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Characterization of Quantum States Based on Creation
Complexity
Zixuan Hu and Sabre Kais*
measured by the number of elementary
gates used—scales polynomially with the
number of qubits involved, it is eﬃcient
compared to the classical algorithm for the
same purpose. Since any quantum circuit
is essentially a sequence of unitary gates
operating on an input state and producing
an output state, we can relate the complexity of creating the output state to the complexity of the quantum circuit. Indeed if
a quantum circuit involves a critical step
at which a critical intermediate quantum
state has a ﬁxed form with a given creation complexity, then the complexity of
the circuit can be evaluated by the creation complexity of this intermediate state.
It is well known that the overwhelming
majority of all quantum states have creation complexities that scale exponentially
with the number of qubits,[19] i.e., the creation complexity is exponential. The problem of designing eﬃcient quantum circuits
therefore may involve identifying those
quantum states with polynomial creation
complexity. Now for a given known quantum state, can we
determine if its creation complexity is polynomial? If the answer
is yes, does the determination process itself have a polynomial
complexity? These are two open questions (so far as we know)
examined by this study. These questions are important because
if there is an eﬃcient and systematic way to determine if a
quantum state is polynomial (having polynomial creation complexity), we can then design quantum algorithms using only
the polynomial states such that polynomial complexity of the
circuit is guaranteed. This will guide our search for new eﬃcient
algorithms by signiﬁcantly reducing the search space.
In the following we ﬁrst prove that for an entirely general
quantum state it is exponentially hard to determine if the creation
complexity is polynomial. Next, we show that this apparently
discouraging result does not prevent us from obtaining partial
knowledge of the creation complexity of a given candidate state.
In particular, we can deﬁne a proper subset of all the polynomial
states such that all states in the subset have some simple characteristics that can be identiﬁed eﬃciently. Given a candidate state,
we will determine if it has the characteristics or not: if yes it
belongs to the subset and is polynomial; if not it does not belong
to the subset and its creation complexity is undecided because
the subset does not contain all the polynomial states. As the negative result leaves the candidate state undecided, it is desirable
to have a very general subset such that it contains states with
great generality and complexity. In this work we identify such a

The creation complexity of a quantum state is the minimum number of
elementary gates required to create it from a basic initial state. The creation
complexity of quantum states is closely related to the complexity of quantum
circuits, which is crucial in developing eﬃcient quantum algorithms that can
outperform classical algorithms. A major question unanswered so far is what
quantum states can be created with a number of elementary gates that scales
polynomially with the number of qubits. In this work, it is ﬁrst shown that for
an entirely general quantum state it is exponentially hard (requires a number
of steps that scales exponentially with the number of qubits) to determine if
the creation complexity is polynomial. Then, it is shown that it is possible for
a large class of quantum states with polynomial creation complexity to have
common coeﬃcient features such that, given any candidate quantum state,
an eﬃcient coeﬃcient sampling procedure can be designed to determine if
the state belongs to the class or not with arbitrarily high success probability.
Consequently, partial knowledge of a quantum state’s creation complexity is
obtained, which can be useful for designing quantum circuits and algorithms
involving such a state.

1. Introduction
Quantum computing has seen enormous progress in both
the theoretical and the experimental fronts.[1–6] From the early
proposals of the phase estimation algorithm,[7] the Shor’s factorization algorithm[8] and the Harrow–Hassidim–Lloyd algorithm
for linear systems,[9] to the more recent ones like the variational quantum eigensolver,[10] the quantum machine learning
algorithms,[11,12] and quantum algorithm for open quantum
dynamics,[13,14] the potential of quantum algorithms to outperform their classical counterparts in numerous tasks become
increasingly realistic with the rapid development of quantum
computing hardware.[15–18] However, the design of quantum
algorithms so far remains an accidental process because there is
no systematic way to look for algorithms that scale eﬃciently. For
any quantum algorithm, the potential of outperforming classical
algorithms lies in the eﬃcient scaling of the quantum circuit
complexity. In general, if the complexity of a quantum circuit—as
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subset that includes those quantum states with great generality
and the maximum complexity allowed by the number of qubits.
We then analyze the characteristics of our subset and show how
an arbitrary state can be transformed into a form where these
characteristics may be found. Finally, we propose a method to
determine if an arbitrary candidate state belongs to the subset,
and if yes design an eﬃcient quantum circuit to create the
state.

