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We present results obtained using dimensional scaling with high-frequency Floquet theory to
evaluate the stability of gas phase simple diatomic molecules in superintense laser fields. The
large-D limit provides a simple model that captures the main physics of the problem, which imposes
electron localization along the polarization direction of the laser field. This localization markedly
reduces the ionization probability and can enhance chemical bonding when the laser strength
becomes sufficiently strong. We find that energy and structure calculations at the large-dimensional
limit �D→�� for stabilities of H2

+, H2, and He2 in superintense laser fields are much simpler than
at D=3, yet yield similar results to those found from demanding ab initio calculations. We also use
the large-D model to predict the stability of H2

− and the field strength needed to bind the “extra”
electron to the H2 molecule. © 2008 American Institute of Physics. �DOI: 10.1063/1.3027451�

I. INTRODUCTION

Atoms and molecules subjected to superintense radiation
fields exhibit exotic properties, including above-threshold
dissociation,1 high-order harmonic generation,2,3 charge
resonance enhanced ionization,4,5 and laser induced
alignment.6 Most striking is a paradoxical stabilization,7 in
which the ionization rate decreases as the radiation intensity
increases.8 In the high-frequency regime, the time-dependent
Schroedinger equation for atoms and molecules in laser
fields can be simplified to a time-independent form, termed
high-frequency floquet theory �HFFT�. By means of HFFT,
gas phase atomic anions have been predicted to be stable in
superintense high-frequency laser fields.9–12 Similar stabili-
zation has been predicted for some simple diatomic
molecules.13–17 As yet, however, such stabilization has not
been demonstrated experimentally, except for atoms initially
prepared in a high Rydberg state.18

According to HFFT, the stabilization in superstrong
fields is accompanied by splitting of the electron distribution
into distinct lobes, with locations governed by the quiver
amplitude and polarization of the laser field. This localiza-
tion markedly alters electron-nucleus interactions as well as
reduces electron-electron repulsions and hence suppresses
autoionization.8,19 In molecules, it can also enhance chemical
bonding.14 Pronounced localization is likewise a characteris-
tic feature of the large-D limit of dimensional scaling theory
as applied to electronic structure.20 We have indeed previ-
ously found that D-scaling, combined with HFFT, provides
both an heuristic perspective and a useful technique to evalu-
ate the stability of gas phase atomic anions subjected to su-
perintense laser fields.12 Calculations at large-D are much

simpler than at D=3, yet gave similar results for the field
strengths needed to bind an “extra” one or two electrons to H
and He atoms.

In this paper, we apply the D-scaling method with HFFT
to examine the stability in superintense laser fields of simple
diatomics, H2

+, H2, H2
−, and He2, with respect to both ioniza-

tion and bond dissociation. Our results, which require little
computation, compare well with those obtained at D=3 from
more arduous conventional calculations for H2

+, H2, and He2.
This encourages exploiting D-scaling with HFFT to treat
larger molecules and to assess experimental prospects.

II. LASER-MOLECULE INTERACTION

We consider a high-frequency monochromatic electric
field vector of the form

E�t� = E0�e1 cos �t + e2 tan � sin �t� , �1�

with E0 the amplitude, � the frequency, e j �j=1,2� unit vec-
tors orthogonal to each other and to the propagation direction
of the light, �=0 corresponds to linear polarization, and �
= �� /4 to circular polarization.21 Except where indicated
otherwise, we employ atomic units ��=e=me=1�; thus, dis-
tance is in bohrs �0.0529 nm�, energy in hartrees �27.2 eV�;
1 a.u. of field intensity I=E0

2 is 3.51�1016 W /cm2; of fre-
quency � is 4.13�1016 s−1, equivalent to a wavelength of
45.9 nm. For a small molecule, miniscule compared with the
wavelength of the light, the dipole approximation is well
satisfied. Each electron within the molecule is then subject to
the same laser field and undergoes quiver oscillations ��t�
along a trajectory given by

