Quantum Information Processing (2018) 17:335
https://doi.org/10.1007/s11128-018-2100-x

@ CrossMark

Probing entropic uncertainty relations under a two-atom
system coupled with structured bosonic reservoirs

Dong Wang'2@® - Wei-Nan Shi' - Ross D. Hoehn3 - Fei Ming' -
Wen-Yang Sun’ . Liu Ye' . Sabre Kais3*

Received: 8 March 2018 / Accepted: 16 October 2018
© Springer Science+Business Media, LLC, part of Springer Nature 2018

Abstract

The uncertainty principle imposes constraints on an observer’s ability to make preci-
sion measurements for two incompatible observables; thus, uncertainty relations play
a key role in quantum precision measurement in the field of quantum information
science. Here, our aim is to examine non-Markovian effects on quantum-memory-
assisted entropic uncertainty relations in a system consisting of two atoms coupled
with structured bosonic reservoirs. Explicitly, we explore the dynamics of the uncer-
tainty relations via entropic measures in non-Markovian regimes when two atomic
qubits independently interact with their own infinite degree-of-freedom bosonic reser-
voir. We show that measurement uncertainty vibrates with periodically increasing
amplitude with growing non-Markovianity of the observed system and ultimately
saturates toward a fixed value at a long time limit. It is worth noting that there are
several appealing conclusions raised by us: First, the uncertainty’s lower bound does
not entirely depend on the quantum correlations within the two-qubit system, being
affected by an interplay between the quantum discord and the minimal von Neu-
mann conditional entropy Sce. Second, the dynamic characteristic of the measurement
uncertainty is considerably distinctive with regard to Markovian and non-Markovian
regimes, respectively. Third, the measurement uncertainty is closely correlated with
the Bell non-locality B. Moreover, we claim that the entropic uncertainty relation
could be a promising tool with which to probe entanglement in current architecture.
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1 Introduction

Uncertainty principle, which bounds our ability to predict measurement outcomes for
a couple of incompatible observables with an arbitrarily small uncertainty, is viewed
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as one of the most remarkable characteristics in the region of quantum mechanics and
intrinsically illuminates the discrepancy between classical and quantum mechanics
[1,2]. Later, Kennard and Robertson generalized this principle to the so-called standard
deviation [3,4]. Several authors [5—7] have demonstrated several tighter uncertainty
relations based on the variances’ sum, in which the lower bounds are showing their
significance in quantum physics with respect to any pair of incompatible observables.
However, the aforementioned deviation is not always optimal when evaluating the
magnitude of the uncertainty, since the bounds for the deviation are state dependent,
which would give rise to a trivial result if the commutator related to the observables has
zero expectation value. Whereafter, Deutsch [8] put forward a new and progressive type
of uncertainty relation in terms of information entropy, entropic uncertainty relations
(EURs), and subsequently these EURs were simplified by Refs. [9] and [10] into

N A 1
H(P)+ H(R) = 10g2;, ey

here the Shannon entropy H(e) = — ) pelogpe with pe = (@elploe), logz%
describes the incompatibility of the two observables P and R while ¢ = max{|(
eple 1@)|2}; here, |¢p) and |pp) denote the corresponding eigenstates of P and R.
Compared with the standard deviation, the EUR’s bound completely is irrelevant to
the system’s state p, which does not occur in the standard deviation [11,12].

Furthermore, some authors had proved that the measurement uncertainty can be
reduced in the presence of quantum entanglement (memory) [13—-16] with a new
Heisenberg expression

S(P|B) + S(R|B) > S(A|B) —i—logz%, )

which canonically is deemed as quantum-memory-assisted entropic uncertainty rela-
tions (QMA-EUR).AWiAthin the above, the conditional entropy S(X|B) = S(0xp) —
S(pp) with X € (P, R), S(p) = —Tr(plogp), and pxp = 3, (I¢x)(dx| ® I) pan
(|¢x)(@x| @ I) is the post-measurement state with the eigenstate |¢,) of observable
X and I being the identical operator. To better understand the physics behind this
new relation, Berta et al. [14] ingeniously introduced so-called uncertainty game. To
be specific, the game scenario may be depicted as follows: To start with, there are
two legitimate players (say, Alice and Bob). Bob in priori prepares a wanted entan-
glement of qubits A to be measured and B as quantum memory and then transmits
A to Alice, who will make the measurement of either P or R and later inform Bob
of the measured selection with classical information. By the received information,
Bob is capable of predicting Alice’s result with a minimal uncertainty. Specifically,
the above expression for von Neumann entropy given in Eq. (2) directly shows that
the bipartite entanglement can effectively reduce the lower bound as S(A|B) < 0 and
consequently is capable of minimizing the measurement uncertainty. Additionally, this
relation naturally reduces to Deutsch’s outcome if A and B remain disentangled [8].

Besides, the QMA-EUR had received a great deal of attention because of its amazing
applications in quantum entanglement witnessing [14—17], quantum metrology [18],
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Fig. 1 (Color online) Schematic of the two-atom system where each independently couples with its own
reservoirs E4 and Ep, J(w), respectively. Each reservoir is characterized by a Lorentz spectral distribu-
tion, J (w)

quantum cryptography [19,20], quantum randomness [21,22], and quantum key distri-
bution [23,24]. Contemporaneously, the inequality has been generalized to the several
different forms through the Rényi entropy [25-27]. Moreover, there also have existed
some other situationally specific optimized results [28—44]. Indeed, any systems are
essentially open and inevitably interact with their surrounding environment, which
induces decoherence or dissipation phenomena [45-48]. Therefore, to clarify how
various environments influence the uncertainty for measurement is a basic require-
ment during measurement estimation. Indeed, some studies expend effort toward
exploiting the effects of various forms of real environmental noises on the dynam-
ics of QMA-EUR [49-58]. In light of with and without memory effect, environments
can be typically classified into Markovian ones and non-Markovian ones. Until now,
there existed several investigations on dynamics of the entropic uncertainty in the
non-Markovian regimes [30,49,59,60]. Different from the previous, our work will
focus on revealing the evolution characteristic of the measurement uncertainty within
a canonical scenario that any two qubits independently suffer from non-Markovian
reservoirs.