2. Theory
2.1. The Cost of Determining the Creation Complexity of a
General State
To determine the creation complexity of a general quantum
state we need to ﬁrst deﬁne the basic initial state and the set of
elementary gates. In this work the basic initial state is naturally
deﬁned as the all zero n-qubit product state |0⟩⊗n , and the elementary gates include all one-qubit unitaries and the two-qubit
CNOT. First, we note the eﬀect of the one-qubit unitaries is to
rotate the qubit in the 2-dimensional Hilbert space, and the
eﬀect of the CNOT gates is to entangle the two qubits involved in
the gate. Without the CNOT gates, the states we can create with
only one-qubit unitaries have the maximum creation complexity
of n with one unitary per qubit, and any additional application
of one-qubit unitaries is redundant. On the other hand, without
the one-qubit unitaries, the CNOT gates can only shuﬄe the
coeﬃcients of the starting state vector around, and cannot create
new coeﬃcient values. Therefore, we can say the one-qubit
unitaries and CNOT gates play complementary roles, and can
be combined to deﬁne a new elementary set containing only
two-qubit controlled-unitary gates or C(U). It is easy to verify
that all possible one-qubit unitaries and the two-qubit CNOT
gates can be expressed in C(U)’s, thus that the set of all C(U)’s is
universal. The universal set of C(U)’s is equivalent to the universal set of one-qubit unitaries and CNOT gates in the sense that
a state with polynomial creation complexity in one universal set
always has the same creation complexity in another universal set.
Working only with the C(U)’s allows us to easily evaluate the cost
of determining the creation complexity of a general quantum
state.
If we deﬁne a general quantum state by the minimum sequence of C(U) gates required to create it from the initial |0⟩⊗n ,
we have a map between a tuple of (C(U1 ), C(U2 ), … , C(UN ))
and a quantum state, where the tuple represents an ordered
sequence of C(Ui )’s. All quantum states with polynomial creation complexity correspond to all the tuples of C(Ui )’s with the
lengths smaller than cnk for some constant c and k such that cnk
is overwhelmingly smaller than 2n , i.e., 2n − cnk ≈ 2n . Since each
C(Ui ) has 22 = 4 free real parameters, the subspace formed by all
tuples of C(Ui )’s with length smaller than cnk has the dimension
of at most 4cnk . On the other hand a general n-qubit state has
2n+1 − 2 free real parameters (2n − 1 free complex parameters)
for its state vector. To determine if a candidate state is in the set
of states with polynomial creation complexity, we need to tell
n+1
k
if a vector in an R2 −2 space belongs to the subspace of R4cn ,
n+1
k
and this in general requires that 2 − 2 − 4cn conditions be
k
n+1
checked (the co-dimension of R4cn in R2 −2 is 2n+1 − 2 − 4cnk ).
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Because 2n − cnk ≈ 2n , 2n+1 − 2 − 4cnk is also a number exponential in n, so that not only it is diﬃcult to identify all these
conditions, but it is also diﬃcult to check these conditions one by
one. We therefore conclude that for an entirely general quantum
state it is exponentially hard to determine if the creation complexity is polynomial. This however does not mean that given
any candidate state we can never obtain any knowledge of its creation complexity. Out of all the states with polynomial creation
complexity, there exist subsets of states with characteristics easy
to determine such that given a candidate state we can determine
with polynomial steps if it belongs to the subset. If a state
belongs to the subset, then its creation complexity is polynomial,
otherwise its creation complexity is unknown. This partial knowledge of a state’s creation complexity can be used to guide the
development of quantum algorithms if the subset is big enough
to include many quantum states of potential interest. A simple
example of such a subset includes all the states with fewer than
cnk number of nonzero elements in its state vector. As the initial
state |0⟩⊗n ’s state vector has only one nonzero element at the ﬁrst
entry, if we can introduce one new nonzero element in any other
entry with polynomial number of steps, e.g., dnl , then the state
vector with fewer than cnk number of nonzero elements can be
created with cnk ⋅ dnl = cdnk+l number of steps – this may not be
the optimal procedure but good enough as it is polynomial. This
is indeed possible by a two-level unitary matrix involving the
ﬁrst entry and any other entry that we want to add.[19] Checking
if a given candidate state is in this subset is easy because the
conditions are identiﬁed as some simple characteristics of the
coeﬃcients: having cnk nonzero elements. Although requiring 2n
steps, it is already much easier to check one by one if each entry of
the state vector is zero than to identify some complex conditions
for the general set of states with polynomial creation complexity.
Furthermore, as shown below in Procedure 1 for a more general
subset, once the conditions are identiﬁed with some characteristics of the coeﬃcients, it is possible to design a polynomial
procedure to check a candidate state’s coeﬃcients and determine
if it belongs to the subset with arbitrarily high probability (no
longer a deterministic test). The subset of states with fewer than
cnk number of nonzero elements in its state vector can therefore
provide partial knowledge for a candidate state. However, the
knowledge we can obtain is very limited because this subset is
a very special one. As the overwhelming majority of the entries
in the state vector are zero, the possible states are conﬁned to
low-dimensional subspaces. In particular, this subset cannot
have states with a large number of qubits entangled with each
other. In the following, we deﬁne a much more general subset of
states with polynomial creation complexity such that states with
arbitrary number of nonzero elements and maximum entanglement (all qubits are entangled) are included. This will provide
much more knowledge for the creation complexity of a candidate
state.