��t� = �0�e1 cos �t + e2 tan � sin �t� , �2�

where the quiver amplitude is �0=E0 /�2. In the Kramers–
Henneberger �KH� reference frame, translated by ��t� with
respect to the laboratory frame, the electrons all remaina�Electronic mail: kais@purdue.edu.
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fixed; instead, the nuclei quiver along the ��t� trajectory. The
Coulombic attraction between any electron and a nucleus
with charge Z then takes the form −Z / �ri+��t��. The HFFT
approximation becomes valid when the field frequency � is
high compared with the typical frequency of electron mo-
tions within the molecule. The electrons then feel a time-
averaged effective attractive potential, termed the “dressed
potential,” given by

V0�ri,�0� = −
Z

2�
�

0

2� d	

�ri + ��	/���
, �3�

where 	=�t and the time average extends over one period
of the laser field.

For a homonuclear diatomic molecule with N-electrons
and internuclear separation R, the Schroedinger equation in
the KH frame is given by

�
i=1

N �1

2
pi

2 + V0	ri −
R

2
,�0
 + V0	ri +

R

2
,�0


+ �
j=1

i−1
1

�ri − r j�
+

Z2

R �
 = ��N���0,R�
 . �4�

Since the Hamiltonian is Hermitian, the energy eigenvalues
��N���0� are real. The field parameters E0 and � appear only
in the dressed potential and enter only via �0, the quiver
amplitude. Of prime interest are the bond energy and detach-
ment energy,

BE�N,�0,R� = ��N���0,R → �� − ��N���0,R� �5�

DE�N,�0,R� = ��N−1���0,R� − ��N���0,R� . �6�

As long as BE�0 and DE�0, the molecule remains intact
and retains all of its electrons. This requires that R�Rcrit, the
critical internuclear distance for which BE=0, and �0

��0
crit, the critical quiver amplitude for which DE=0. The

bond energy reaches maxima, denoted BEmax=BE�Rmax�, at
somewhat larger distances, Rmax�Rcrit, that vary with �0.
For quiver amplitudes exceeding the critical value, the de-
tachment energy has its maxima for the united atom �R=0�
but typically remains positive for a substantial range of
larger R.

III. RESULTS AT D=3

Previous applications of the HFFT to diatomic mol-
ecules, using D=3 methodology, pertain to linear polariza-
tion of the laser field and, for H2

+ and H2, to various values of
the angle  between the field direction and molecular axis.

For the H2
+ case, Shertzer et al.13 employed a Hamil-

tonian in the KH frame of the form

��2

M
+

P2

2�
+

1

R
+ V0

−	r −
R

2
;�0
 + V0

+	r +
R

2
;�0
�u�R,r�

= Eu�R,r� , �7�

where p and � are the electronic and nuclear momenta, �
=2mM / �m+2M� with m and M the electron and proton
masses, and V0

� denote the dressed potential terms of our

Eq. �3�. The eigenvalues, determined by a finite element
method, demonstrated that for the ground electronic state, as
the field intensity is increased the molecular axis aligns more
closely with the field direction �at =0° and 180°� and the
maximum bond energy BE�Rmax� increases steadily �from
2.6 eV at �0=0 to 3.3 eV at �0=5�. As emphasized by Zuo
and Bandrauk in a similar treatment of H2

+, the increase in the
bond energy with field strength is a generic effect.14 This
accords with Eq. �3�, which makes it evident that the attrac-
tive potential energy is increased by the electric field.

For H2, two approaches have been developed that enable
HFFT calculations to be made using standard quantum
chemistry programs. One, employed by Perez del Valle et al.,
uses a multipole expansion of the dressed electron-nucleus
interactions V0

� of Eq. �4� to determine equivalent point
charge distributions.15 The problem is then in effect reduced
to electrons interacting with several quasinuclei having frac-
tional charges. Applied to H2, for �0�2, using just four
quasinuclei gave good accuracy for the dressed potentials.
The other method, developed by Nguyen and Nguyen-Dang,
modifies molecular orbitals to incorporate dressed potentials
in a fashion that permits use of the GAUSSIAN 94 package.16

This method enabled calculations for much larger values of
�0, but required close analysis of methodology and use of
relatively large basis sets. The chief focus was on the form of
the charge distributions, particularly the dichotomous cluster-
ing of electron charge in the KH frame that occurs near the
endpoints of the quiver oscillations of the nuclei. Neither of
these studies discussed the enhancement of chemical bond-
ing and stabilization against ionization of H2, our prime in-
terest.