2 Physical model, analytical solution, and non-Markovianity

Before exploring non-Markovian effects on the entropic uncertainty, let us briefly
describe the model considered here with a toy system comprised of two atoms acting
as qubits, where each atom interacts independently with its local environment, as
illustrated in Fig. 1. For the purpose of this work, we will consider a single qubit-
reservoir Hamiltonian with & = 1 written as [61,62]

H= w05'+&_ + ZkaZl;k + Z(gk5'+l;k + glzk&_l;};), 3)
k k

with the qubits’ transition frequency wy, the k-th field mode frequency wy in the
reservoir, the system’s raising (lowering) operator 6 = |e)(g| (6~ = |g){e|), b
(I;Z) denoting the creation (annihilation) operator of the reservoir’s k-th mode, and the
coupling strength gi. In the zero-temperature approximation, the given Hamiltonian
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‘H stands as a specific open system which possesses an analytical solution. Within
such a quantum system, the qubits’ dynamics can be expressed as the density matrix
[63]

» PLOE P2 O0)E >
1) = 4
o0 (pgem)@ 102, (0)%; X
for qubit v, where & complies with the differential equation
. t
b= [ anfa -z, )

f(t — t1) is referred to the correlation function, which is highly relevant to the reser-
voir’s spectral density J(w) through

ft—r1)=— / J(w)e! @@= g, (6)

Thereby, & mainly depends on the spectral density J (w). Since the Hamiltonian given
by Eq. (3) describes a canonical model where an atom in a cavity undergoes energetic
decay, by considering a single excitation in the observed system, one here can obtain
the exact dynamics of the system. J (@) adopts the spectral distribution as to an external
driven field inside a deficient cavity providing wp; such a system would result from
the combination of the reservoir spectrum and the system—reservoir coupling through
8o (called as a coupling constant of system and reservoir) and given a Lorentz form
[61]

T — 1 SoI'2 ;
@ w4 T @

I" represents the spectral width for the coupling, which is quantified by the correlation
time 7, of the reservoir in terms of 7, = 1/I". Additionally, the parameter §y relates
to the decay of the atomic excitation in the Markovian limit of flat spectrum and is
correlated with the relaxation time 7, by 7, = 1/8p, which is the time over which
the state of the qubit system evolves. In the weak-coupling regime (with o < I'/2),
74 > T and & will substantially become a Markovian exponential decay mediated by
8o. By contrast, T; < 7, in the regime of strong-coupling regime (with o > I'/2) and
then the system is responsible for a non-Markovian evolution. In our consideration, we
will focus on the strong-coupling regime to reveal the non-Markovian environmental
effects on the uncertainty. Within this regime, the function &; can be written as [64]

2
g =e " [cos (%) + ;sin (%)} , (®)

where A = /280" — I'2. & presents oscillations in its description of the damping
process for the atomic excitation generated by the coherent processes of the system—
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reservoir. Note that & = 0 in the limit of t, = 2[xr — arctan(A/T")]/A < k € Z.
In the standard basis vectors {|ee), |eg), |ge), |gg)}, one thus can derive the system’s
density matrix with elements of [64]

p11(t) = &7p11(0), p22(t) = &p22(0) + & (1 — &)p11(0),

p33(t) = &033(0) + & (1 — &)p11(0),

paa(t) =1 —[p11(2) + p22(t) + p33(1)],

p12(t) = & p12(0), p13(t) = & p13(0),

014(1) = & 014(0), 023(1) = & 023(0),

p24(t) = & [p24(0) + (1 — &) p13(0)],

p34(t) = v/E[p34(0) + (1 — &) p12(0)], ©9)

and p;; (1) = ,oji (1), where p(¢) is Hermite.

A working approach of measuring Markovianity with respect to a given system
is to utilize the trace distance (TD), which is considered as a metric determined by
performing the trace norm on the set of quantum states. The TD with respect to any
pair of states 07 and 0 can be expressed by [65]

1
D(p1(1), p2(1)) = E”ﬁl(t) = p2(0) I, (10)

where || x |Itr= Tr(v/x ¥ x). The D stands for a canonical metric within the density-
matrix space with 0 < D < 1. Consequently, the TD may be explained by a
measurement for two quantum states’ distinguishability. Notably, there exists a dis-
tinctive characteristic of the TD, which is contractility to this metric

D), Ypor) = D(p1(1), p2(1)) (1)

for all absolutely positive and trace-preserving maps V. On the contrary, non-trace-
preserving quantum operations ever enable us to raise the states’ distinguishability.

An increase of D between pairs of states associated with a system is understood as
the information backflow into the system, characteristic of non-Markovian regimes.
Otherwise, a reduction (or invariant value) of D means information is outflowing
into the environment from the system in an unidirectional manner, characteristic of
Markovian regimes. Then, the corresponding non-Markovianity can be measured by
the BLP formula [66]

N= max / dt o (t, 1(0), p2(0)). (12)
o>0

£1(0),p2(0)

with the changing rate o (¢, p1(0), 02(0)) = %D(ﬁl(t), 02(1)) related to the TD as
expressed by Equation (10).
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3 Non-Markovian effects on the measurement uncertainty via
entropy

In the uncertainty game mentioned before, Bob transmits A, which in prior is entan-
gled with B, to Alice. Alice makes a measurement by one of the two incompatible
observables P and R and subsequently tells Bob her measuring selection for PorR
through the classical information; Bob can obtain the minimal uncertainty regarding
Alice’s measured outcome based on the information. To explore the non-Markovian
effects on the game of interest, we herein take into account a generic bipartite system,
initially sharing an any two-qubit state with Bloch representation,