2.2. The Standard State and the Polynomial Standard State
We have seen that the eﬀect of the one-qubit unitaries is to rotate
the qubit in the 2-dimensional Hilbert space, and the eﬀect of the
CNOT is to entangle the two qubits involved in the gate. Next,
we will try to estimate the minimum number of steps to create
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a quantum state by applying the eﬀects of the elementary gates
without redundancy. Take a two-qubit state for example, the most
general form of the state is given by the Schmidt decomposition
𝜙(2) = a1 ||u1 v1 ⟩ + a2 ||u2 v2 ⟩

(1)

where the (2) on 𝜙(2) denotes a two-qubit entangled state, |u1 ⟩ and
|u2 ⟩ are orthogonal, |v1 ⟩ and |v2 ⟩ are orthogonal, a1 and a2 are a
pair of complex coeﬃcients satisfying |a1 |2 + |a2 |2 = 1. To create
𝜙(2) with minimal steps we can ﬁrst apply a unitary U2 on the
second qubit q2 to produce a1 |0⟩2 + a2 |1⟩2 , then apply CNOT2→1
(2 → 1 means using q2 to control q1 ) to produce a1 |00⟩ + a2 |11⟩,
then apply two more unitary gates on q1 and q2 respectively to produce 𝜙(2) = a1 |u1 v1 ⟩ + a2 |u2 v2 ⟩. We remark that this procedure
applies the eﬀects of the elementary gates in a very eﬃciently way:
ﬁrst U2 paired with CNOT2→1 to create the entanglement, then
two unitaries to rotate the qubits into the ﬁnal forms. For a general 𝜙(2) these are the minimum operations required. Can we apply more gate operations on 𝜙(2) to make the state more complex?
The answer is no, because any additional gates will only transform 𝜙(2) into another Schmidt form 𝜙′(2) = a′1 |u′1 v′1 ⟩ + a′2 |u′2 v′2 ⟩
and the same procedure as above with modiﬁed parameters can
produce the new state. A general 𝜙(2) = a1 |u1 v1 ⟩ + a2 |u2 v2 ⟩ is
therefore the two-qubit state with the maximum creation complexity. Generalizing to an n-qubit state there is a most general
form 𝜙(n) with the maximum creation complexity, and to increase
the creation complexity further we need to add more qubits into
the entanglement and increase the number n. The explicit form
of 𝜙(n) can be obtained by Schmidt decomposing it top-down iteratively as
1. decompose 𝜙(n) with respect to one qubit
(n−1)