For He2 a thorough analysis of laser induced chemical
bonding in the HFFT regime was made by Tomokazu and
Someda.17 They carried out extensive SCF-MO calculations

FIG. 1. �Color online� �a� The H2
+ molecule ion as viewed in the Kramers–

Henneberger frame: lines of charges �in �x−z� plane� of length 2�0 arise
from quiver amplitude of protons along the laser polarization direction
�z-axis�. Interaction of fixed electron with these lines of nuclear charge
generates dressed potentials V0

� of Eq. �9�. Angle  is between the internu-
clear vector R and z-axis. �b� Special case with R along the polarization
direction, so =0°.
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and found that as the quiver amplitude grows, BE�Rmax� in-
creases dramatically �from zero at �0=0–6 eV at �0=1 and
13.9 eV at �0=2�. From the study of the laser induced de-
formation of the molecular orbitals, they identify sp hybrid-
ization of the component atomic orbitals as the major source
of the chemical bonding.

IV. EVALUATION AT LARGE-D LIMIT

The general procedure used in D-scaling20 generalizes
the Schroedinger equation �by endowing all vectors with D
Cartesian components� and introduces D-scaled distance and
energy units to remove the major, generic dimensional de-
pendence. The large-D limit then yields a pseudoclassical
structure, in which the electrons are localized in the D-scaled
space, at positions determined by the minimum of an effec-
tive Hamiltonian function. This function contains no differ-
ential operators, but comprises merely a centrifugal term,
derived from the kinetic energy, in addition to the usual Cou-
lombic interactions among electrons and nuclei. As the scal-
ing has removed most of the D-dependence, the energy at the
D→� limit, found simply as the minimum of the effective
Hamiltonian, typically offers a useful approximation to the
D=3 energy.

This procedure provides a natural means to examine
electron localization in a superintense laser field. Since in the
KH frame the electrons are stationary, in that frame the
HFFT becomes equivalent to the D→� limit, except that the
electron-nuclear interactions are specified by the dressed po-
tentials, with the nuclear charges distributed along the direc-
tion of polarization of the laser field. As we are concerned

with linear polarization, it is convenient to use
D-dimensional cylindrical coordinates �akin to x=� cos �,
y=� sin �, and z, in D=3�.21 For a homonuclear diatomic
molecule with N electrons, the corresponding HFFT version
of the large-D limit effective Hamiltonian is then given by

H =
1

2�
i=1

N
1

�i
2 + �

i=1

N

V0
+��i,zi,�0� + �

i=1

N

V0
−��i,zi,,�0�

+ �
i=1

N

�
j=i+1

N
1

��i
2 + � j

2 + �zi − zj�2
+

�

R
. �8�

Here � /R is the repulsion energy between the two nuclei; it
retains the same form in the KH frame since the nuclei are
quivering synchronously. The scale parameter � must usually
be assigned a value less than Z2 to avoid overweighting the
nuclear repulsion in the large-D limit.22 For Z=1, we
adopted �=2 /3 to roughly match the large-D limit to D=3
results for H2

+ and H2 when there is no laser field; for Z=2,
we used �=4. Comparison with D=3 results indicates that
optimal values of � would vary with �0, but for our purpose
we preferred not to indulge that refinement. Again, the V0

�

terms represent the dressed electron-nuclear interactions. As
depicted in Fig. 1, we put the two nuclei in the xz plane with
the origin midway between them and chose the laser polar-
ization direction as the z-axis. The dressed potential terms
then take the form

TABLE I. Parameters for stability of H2
+ in linearly polarized superintense laser fields.

�0 �a.u.�

0

0.8 2.0

D =0° =90° =0° =90°

Rcrit �a.u.� 3 1.1 1.3 1.6 1.8 2.8
� 0.62 0.83 0.95 1.3 1.6

Rmax �a.u.� 3 2.0 2.2 2.7 3.3 4.2
� 1.2 1.6 1.7 2.9 3.0

BEmax �eV� 3 2.8 3.1 1.8 3.7 0.66
� 4.8 6.1 3.3 6.0 1.8

DEmax �eV� 3 54 ¯ ¯ ¯ ¯

� 54 36 36 22 22

TABLE II. Parameters for stability of H2 in linearly polarized superintense laser fields.