3
. 1
pABzz(IA®IB—|—I‘-0'A®IB+IA®S~O'B+ZC]¢O']?®O‘ICB>, (13)
k=1

where r and s denote Bloch vectors, {zrk},%:1 corresponds to the standard Pauli oper-
ators, and the correlation matrix ¢, = TrAB(,éABa,f‘ ® okB) with 0 < |¢cx] < 1. In
particular, r = s = 0, p4p reduces to a two-qubit Bell-diagonal state. In the fol-
lowing, suppose that the Bloch vectors are z-directional, we have r = (0, 0, r) and
s = (0,0,5) withr = Trap(papo @ I®) and s = Trap(papl? ® o). Inciden-
tally, we can also transform them to be x- or y-directional by means of an proper local
unitary transformation without loss of its diagonal property of the correlation term.

To uncover the dynamical traits of the uncertainty with regard to a pair of incompat-
ible measurements under two separate bosonic reservoirs while considering memory
effect, we resort to using o, and o, as the incompatible measurements. Derived from
the entropies in Equation (2), the post-measurement states are given by

o =0, 100y 001 + 10y 100 + E=EZ 5 gony o1 4 iy
+ S 01) 101+ 110)(01] +100) (1] + 11){00),

Pous =1+C{$sﬂ|00><00| $ ZEHZEAEEEIED  10) 101+ o1y 01)
+4—25,(2+r+8)+§[2(1+c‘3+V+S)|ll)(11|’ (14)

4

respectively, and by calculating the corresponding eigenvalues, the von Neumann
entropies can be written as

. 1—+vA
S(po, B) = Sbin (—) +1,

2
S(po,B) = —(nlogyn + 20log, ¥ 4 vlog,v), (15)
where Spin(x) = —xlogyx — (1 — x)log,(1 — x) is defined as a binary entropy,

A =1—2&+ &>+ c1%6% — 285 + 2625 + &%5%,n = (1 + 3 +7 +5)&2/4,
O =02+4+2r —&(+c3+r+s))&/4,andv =1 —1n —20.
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Fig. 2 (Color online) Dynamics of entropic uncertainty, lower bound, QD and the trace distance of the
bipartite system versus timescale, 3o, when the initial state is prepared in a maximal entangled state with
r =5 = 0and (c1,c2,c3) = (1, —1, 1). LHS: the entropic uncertainty expressed by Eq. (2); RHS:
right-hand side of Equation (2); QD: the quantum discord of AB; D(p1(t), p2(t)): trace distance of the
system independently interacting with a structured reservoir possessing Lorentz spectrum, J(w). In the
strong-coupling regime, 8o/ ' = 100 is set for subgraphs (a) and (d), and 83/ I" = 10 for subgraphs (b)
and (e); In the weak-coupling regime, 8o/ I' = 0.2 is set for subgraphs (¢) and (f)

On account of pp = Tra(p4p), the entropy of the quantum memory is easily given
as S(pp) = Svin((1 + r)& /2). Speaking to the measurement for the observables oy
and o, we obtain a form for the left-hand side (LHS) of the inequality (2), analytically
described by

1—+VA
U = Spin — )~ (nlogyn + 20logy ¥ + vlogyv) — 2Spin (1 + 1) /2) + 1.

(16)

Now, let us examine the non-Markovian effect on the uncertainty in detail. When a
maximally entangled state is taken as the initial state with» = s = Oand (¢, ¢2, ¢3) =
(1, —1, 1), we here draw the dynamical uncertainty with respect to the evolution time,
t, for different ratios of the coupling strengths §p/ I' in Fig. 2. Following Fig. 2, one can
see that in the strong-coupling regime (with o/ I" > 0.5), as shown in Fig. 2a, b, d, e,
the initial variation in the uncertainty behaves periodically with time and diminishes
to a fixed value. This can be interpreted as the characteristic non-Markovianity of
the information will lead to information being able to not only outflowing but also
backflowing as strong coupling induces the fluctuations in the trace distance of the
qubit system. These fluctuations result in the characteristic resonance in the system’s
evolution as well as the uncertainty.
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Fig.3 (Color online)
Non-Markovianity (of the
composite system independently
interacting with a bosonic
structured reservoir possessing a
Lorentz spectral distribution) as
a function of §g/ I'. Note that the
line is broken at 8o/ I" = 0.5,
which is a singular point

8T

In the weak-coupling regime (with §o/ ' < 0.5), shown in Fig. 2c, f, the uncertainty
would first rise and then reduce with time, saturating into a fixed value in the limit of
long time. In addition, let us impose an effective method to map system’s evolution,
i.e., quantum correlation, which can be measured by so-called quantum discord (QD)
[67-69]

Q(pap) =IZ(A:B)—C(A: B). a7

For a bipartite system A B, the total correlation Z(A : B) = S(pa) + S(0) — S(0aB)
and the classical correlation C(A : B) = S(p4) — minnl_y S(,ﬁAB|HiB). Where l'[l.B
is denoted by all possible POVM on qubit B, S(pap|T1?) = Y, ¢;S(p?) repre-
sents the conditional von Neumann entropy of A. The density operator is ,5[.A =
Trp (l'[iB,éAB Hf)/qi with the probability ¢; = Trap(pap I"IIB). The quantum correla-
tion (i.e., QD) and trace distance of the bipartite system monotonically reduce with
the increasing time. With these results in mind, we can ascertain that the measure-
ment uncertainty via entropy is not completely dependent upon the system’s quantum
correlation, Q(p4p), which can been derived analytically to be:

~ 4 .
Q(pap) = Sbin(ﬂ22+/)44)+zi:1 rilogy A +min{Fy, 7}, (18)
for an arbitrary state of X-structure density matrix p4 g, with

