortly around t=3 in the XY model �full isotropy�. Never-
theless, in the strong coupling case, while the degree of an-
isotropy has no effect on the saturated decoherence level, it
leads to a peculiar effect on the amplitude of oscillations.
The amplitude reduces as anisotropy increases reaching
minimum value at �=0.8 then it starts to raise up again for
higher �.

The size effect on the spin entanglement has been re-
ported in our previous work.40 In Fig. 7, we show how the
size also has an influence on the spin dynamics. As we can
see, at N=201, the oscillations starts at t�0, and reaches a
saturated value when t�30. We observe them starting again
at the critical time tc=200. Afterwards, the oscillations never
reachs the saturation value again. But by increasing the size
N of the environment, we find the critical time increases
linearly. As N→�, tc→�. This indicates that the system will
stay in a saturated decoherence state as t goes to infinity for
a large enough environment. However, the oscillation of the
consider spin after a specific time tc is not caused by the
propagation of the observed spin coherence. As we can see
the propagation of decoherences decreases quickly when the

FIG. 6. The spin correlation function C�t� of the centered spin vs time t with
N=501, h=0.5, and �=1.0 for different anisotropic parameter � values at
zero temperature. J�=0.6 for the upper panel and J�=1.4 for the lower
panel.
distance from considered spin becomes large. Moreover, the
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propagation speed of spin coherence from the impurity is too
slow to interfere with the considered spin at the time when
spin oscillations start.

In order to see the external magnetic field h effect we
plot the spin correlation function with different h in the Fig.
8. As we can see when 	=J /2h is much smaller than the
critical point of phase transition 	c=1, the spin correlation
function starts oscillations with large magnitude and decays
very slowly to reach the saturated decoherence due to the
lower entanglement between spins. However, the spin corre-
lation function decays to larger saturated decoherence rap-
idly when 	 is close to critical point since the entanglement
reaches maximum in this region. Further increasing the 	
where the entanglement between spins vanishes, the spin
correlation functions decay very slowly as we expected.

IV. CONCLUSIONS

In summary we have studied the time evolution of a
single spin inhomogeneously coupled to an interacting spin

FIG. 7. The spin correlation function C�t� of the centered spin vs time t with
J�=0.4, h=0.5 and �=1.0 for different number of spins N in the environ-
ment at zero temperature.

FIG. 8. The spin correlation function C�t� of the centered spin vs time t with
N=501, �=1.0 J=1.0, and J�=0.2 for different external magnetic field h at

zero temperature.
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environment. Our main observation is that the relative mag-
nitude of the coupling between the single spin and its envi-
ronment to the coupling between the spins within the envi-
ronment plays a significant role in determining the dynamics
of the single spin and its decay rate. While for a small value
of this relative magnitude the decay rate follows a power law
it converts to an exponential and then Gaussian as it ap-
proaches unity. For greater relative magnitude corresponding
to stronger coupling between the single spin and the environ-
ment compared to that among the spins within the environ-
ment the decay rate reduces again approaching slow power
law as the relative magnitude becomes significantly higher
than unity. Also the amount of saturated decoherence in-
duced into the spin state depends on this relative magnitude
and approaches maximum value for a relative magnitude of
unity. Our results suggest that setting the interaction within
the environment in such a way that its magnitude is much
higher or lower than the interaction with the single spin may
reduce the decay rate of the spin state. The reason behind this
phenomenon could be that the variation in the coupling
strength along the chain at one point �where the single spin
exits� blocks the propagation of decoherence along the chain
by reducing the entanglement among the spins within the
environment which reduces its decoherence effect on the
single spin in return. This result might be applicable in gen-
eral to similar cases of a centered quantum system coupled
inhomogeneously to an interacting environment with large
degrees of freedom.
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