�0 �a.u.�

0

1.0 2.0

D =0 ° =90 ° =0 ° =90 °

Rcrit �a.u.� 3 0.42 1.2 1.4 1.5 2.2
� 0.49 0.83 0.98 1.2 1.4

Rmax �a.u.� 3 0.74 1.8 2.2 2.7 3.0
� 0.96 1.6 2.0 2.5 3.6

BEmax �eV� 3 4.2 5.1 2.0 5.1 0.83
� 6.0 5.8 2.8 5.2 1.6

DEmax �eV� 3 25 ¯ ¯ ¯ ¯

� 19 13 13 11 11
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V0
���,z,x;;�0� =

− Z

2�
�

0

2� d�

��2 + 	x �
R

2
sin 
2

+ 	z �
R

2
cos  + �0 sin �
2

. �9�

Here � is the distance of the electron from the xz plane and 
is the angle between the internuclear axis R and the laser
polarization direction. We will consider just two special
cases, with R either parallel to �=0° � or perpendicular to
�=90° � the laser polarization. We also treat only ground
electronic states.

V. RESULTS AND DISCUSSION

Tables I–IV present bond dissociation energies and elec-
tron detachment energies and associated parameters, as ob-
tained from our large-D limit version of HFFT. Where avail-
able, corresponding D=3 results are included. Figures 2–4
display the bond energy curves BE��0 ,R� for H2

+, H2, and
He2, respectively. Corresponding detachment energy curves
DE��0 ,R� are not shown; the quantity of chief interest,
DEmax, is included in the tables, and the �0 dependence re-
sembles that for atoms.12

For H2
+, the bond strengths determined in the large-D

limit are appreciably larger than those for D=3, but exhibit
the same trends with R, , and �0. In particular, as �0 in-
creases, the bond dissociation energy BEmax increases for 
=0° but decreases for =90°. However, as �0 increases the
detachment energy for removal of the electron, DEmax, de-
creases and is the same for =0° and =90°. As seen in the
right hand panels of Fig. 2, when scaled to BEmax and Rmax,
the shape of the BE�R� curves for D→� is similar to those

for D=3 near Rmax, but approaches the dissociation asymp-
tote more slowly at large R, especially for =90°.

For H2, the large-D limit gives results generally like
those for D=3 and displays the same trends as seen for H2

+.
Thus, again the bond strength, BEmax, is substantially higher
for =0° than for =90°, whereas the detachment energy
does not change as  is varied.

For He2, the large-D results likewise resemble the much
less extensive results available for D=3. For =0°, the laser
induced chemical bond strength for He2 increases strongly
with the quiver amplitude, much more strongly than for H2;
as evident from Eq. �9�, this is a direct consequence of the
increased number and magnitude of the dressed electron-
nucleus interactions. The scaled BE�R� curves for the
large-D limit are in this case very close to those for D=3.
For =90°, only the large-D results are available at present,
but indicate that increase in �0 does not induce chemical
bonding but rather augments repulsive interaction. The dif-
ferences in BE between =0° and 90° seen for H2

+ and H2

thus for He2 become much more pronounced. Again, DEmax

does not depend on  and decreases as �0 is increased.
Figure 5 summarizes the trends in bond energy. From the

perspective of the KH frame, a heuristic explanation for the
major difference between =0° and =90° is evident from
Fig. 1. For linear polarization, the quiver oscillation spreads
the charge of each nucleus over 2�0 but concentrates it near
the endpoints of the oscillation. The consequent enhance-

TABLE III. Parameters for stability of He2 in linearly polarized superintense laser fields. For =90 °, the
negative BEmax values given pertain to repulsive energies at Rmax.