F1 = Svin(A), (19)
Fa=— Zi piilogy pii — Svin(p11 + 033), (20)

where A = %{l + \/[1 —2(p33 + ,044)]2 + 4(|p14] + |p23|)2}, pij stands for the ele-

ments of the p4p’s density matrix and A; denotes the four eigenstates of p4p.
To clearly display the evolution of an atomic system interacting with reservoirs
with memory, we may utilize an optimal pair of quantum states p; (0) = | + +)(+ + |
1

and p»(0) = | — —)(— — | as two initial states with |£) = —Z(Ie) =+ |g)), as having
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been verified in previous works [70]. After some algebra, the trace distance of the any
bipartite system can be derived as

D(p1 (1), pa(1)) = /&2 — 2& + &7). 21

To be explicit, D(p1(¢), p2(t)) versus Sof has been provided in Fig. 2(e-f) for dif-
ferent coupling regimes. Obviously, in the strong-coupling regime, D(p1(¢), p2(t))
shows a resonant properties, implying information exchange between the system
to be measured and the environment is bidirectional rather than mono-directional
(non-Markovian). Moreover, it is directly shown that the larger value of §o/ I" (non-
Markovianity) induces period-increasing resonance of the uncertainty. By contrast,
D(p1(t), p2(¢)) is monotonically reduced which leads to a one-way information
flow from system to environment (Markovian). For the sake of quantifying the non-
Markovianity of the observed system, we draw \ with respect to 8¢/ I' in Fig. 3. From
the figure, it shows that for the weak-coupling regime with 0 < 8o/’ < 0.5, N is
equal to zero; this displays that the trace distance never increases during the evolu-
tion of the system and consequently the evolution of the system is Markovian. With
respect to the strong-coupling regime with §g/ I" > 0.5, the evolution implies that D
is characterized by the resonant variation in the course of the evolution and thereby the
evolution is non-Markovian. Additionally, a larger N can induce a larger-amplitude
and longer-period oscillations in the uncertainty, as shown in Fig. 2.

Let us proceed by investigating the lower bound given by relation (2). For any two
Pauli observables, the complementarity ¢ will be 1/2 always. Moreover, the eigenvalues
of the generic state in (13) are derived as

Ay = %(aﬁ +V¥), (22)
By = (9 £ VX)/4, (23)

wherep =2 —& —c3+ (s+r) (1 —&), ¥ = (c1 + 2> + (- — )%, 9 =2-2& +
243k — & (1 —E)(r +s) and x = 4(1 — &) + (1 — 2)?6;” — 41 +4&°r +
£72r% — 485 + 4p%s + 2&.%rs + &2s%. Thus, one can get the RHS of the uncertainty
relation which is analytically expressed as

Up=1-— Z (Aylogy Ay + Eclogy Ee) — Spin((1 + )& /2). (24)

v,e=%

As plotted in Fig. 2, LHS = RHS holds and the uncertainty will be minimal at # = 0,
implying Bob is capable of precisely capturing Alice’s measurement outcome in this
limitation. While LHS > RHS is satisfied and the uncertainty will increase V¢, ¢ > 0,
which weakens Bob’s ability to predict the measurement outcome to some degree. It
is deserving of noting that the uncertainty and the bound will saturate toward a fixed
nonzero value in the limitation of t — oo.

Remarkably, we argue that the uncertainty is capable of being well applied as an
entanglement witness. As we know, one of the criteria for witnessing entanglement
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Fig. 4 (Color online) Uncertainty with respect to I'/§p for different values of 6p¢ when the initial state is
chosentor = s = 0and (cq, c2, c3) = (1, —1, 1). In graph (a), §ot = 1; in graph (b), 8ot = 10. For the
two graphs, I'/§p = 2 is the critical point (singular point) in both Markovian and non-Markovian regimes

is the condition S(A|B) < 0 is held; notably, this is a sufficient but not necessary
condition for entanglement witness. In this regard, we can infer that A and B are
entangled affirmatively when U, < 1 within this model. In this sense, the lower
bound can be effectively applied as an entanglement witness. If U, < 1 is satisfied,
we can conclude that bipartite entanglement is emerging.

Now we continue to examine the effect of the different ratio I'/§p on the
measurement uncertainty. It has been shown that the uncertainty as a function of I /§g
is drawn in Fig. 4 for different doz. For a fixed value of dpt, the QD monotonically
decreases with the growth of I /§y. The uncertainty will experience diverse dynamical
performance with different §oz. The uncertainty will increase with the increasing ratio
I' /8o for small §pt; otherwise, the uncertainty will initially increase and then decrease
with increasing I"/§p in the case of relatively large do¢, as shown in Fig. 4. We note
that when ¢ is fixed, a small value of reservoir correlation time, ., can induce the
larger amount of the measurement uncertainty of interest, and vice versa. This is not
surprising as a smaller 7, can induce Markovianity in the observed system, resulting
in faster one-way information outflow into the environment.

4 Physical interpretations on the dynamical properties of the
uncertainty

Empirically, the dynamical evolution of the uncertainty stems from the quantum corre-
lation of the system to be observed. However, as stated before, we obtain an interesting
result that the lower bound of the uncertainty is not completely determined by the
degree of quantum correlation of the composite system. To explicitly explain this,
let us render a reliable proof to our statements and reveal the quantum nature of the
phenomenon with respect to the dynamics of the uncertainty.
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(a) Markovian regimes (b) Non—Markovian regimes
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Fig. 5 (Color online) Dynamics of the uncertainty bound, the mutual information and the entropy of A
under Markovian and non-Markovian regimes. Graph a: I'/§y = 5 and graph b I'/§p = 0.01 when the
initial state is prepared in r = s = 0 and (cy, ¢2, ¢3) = (1, —1, 1). The blue line represents the bound Uy,
the red line represents the mutual information Z(A : B), and the magenta line represents the entropy of the
subsystem A