𝜙(n) = C1 𝜙1

+ C2

(n−2)
D21 𝜙21
(n−2)

a1 |00⟩12 + a2 |11⟩12
2. U3 on q3 followed by CNOT3→2 :
(
)
)
(
a1 |00⟩12 + a2 |11⟩12 b1 |0⟩3 + a1 |01⟩12 + a2 |10⟩12 b2 |1⟩3

]
|v21 ⟩ + D22 𝜙(n−2) |v22 ⟩ |u2 ⟩
|
|
|
22

(n−2)

(n−2)

(n−2)

3. decompose 𝜙11 ,𝜙12 ,𝜙21 and 𝜙22 with respect to
another qubit
(
)
|w111 ⟩ + E112 𝜙(n−3) |w112 ⟩ |v11 ⟩ ⎤
⎡D11 E111 𝜙(n−3)
|
|
|
111
112
⎥ |u ⟩
(
)
𝜙(n) = C1 ⎢
⎢+ D E 𝜙(n−3) |w ⟩ + E 𝜙(n−3) |w ⟩ |v ⟩⎥ | 1
⎣
12
121 121 | 121
122 122 | 122
| 12 ⎦
(
)
|w211 ⟩ + E212 𝜙(n−3) |w212 ⟩ |v21 ⟩ ⎤
⎡D21 E211 𝜙(n−3)
|
|
|
211
212
⎥ | u2 ⟩
(
)
+ C2 ⎢
(n−3)
(n−3)
⎢+ D E 𝜙
⎥|
|
|
|
⎣
22
221 221 |w221 ⟩ + E222 𝜙222 |w222 ⟩ |v22 ⟩⎦
(n−3)

4. decompose the eight 𝜙ijk

where we have used ai ’s to represent the coeﬃcients on the 𝜙(2)
level, bi ’s to represent the coeﬃcients on the 𝜙(3) level, ci ’s to represent the coeﬃcients on the 𝜙(4) level, and so on. From Equation
(3), we see the most general 𝜙(n) contains 2n−2 unique pairs of the
coeﬃcients {a2i−1 , a2i } on the 𝜙(2) level, 2n−3 unique pairs of the
coeﬃcients {b2i−1 , b2i } on the 𝜙(3) level, and the trend continues
for the coeﬃcients on each level. This means if we want to specify all the unique pairs of coeﬃcients for a most complex 𝜙(n) ,
the cost is already exponential in n, while we have not yet considered the cost to specify the qubit states on each level such as the
|ui ⟩’s, |vi ⟩’s and |wi ⟩’s. Thus, we can see the problem of quantum
state creation is exponentially hard, and the goal of the following is to characterize a general subset of states with polynomial
creation complexity such that it can provide partial knowledge of
the creation complexity of a candidate state. First, we note that
the procedure described above for 𝜙(2) can be easily generalized
to create a special 𝜙(n) with only polynomial steps:

1. U2 on q2 followed by CNOT2→1 :

(n−1)

and 𝜙2
with respect to another qubit
2. decompose 𝜙1
[
]
(n−2)
(n−2)
𝜙(n) = C1 D11 𝜙11 ||v11 ⟩ + D12 𝜙12 ||v12 ⟩ ||u1 ⟩
[

(3)

Start of the procedure with the initial state |0⟩⊗n

|u1 ⟩ + C 𝜙(n−1) |u2 ⟩
|
|
2 2

(n−1)

𝜙(n)

]
)
⎫
⎫
⎧⎧ [ ( |
a1 |u1 v1 ⟩ + a2 ||u2 v2 ⟩ b1 ||w1 ⟩
⎪
⎪⎪
|x1 ⟩ ⎪
c
)
(
1
|
⎪
⎪
⎪⎪ + a |u v ⟩ + a |u v ⟩ b |w ⟩
3
3
3
4
4
4
2
2
|
|
|
⎪ | ⎪
⎪⎪
y
d
⟩
⎬ 1| 1 ⎪
⎪⎨ [ (
]
)
⎪
a5 ||u5 v5 ⟩ + a6 ||u6 v6 ⟩ b3 ||w3 ⟩
⎪
⎪⎪
|
c2 |x2 ⟩⎪
)
⟩
(
⎪
⎪⎪+
|
|
|
= ⎨⎪
+ a7 |u7 v7 + a8 |u8 v8 ⟩ b4 |w4 ⟩
⎪
⎬…
⎭
⎩
⎪
⎪
⎪
⎪
⎫
⎪
⎪ ⎧
⎪
⎪ ⎪
⎪ |
……
⎪+ ⎨
⎬ d2 |y2 ⟩ ⎪
⎪
⎪ ⎪
⎪
⎭
⎩ ⎩
⎭