�0 �a.u.�

0

1.0 2.0

D =0 ° =90 ° =0 ° =90 °

Rcrit �a.u.� 3 ¯ 1.4 ¯ 1.7 ¯

� ¯ 1.2 ¯ 1.7 ¯

Rmax �a.u.� 3 ¯ 1.9 ¯ 3.1 ¯

� ¯ 1.7 1.7 3.1 3.1
BEmax �eV� 3 0.0 6.0 ¯ 14 ¯

� 0.0 12 −8.0 14 −5.0
DEmax �eV� 3 ¯ ¯ ¯ ¯ ¯

� 28 18 18 13 13

TABLE IV. Parameters for stability of H2
− in in linearly polarized superintense laser fields for =0 ° at large-D

limit.

�0 �a.u.� 1.5 2.0 2.5 4 6 8 10

Rcrit �a.u.� 2.0 2.1 2.2 1.9 2.0 2.4 2.7
Rmax �a.u.� 2.3 3.0 3.6 6.0 9.3 13 16
BEmax �eV� 5.7 5.9 6.0 5.1 4.4 3.9 3.4
DEmax �eV� 0.67 1.3 1.7 2.0 2.0 1.9 1.8
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ment of electron density near those endpoints, termed “di-
chotomy,” is a characteristic feature of the HFFT regime.23

For a homonuclear diatomic molecule, the effect roughly
amounts to splitting the positive charges among four quasi-
nuclei, each with charge Z /2 and arrayed in pairs, the quasi-
nuclei within each pair separated by 2�0 and each pair
aligned with the laser polarization, as indicated by the “lines
of charge” in Fig. 1. When the internuclear axis R between
midpoints of the quasipairs is parallel to the laser polariza-
tion �=0° �, the dichotomy effect fosters an increase in elec-
tron density between the nuclei and thus strengthens chemi-
cal bonding.14 When R is perpendicular to the polarization
�=90° �, the dichotomy draws electron density away from
the region between the nuclei and weakens bonding.

For H2
−, our large-D limit results �obtained only for 

=0°� are presented in Figs. 6 and 7 and Table IV; no D=3
results are available for comparison. In our previous work on
atomic anions,12 we found that for H− in the HFFT regime
the critical quiver amplitude is �0

crit=3 a.u. Thus, unless �0

�3 a.u., an electron cannot attach to a hydrogen atom in a
laser field. An electron can attach to a hydrogen molecule
even when �0�3 a.u. but then it can remain attached �i.e.,
DE�0� only for a finite range of the internuclear distance R,

FIG. 2. �Color online� Bond energy for ground electronic state of H2
+ vs

bond length R for HFFT regime of linearly polarized superintense laser
field. Results are shown for D=3 �triangles, from Ref. 13� and for large-D
limit �circles� for field-free case ��0=0� and for fields with quiver ampli-
tudes of �0=0.8 and 2.0 a.u. Laser polarization is parallel �=0°, solid
curves� or perpendicular to the internuclear axis �=90°, dashed curves�.
Zero of energy refers to dissociation asymptote to form H+H+. Panels at
right show corresponding scaled curves, BE /BEmax vs R /Rmax.

FIG. 3. �Color online� Bond energy for ground electronic state of H2 mol-
ecule subject to superintense laser field. Format as in Fig. 2, except that
dissociation asymptote pertains to H+H.

FIG. 4. �Color online� Bond energy for He2 dimer subject to superintense
laser field. Format as in Fig. 2, except that dissociation asymptote pertains to
He+He.
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as seen in Fig. 6. For this range, as �0 increases BEmax

remains nearly constant whereas DEmax increases strongly.
When �0�3 a.u., since H− is then always stable, the H2

−

anion remains stable for any R�Rcrit, as seen in Fig. 7. In
this range, as �0 increases BEmax decreases whereas DEmax

remains nearly constant.
This contrast between electron attachment for quiver

amplitudes below and above 3 a.u. is further illustrated in
Fig. 8. The fixed electron locations �“Lewis structure”� at-
tained at the D→� limit are shown for �0=2.5 �at left� and
�0=8 �at right� and a wide range of internuclear distances. In
both cases, the electron distribution broadens as either the
quiver amplitude or R increases. The �-coordinates of the
outermost electrons change only modestly with changes in R,
whereas � for the central electron varies markedly. Likewise,
the z-coordinates of the outermost electrons remain close to
���0+R /2� except when the central electron shifts away
from z=0, thus disrupting the symmetrical configuration.
Again, these features track directly changes in the form of
the dressed potentials of Eq. �9�, influenced by the di-
chotomy effect.