4.1 The origin of the lower bound

To explain the dynamical behavior of the uncertainty within the current scenario, we
combine Egs. (2) and (17); one can easily obtain a relation between the QD and the
lower bound

1
Up = Sce — Q(pan) + 10g2;’ (25)

with Sce = minps[S( PAB| l'IlB )]. We can differentiate both sides of the above equation
with respect to time, ¢, and obtain

d d d
—U, = — _ 2
dr b= dtsce & Q(paB): (26)

duetolog, % being a constant, which straightforwardly indicates that the lower bound is
inherently anti-correlated with the quantum discord Q(p 4 p) and meanwhile correlated
with the conditional von Neumann entropy Sce of A to be observed. As a result, we
can infer that the rate of change of Uj, is not only determined by the variation in QD,
but also by the variation in the entropy Sce. With these in mind, we can conclude
that Q(pap) and Sce act as competing factors in determining the magnitude of the
bound. Therefore, we argue that the uncertainty should be not entirely synchronous
with quantum correlation of the observed system.
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Another explanation can be given according to mutual information. The bound can
be expressed as U, = S(pa) —Z(A : B) + logZ%, which can lead to a differential
equation

d —d_. d )

EUb = ES(PA) - EI(A . B). 27
From the above equation, one can infer that the variation rate of Uy, is correlated with
von Neumann entropy S(p4) of A to be measured, while anti-correlated with the
mutual information Z(A : B). For clearness, we draw the dynamics of uncertainty
bound, the mutual information, and the entropy of the subsystem A in Fig. 5. As to
the maximally entangled initial state employed, in the weak-coupling (Markovian)
regimes, the mutual information will decrease from the maximum 2 and saturate into
the minimum O as the evolution time goes, while the entropy of A will decrease from the
maximum 1 and saturate into the minimum 0, as shown in Fig. 5a. This reflects that the
A and B will become disentangled in a long time limit under such Markovian regimes.
And the measurement uncertainty will increase and saturate into a fixed value. On the
other hand, in the strong-coupling (non-Markovian) regimes, the mutual information
will firstly decrease from the maximum 2 and then vibrate up to the minimum 0 as
the time goes, and the entropy of A exhibits the same variation trend as Z(A : B),
which shows the dynamic of the mutual information is synchronous with that of A’s
entropy as displayed in Fig. 5b. And the measurement uncertainty will increase and
then vibrate up to a fixed value. Specially, there exists another case which is that how
the uncertainty will evolve if the A is isolated and free from any noises. To answer this
question, we can resort to Eq. (27) and %S (p4) = 0. Based on this equation, one can
easily get that the mutual information of the system is responsible for the dynamic of
the lower bound, and explicitly the lower bound is completely anti-correlated with the
mutual information in the situation of qubit A being isolated from any noises.

4.2 The relation between the measurement uncertainty and Bell non-locality

In this subsection, let us examine the relation between the entropic uncertainty and
the quantum non-locality. It has been found the entropic uncertainty is oppositely
associated with the quantum non-locality of the system. Firstly, let us briefly review
the Bell-CHSH inequality [71,72], which can be canonically written as

Beusu=a-0 @ b+b)-0+a -0 B-b)- o0, (28)

with the unit vectors a, a’, b, b’ in the three dimensions, and ¢ = (o, oy, 07) being
the standard Pauli matrices. For a bipartite system with the density matrix p, its CHSH
inequality can be expressed as

B = |(Bcusn)| = ITr(pBcusn)| < 2. (29)

Derived from the results in Ref. [73—-75], the maximal quantum CHSH inequality of an

arbitrary two-qubit X -structure state can be simplified as B = 2\/ max; < j (Al.2 + A?)
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(a) Markovian regimes

(b) Non—Markovian regimes
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Fig.6 (Coloronline) The uncertainty and the non-locality 13 of the system as a function of 7 in units of §g with
the different coupling ratio I /8 when the initial state is prepared inr = s = Oand (¢, ¢2,¢3) = (1, —1, 1).
In graph (a), the blue lines: I'/8g = 10, and the red lines: I'/8g = 1; in graph (b), ot = 10

withi, j = 1,2, 3, where
A1 =2(lp14 + p231)s A2 =2(lp14 — p231), Az = p11 — p22 — P33 + paa. (30)

The lower bound of the measurement uncertainty and the Bell non-locality versus
the time ¢ are drawn in Fig. 6. In Markovian regimes, it is shown that the lower
bound firstly increases from a small value and then decreases into a fixed value, with
the growing time. In shape comparison with former, the Bell non-locality has the
opposite evolutionary trend, as shown in Fig. 6a. Notably, the Bell non-locality exists
the maximal violation B = 2+/2 > 2. With respect to non-Markovian regimes, the
dynamic of the Bell non-locality shows a resonant character and is frozen to a value
less than 2 with the growing time, and we can see that the dynamic of the lower bound
is fully anti-correlated with that of 3. By the above analysis, we thus argue that the
lower bound is essentially anti-correlated with the Bell non-locality of the system to
be probed. Incidentally, there exist the similar freezing behaviors for quantum discord
and coherence in the current scenario [76,77]. For simplicity, we here do not illustrate
them in detail.

5 Conclusions and remarks

Herein we have examined the dynamics of the measurement uncertainty for bipar-
tite separately coupled with two structured bosonic reservoirs. Explicitly, we study
the non-Markovian effects on the entropic uncertainty for measuring two incompati-
ble observables. It has been verified that stronger non-Markovianity can lead to both
larger-amplitude and longer-period oscillations in the dynamics of QMA-EUR, result-
ing from a slower pace variation in the trace distant D. This may be understood as the
information undergoing bidirectional flow between the qubits and the multi-degree-
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of-freedom reservoirs in the long time limit. While, in the Markovian regime (with
80/ ' < 0.5), the uncertainty will first increase and then gradually decrease to a fixed
value with increasing time accompanied by a monotonic decrease in D and in Q(04p).
Notably, we deduce that the dynamical behavior of the lower bound is not fully deter-
mined by quantum correlation of the system, but by the conditional entropy Sce; this
implies there exists a competition between Q(p4p) and Sce determining the magni-
tude of Up. Moreover, the uncertainty bound has been proved which is alternatively
affected by both the mutual information Z(A : B) of the system and the entropy of
the reduced subsystem A to be measured. At last, we reveal the entropic uncertainty
of interest is possibly oppositely correlated with the Bell non-locality B of the system.
Thus, we believe that our explorations may provide some insight into the dynamical
characteristic of the measurement uncertainty via entropy in non-Markovian regimes
and shed light on quantum multi-component incompatible measurements in realistic
environments.