3. U4 on q4 followed by CNOT4→3 :
)
[(
a1 |00⟩12 + a2 |11⟩12 b1 |0⟩3
(
)
]
+ a1 |01⟩12 + a2 |10⟩12 b2 |1⟩3 c1 |0⟩4
[(
)
+ a1 |00⟩12 + a2 |11⟩12 b1 |1⟩3
(
)
]
+ a1 |01⟩12 + a2 |10⟩12 b2 |0⟩3 c2 |1⟩4
4.U5 on q5 followed by CNOT5→4 :

states with respect to another …

… qubit this continues iteratively to the 𝜙(2) level

(2)

In Equation (2), if we continue the iteration to the lowest level
of two-qubit states, there are at most 2n−2 𝜙(2) terms and from the
bottom-up it looks like
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)
⎫
⎧[ (
⎪
⎪ a1 |00⟩12 + a2 |11⟩12 b1 |0⟩3
(
)
]
⎪
⎪
+
a
|01⟩
+
a
|10⟩
|1⟩
|0⟩
b
c
1
12
2
12
2
3 1
4⎪
⎪
)
⎬ d1 |0⟩5
⎨ [(
⎪
⎪+ a1 |00⟩12 + a2 |11⟩12 b1 |1⟩3
⎪
⎪ (
)
]
⎪+ a1 |01⟩12 + a2 |10⟩12 b2 |0⟩3 c2 |1⟩4 ⎪
⎭
⎩
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)
⎫
⎧[ (
⎪
⎪ a1 |00⟩12 + a2 |11⟩12 b1 |0⟩3
(
)
]
⎪
⎪
+
a
|01⟩
+
a
|10⟩
|1⟩
|1⟩
b
c
1
12
2
12
2
3 1
4⎪
⎪
+⎨ [(
)
⎬ d2 |1⟩5
⎪
⎪+ a1 |00⟩12 + a2 |11⟩12 b1 |1⟩3
⎪
⎪ (
)
]
⎪+ a1 |01⟩12 + a2 |10⟩12 b2 |0⟩3 c2 |0⟩4 ⎪
⎭
⎩
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Cn−2 (U) gate, which is polynomial in n. It is easy to generalize
this procedure to introducing a variant pair on any 𝜙(k) level
(4)

(5)

where the cost of introducing one variant pair to the 𝜙(k) level is
two CNOTs plus one Cn−k (U) gate, which requires fewer gates
than Cn−2 (U) and thus also polynomial in n.

5. Continue applying Uk on qk followed by CNOTk→k−1
iteratively …

Deﬁnition 1. We deﬁne the combined procedure of one application
of Equation (4) and an arbitrary number of applications of Equation
(5) to be the standard procedure. We deﬁne an arbitrary quantum
state that can be created by the standard procedure the standard state
𝜓 (n) , which is essentially of the form in Equation (4) but with arbitrary
number of variant pairs of coeﬃcients. It is obvious that the simplest
(n)
standard state 𝜓 (n) is indeed the minimal standard state 𝜓min .