VI. CONCLUSIONS

In view of the computational simplicity of the large-D
limit version of HFFT, it is gratifying that it gives modest
accuracy when compared with conventional D=3 methods.

FIG. 5. �Color online� Variation in bond energy, BEmax �in a.u.�, with quiver
amplitude �0 for H2

+, H2, and He2. Results for D=3 indicated by triangles;
for large-D limit by circles; full symbols and curves pertain to =0°, open
symbols and dashed curves to =90°. For H2

+ and H2, as the quiver increases
from �0=0 to 2, the bond energy increases for =0° but decreases for 
=90°. For He2, at �0=0 the bond energy is zero but for =0° it increases
steeply with �0; however, for =90° the bond energy becomes strongly
negative with increasing �0, as seen in Fig. 4. The markedly different varia-
tion in bond energy with  found for H2

+ and H2 thus becomes much more
pronounced for He2.

FIG. 6. �Color online� Bond energy and detachment energy for H2
− molecule

ion subject to superintense laser field in HFFT regime, as evaluated from
large-D limit. For linearly polarized field with =0°, with quiver amplitudes
of �0=1.5, 2.0, and 2.5 a.u., values below �0

crit=3.0 a.u. for H−.

FIG. 7. �Color online� Bond energy and detachment energy for H2
−; format

as in Fig. 6 but for quiver amplitudes �0=4, 6, 8, and 10 a.u., exceeding the
critical value of 3 a.u. for H−.
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At present, this appears adequate to assess prospects for ex-
perimental tests of the predicted stabilization, both with re-
spect to electron detachment and enhancement of chemical
bonding. The HFFT approximation itself is subject to valid-
ity criteria24 that in practice likely introduce uncertainties
larger than disparities between the large-D and D=3 results.

The HFFT criteria impose upper and lower bounds on �,
the oscillation frequency of the radiation field,

137/�0 � � � ���N���0,R�� . �10�

The upper bound is required to ensure that both the dipole
approximation holds �radiation wavelength large compared
with 2�0� and a nonrelativistic treatment suffices �maximum
quiver speed much lower than speed of light�. The lower
bound requires that the field must oscillate much faster than
electron motion within the molecule. This is specified by an
average excitation energy in the field,13 usually estimated by
the energy eigenvalue that appears on the right hand side of
Eq. �4�. For small �0, this is typically comparable to the
field-free ionization energy, but for large �0 is often much
smaller.16,17

Here we are concerned chiefly with small �0, and the
lower bound in Eq. �10� is of the order of 1 a.u. Even to
barely match this bound with �=1 a.u. would require a laser
near the frontier of current technology, delivering photons
with energy of 27 eV and wavelength of 50 nm; for

�0=1, the beam flux needed, I=�0
2�4, would be

I1 a.u.=3.5�1016 W /cm2. Harmonic generation tech-
niques are being pursued to develop such short-wavelength
lasers.25 Although the lower bound can be reduced by em-
ploying larger quiver amplitudes, for a given that would also
push down the upper bound and increase the required inten-
sity. Thus, experimentally, at present both bounds of Eq. �10�
can rarely be fulfilled, certainly not with “much larger” in-
equalities. From this perspective, the HFFT has the status of
an idealized theoretical limit that can offer only a rough
guide to design and analysis of experiments.

Illustrative of the utility of our simple large-D version of
HFFT as a qualitative guide is the evidence �Figs. 4 and 5�
for the strong variation in laser induced bonding with the
angle  between the internuclear axis and the polarization of
the laser field. This seems likely to be a robust property
observable even if the constraints of Eq. �10� are not ful-
filled. Yasuike and Someda have advocated a molecular
beam experiment, colliding pairs of He atoms in an intense
laser field.17 The angular distribution of scattering would re-
veal the presence of an attractive intermolecular potential
well and its dependence on laser polarization and the quiver
amplitude. Such experiments, exploiting strong laser fields to
steer electron paths within collision partners, would open a
new route to exploring chemical stereodynamics.
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