Acknowledgements This work was supported by the National Natural Science Foundation of China (Grant
Nos. 61601002 and 11575001), Anhui Provincial Natural Science Foundation (Grant No. 1508085QF139),
and the Fund of CAS Key Laboratory of Quantum Information (Grant No. KQI201701).

References

1. Heisenberg, W.: Uber den anschaulichen Inhalt der quantentheoretischen Kinematik und Mechanik.
Z. Phys. 43, 172 (1927)
2. Coles, P.J., Berta, M., Tomamichel, M., Wehner, S.: Entropic uncertainty relations and their applica-
tions. Rev. Mod. Phys. 89, 015002 (2017)
3. Kennard, E.H.: Zur Quantenmechanik einfacher Bewegungstypen. Z. Phys. 44, 326 (1927)
4. Robertson, H.P.: Violation of Heisenberg’s uncertainty principle. Phys. Rev. 34, 163 (1929)
5. Maccone, L., Pati, A.K.: Stronger uncertainty relations for all incompatible observables. Phys. Rev.
Lett. 113, 260401 (2014)
6. Wang, K.K., Zhan, X., Bian, Z.H., Li, J., Zhang, Y.S., Xue, P.: Experimental investigation of the
stronger uncertainty relations for all incompatible observables. Phys. Rev. A 93, 052108 (2016)
7. Xiao, L., Wang, K.K., Zhan, X., Bian, Z.H., Li, J., Zhang, Y.S., Xue, P., Pati, A.K.: Experimental test
of uncertainty relations for general unitary operators. Opt. Exp. 25, 17904 (2017)
8. Deutsch, D.: Uncertainty in quantum measurements. Phys. Rev. Lett. 50, 631 (1983)
9. Kraus, K.: Complementary observables and uncertainty relations. Phys. Rev. D 35, 3070 (1987)
10. Maassen, H., Uffink, J.B.M.: Generalized entropic uncertainty relations. Phys. Rev. Lett. 60, 1103
(1988)
11. Riccardi, A., Macchiavello, C., Maccone, L.: Tight entropic uncertainty relations for systems with
dimension three to five. Phys. Rev. A 95, 032109 (2017)
12. Wang,D., Huang, A.J., Hoehn,R.D., Ming, F., Sun, W.Y., Shi, J.D., Ye, L., Kais, S.: Entropic uncertainty
relations for Markovian and non-Markovian processes under a structured bosonic reservoir. Sci. Rep.
7, 1066 (2017)
13. Renes, J.M., Boileau, J.C.: Conjectured strong complementary information tradeoff. Phys. Rev. Lett.
103, 020402 (2009)
14. Berta, M., Christandl, M., Colbeck, R., Renes, J.M., Renner, R.: The uncertainty principle in the
presence of quantum memory. Nat. Phys. 6, 659 (2010)
15. Li, C.F, Xu,J.S., Xu, X.Y,, Li, K., Guo, G.C.: Experimental investigation of the entanglement-assisted
entropic uncertainty principle. Nat. Phys. 7, 752 (2011)
16. Prevedel, R., Hamel, D.R., Colbeck, R., Fisher, K., Resch, K.J.: Experimental investigation of the
uncertainty principle in the presence of quantum memory. Nat. Phys. 7, 757 (2011)
17. Coles, P.J., Piani, M.: Complementary sequential measurements generate entanglement. Phys. Rev. A
89, 010302 (2014)

@ Springer



Probing entropic uncertainty relations under a two-atom system... Page150f17 335

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Hall, M.J.W., Wiseman, H.M.: Heisenberg-style bounds for arbitrary estimates of shift parameters
including prior information. New J. Phys. 14, 033040 (2012)

Dupuis, F., Fawzi, O., Wehner, S.: Entanglement sampling and applications. IEEE Trans. Inf. Theory
61, 1093 (2015)

Konig, R., Wehner, S., Wullschleger, J.: Unconditional security from noisy quantum storage. IEEE
Trans. Inf. Theory 58, 1962 (2012)

Vallone, G., Marangon, D.G., Tomasin, M., Villoresi, P.: Quantum randomness certified by the uncer-
tainty principle. Phys. Rev. A 90, 052327 (2014)

Miller, C.A., Shi, Y.: Robust protocols for securely expanding randomness and distributing keys using
untrusted quantum devices. In: Proceedings of ACM STOC (ACM Press, New York), pp. 417426
(2014)

Cerf, N.J., Bourennane, M., Karlsson, A., Gisin, N.: Security of quantum key distribution using d-level
systems. Phys. Rev. Lett. 88, 127902 (2002)

Grosshans, F., Cerf, N.J.: Continuous-variable quantum cryptography is secure against non-Gaussian
attacks. Phys. Rev. Lett. 92, 047905 (2004)

Tomamichel, M., Renner, R.: Uncertainty relation for smooth entropies. Phys. Rev. Lett. 106, 110506
(2011)

Coles, P.J., Colbeck, R., Yu, L., Zwolak, M.: Uncertainty relations from simple entropic properties.
Phys. Rev. Lett. 108, 210405 (2012)

Zhang, J., Zhang, Y., Yu, C.S.: Rényi entropy uncertainty relation for successive projective measure-
ments. Quantum Inf. Process. 14, 2239 (2015)

Coles, PJ., Piani, M.: Improved entropic uncertainty relations and information exclusion relations.
Phys. Rev. A 89, 022112 (2014)

Schneeloch, J., Broadbent, C.J., Walborn, S.P., Cavalcanti, E.G., Howell, J.C.: Einstein-Podolsky-
Rosen steering inequalities from entropic uncertainty relations. Phys. Rev. A 87, 062103 (2013)

Hu, M.L., Fan, H.: Quantum-memory-assisted entropic uncertainty principle, teleportation, and entan-
glement witness in structured reservoirs. Phys. Rev. A 86, 032338 (2012)

Hu, M.L., Fan, H.: Upper bound and shareability of quantum discord based on entropic uncertainty
relations. Phys. Rev. A 88, 014105 (2013)

Hu, M.L., Fan, H.: Competition between quantum correlations in the quantum-memory-assisted
entropic uncertainty relation. Phys. Rev. A 87, 022314 (2013)

Pati, A.K., Wilde, M.M., Devi, A.R.U., Rajagopal, A.K., Sudha, : Quantum discord and classical
correlation can tighten the uncertainty principle in the presence of quantum memory. Phys. Rev. A 86,
042105 (2012)

Karpat, G., Piilo, J., Maniscalco, S.: Controlling entropic uncertainty bound through memory effects.
EPL 111, 50006 (2015)

Zhang, J., Zhang, Y., Yu, C.S.: Entropic uncertainty relation and information exclusion relation for
multiple measurements in the presence of quantum memory. Sci. Rep. 5, 11701 (2015)

Liu, S., Mu, L.Z., Fan, H.: Entropic uncertainty relations for multiple measurements. Phys. Rev. A 91,
042133 (2015)

Adabi, F.,, Salimi, S., Haseli, S.: Tightening the entropic uncertainty bound in the presence of quantum
memory. Phys. Rev. A 93, 062123 (2016)

Adabi, F, Haseli, S., Salimi, S.: Reducing the entropic uncertainty lower bound in the presence of
quantum memory via LOCC. EPL 115, 60004 (2016)

Rastegin, A.E.: Entropic uncertainty relations for successive measurements of canonically conjugate
observables. Ann. Phys. (Berlin) 528, 835 (2016)

Rastegin, A.E., Zyczkowski, K.: Majorization entropic uncertainty relations for quantum operations.
J. Phys. A Math. Theor. 49, 355301 (2016)

Berta, M., Wehner, S., Wilde, M.M.: Entropic uncertainty and measurement reversibility. New J. Phys.
18, 073004 (2016)

Baek, K., Son, W.: Unsharpness of generalized measurement and its effects in entropic uncertainty
relations. Sci. Rep. 6, 30228 (2016)

Adamczak, R., Latata, R., Puchata, Z., Zyczkowski, K.: Asymptotic entropic uncertainty relations. J.
Math. Phys. 57, 032204 (2016)

Xiao, Y.L., Jing, N.H., Fei, S.M., Li, T., Li-Jost, X.Q., Ma, T., Wang, Z.X.: Device-independent
dimension tests in the prepare-and-measure scenario. Phys. Rev. A 94, 042125 (2016)

@ Springer



335

Page 16 of 17 D.Wang et al.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.
64.

65.

66.

67.

68.

69.
70.

71.

Xu, J.S., et al.: Experimental recovery of quantum correlations in absence of system-environment
back-action. Nat. Commun. 4, 2851 (2013)

Mortezapour, A., Borji, M.A., Lo Franco, R.: Protecting entanglement by adjusting the velocities of
moving qubits inside non-Markovian environments. Laser Phys. Lett. 14, 055201 (2017)

Lo Franco, R., Compagno, G.: Overview on the phenomenon of two-qubit entanglement revivals in
classical environments. Quantum Inf. Process. 15, 2393 (2016)

Lo Franco, R., Compagno, G.: Overview on the phenomenon of two-qubit entanglement revivals
in classical environments. In: Fanchini, F., Soares Pinto, D., Adesso, G. (eds.) Lectures on General
Quantum Correlations and their Applications. Quantum Science and Technology. Springer, Cham
(2017)

Xu, Z.Y., Yang, W.L., Feng, M.: Quantum-memory-assisted entropic uncertainty relation under noise.
Phys. Rev. A 86, 012113 (2012)

Zou, HM., Fang, M.F,, Yang, B.Y., Guo, Y.N., He, W., Zhang, S.Y.: The quantum entropic uncer-
tainty relation and entanglement witness in the two-atom system coupling with the non-Markovian
environments. Phys. Scr. 89, 115101 (2014)

Huang, A.J., Shi, J.D., Wang, D, Ye, L.: Steering quantum-memory-assisted entropic uncertainty under
unital and nonunital noises via filtering operations. Quantum Inf. Process. 16, 46 (2017)

Huang, A.J., Wang, D., Wang, J.M., Shi, J.D., Sun, W.Y., Ye, L.: Exploring entropic uncertainty relation
in the Heisenberg XX model with inhomogeneous magnetic field. Quantum Inf. Process. 16, 204 (2017)
Feng,J.,Zhang, Y.Z., Gould, M.D., Fan, H.: Entropic uncertainty relations under the relativistic motion.
Phys. Lett. B 726, 527 (2013)

Jia, L.J., Tian, Z.H., Jing, J.L.: Entropic uncertainty relation in de Sitter space. Ann. Phys. 353, 37
(2015)

Zheng, X., Zhang, G.F.: The effects of mixedness and entanglement on the properties of the entropic
uncertainty in Heisenberg model with Dzyaloshinski-Moriya interaction. Quantum Inf. Process. 16, 1
(2017)

Wang, D., Ming, F., Huang, A.J., Sun, W.Y., Shi, J.D., Ye, L.: Exploration of quantum-memory-assisted
entropic uncertainty relations in a noninertial frame. Laser Phys. Lett. 14, 055205 (2017)

Wang, D., Huang, A.J., Ming, F., Sun, W.Y., Lu, H.P,, Liu, C.C., Ye, L.: Quantum-memory-assisted
entropic uncertainty relation in a Heisenberg X'YZ chain with an inhomogeneous magnetic field. Laser
Phys. Lett. 14, 065203 (2017)

Wang, D., Shi, W.N., Hoehn, R.D., Ming, E,, Sun, W.Y,, Kais, S., Ye, L.: Effects of hawking radiation
on the entropic uncertainty in a schwarzschild space-time. Ann. Phys. (Berlin) 530, 1800080 (2018)
Zhang, Y., Fang, M., Kang, G., Zhou, Q.: Controlling quantum memory-assisted entropic uncertainty
in non-Markovian environments. Quantum Inf. Process. 17, 62 (2018)

Yao, C.M., Chen, Z.H., Ma, Z.H., Severini, S., Serafini, A.: Entanglement and discord assisted entropic
uncertainty relations under decoherence. Sci. China-Phys. Mech. Astron. 57, 1703 (2014)

Breuer, H.P,, Petruccione, F.: The Theory of Open Quantum Systems. Oxford University Press, Oxford
(2002)

Lo Franco, R., Bellomo, B., Maniscalco, S., Compagno, G.: Dynamics of quantum correlations in
two-qubit systems within Non-Markovian environments. Int. J. Mod. Phys. B 27, 1345053 (2013)
Maniscalco, S., Petruccione, F.: Non-Markovian dynamics of a qubit. Phys. Rev. A 73,012111 (2006)
Bellomo, B., Lo Franco, R., Compagno, G.: Non-Markovian Effects on the dynamics of entanglement.
Phys. Rev. Lett. 99, 160502 (2007)

Karlsson, A., Lyyra, H., Laine, E.M., Maniscalco, S., Piilo, J.: Non-Markovian dynamics in two-qubit
dephasing channels with an application to superdense coding. Phys. Rev. A 93, 032135 (2016)
Breuer, H.P., Laine, E.M., Piilo, J.: Measure for the degree of non-Markovian behavior of quantum
processes in open systems. Phys. Rev. Lett. 103, 210401 (2009)

Ollivier, H., Zurek, W.H.: Quantum discord: a measure of the quantumness of correlations. Phys. Rev.
Lett. 88, 017901 (2001)

Hu, M.L., Hu, X.Y., Wang, J.C., Peng, Y., Zhang, Y.R., Fan, H.: Quantum coherence and geometric
quantum discord. Phys. Rep. (2018) https://doi.org/10.1016/j.physrep.2018.07.004

Luo, S.L.: Quantum discord for two-qubit systems. Phys. Rev. A 77, 042303 (2008)

Addis, C., Bylicka, B., Chruscinski, D., Maniscalco, S.: Comparative study of non-Markovianity
measures in exactly solvable one- and two-qubit models. Phys. Rev. A 90, 052103 (2014)

Clauser, J.F., Horne, M.A., Shimony, A., Holt, R.A.: Proposed experiment to test local hidden-variable
theories. Phys. Rev. Lett. 23, 880 (1969)

@ Springer


https://doi.org/10.1016/j.physrep.2018.07.004

Probing entropic uncertainty relations under a two-atom system... Page170f17 335

72.

73.

74.

75.

76.

7.

Jiang, S.H., Xu, Z.P,, Su, H.Y., Pati, A.K., Chen, J.L.: Generalized Hardy’s Paradox. Phys. Rev. Lett.
120, 050403 (2018)

Horodecki, R., Horodecki, P., Horodecki, M.: Violating Bell inequality by mixed spin-12 states: nec-
essary and sufficient condition. Phys. Lett. A 200, 340 (1995)

Derkacz, L., Jakébczyk, L.: Clauser-Horne-Shimony-Holt violation and the entropy-concurrence plane.
Phys. Rev. A 72, 042321 (2005)

Mazzola, L., Bellomo, B., Lo Franco, R., Compagno, G.: Connection among entanglement, mixedness,
and nonlocality in a dynamical context. Phys. Rev. A 81, 052116 (2010)

Cianciaruso, M., Bromley, T.R., Roga, W., Lo Franco, R., Adesso, G.: Universal freezing of quantum
correlations within the geometric approach. Sci. Rep. 5, 10177 (2015)

Streltsov, A., Adesso, G., Plenio, M.B.: Colloquium: quantum coherence as a resource. Rev. Mod.
Phys. 89, 041003 (2017)

Affiliations

Dong Wang'2@ - Wei-Nan Shi' - Ross D. Hoehn3 - Fei Ming' -
Wen-Yang Sun’ - Liu Ye' - Sabre Kais3*

Liu Ye
yeliu@ahu.edu.cn

Sabre Kais
kais @purdue.edu
School of Physics and Material Science, Anhui University, Hefei 230601, China

CAS Key Laboratory of Quantum Information, University of Science and Technology of China,
Hefei 230026, China

Department of Chemistry, Department of Physics and Birck Nanotechnology Center, Purdue
University, West Lafayette, IN 47907, USA

Santa Fe Institute, Santa Fe, NM 87501, USA

@ Springer


http://orcid.org/0000-0002-0545-6205

	Probing entropic uncertainty relations under a two-atom system coupled with structured bosonic reservoirs
	Abstract
	1 Introduction
	2 Physical model, analytical solution, and non-Markovianity
	3 Non-Markovian effects on the measurement uncertainty via entropy
	4 Physical interpretations on the dynamical properties of the uncertainty
	4.1 The origin of the lower bound
	4.2 The relation between the measurement uncertainty and Bell non-locality

	5 Conclusions and remarks
	Acknowledgements
	References