⋮
n. Un on qn followed by CNOTn→n−1
End of the procedure
where the subscripts on the kets, e.g., |00⟩12 , identify the qubits
(in the orders 1 and 2) represented by the kets. The sequence
from q1 to qn deﬁne an order for the n qubits that is associated
with the structure in Equation (4), which will become useful later.
In Equation (4), we have deﬁned the procedure iteratively and it is
clear that with only n − 1 one-qubit unitaries and n − 1 CNOTs we
have created an n-qubit state with all the qubits entangled. This
state is of crucial importance to our later discussion that we will
(n)
name it the minimal standard state 𝜓min . Although it is diﬃcult
(n)
to write out the full form of 𝜓min , the minimal standard state is
nonetheless well deﬁned by the iterative procedure in Equation
(n)
(4). 𝜓min is minimal in the sense that among all n-qubit states
(n)
with all the qubits entangled, 𝜓min is the simplest one to create
with the described procedure. This is because to add any unentangled qubit to the growing entangled state requires at least one
unitary and one CNOT (except the ﬁrst qubit), which is exactly
(n)
the procedure described in Equation (4). 𝜓min has two nice properties easily seen from the iterative forms in Equation (4): 1) the
(k)
coeﬃcients Ci on each 𝜙(k) level have only one unique pair, for
example {a1 , a2 } on the 𝜙(2) level and {c1 , c2 } on the 𝜙(4) level; 2)
(n)
the Schmidt decomposition of 𝜓min has only |0⟩’s and |1⟩’s on
(k)
level,
which
is
much
cleaner
compared with the geneach 𝜙
(n)
eral form in Equation (3). Now to increase the complexity of 𝜓min
(k)
we can either create unique pairs of coeﬃcients Ci on some
𝜙(k) levels or create terms involving more than |0⟩’s and |1⟩’s in
the Schmidt decomposition on each level (e.g., 𝜙(2) = a1 |u1 v1 ⟩ +
a2 |u2 v2 ⟩ rather than a1 |00⟩ + a2 |11⟩). For the reason that will become obvious after the proof of Theorem 1, we only need to focus
on the former possibility of creating unique pairs of coeﬃcients.
Suppose we want to create a variant pair of {a3 , a4 } on the 𝜙(2)
level at the location deﬁned by |110 … 0⟩345…n (the subscript in
|⟩345…n means the state in the ket corresponds to qubits 3 through
n in that order, 0 … 0 means all zero throughout these qubits), we
can apply CNOT2→1 to disentangle the ﬁrst two qubits, then apply a controlled-unitary operation Cn−2 (U)|110 … 0⟩(345…n)→2 controlled by qubits 3 through n with the state |110 … 0⟩345…n , on
the target q2 to rotate a1 |0⟩2 + a2 |1⟩2 into a3 |0⟩2 + a4 |1⟩2 , ﬁnally
apply another CNOT2→1 to entangle the ﬁrst two qubits and we
will have the variant pair of {a3 , a4 } at the location deﬁned by
|110 … 0⟩345…n . Note any variant pair introduced by this way is
normalized in the sense that |a3 |2 + |a4 |2 = 1. The cost of introducing one variant pair to the 𝜙(2) level is two CNOTs plus one

Adv. Quantum Technol. 2020, 2000043

CNOTk→k−1 , then Cn−k (U ) |⟩(k+1…n)→k , then CNOTk→k−1

Here, we see that
Statement 1. Any standard state 𝜓 (n) with polynomial number of
variant pairs of coeﬃcients compared to the minimal standard state
(n)
𝜓min can be created in polynomial steps with the standard procedure,
and therefore is a quantum state with polynomial creation complexity.
(n)
We deﬁne such states the polynomial standard states 𝜓poly .
(n)

𝜓poly in Statement 1 deﬁnes another subset of quantum states
with polynomial creation complexity. Compared to the previously
discussed subset of states with polynomial number of nonzero elements, this subset is signiﬁcantly more general as it includes
those quantum states with arbitrary dimension and the maximum number of qubits entangled. So far Statement 1 only applies to any standard state 𝜓 (n) , but as we have seen in Equation
(3), a general quantum state looks very diﬀerent from a standard
state. Statement 1 can become a useful characterization tool only
if it can be generalized to an arbitrary quantum state, and that is
achieved by Theorem 1.
Theorem 1. Any arbitrary n-qubit quantum state can be transformed
into an (n + 1)-qubit standard state 𝜓 (n+1) with n steps.
Proof of Theorem 1. Take an arbitrary n-qubit quantum state
𝜙(n) , pick any qubit from it, say the ﬁrst qubit q1 for example,
separate the terms associated with |0⟩1 and |1⟩1 into two groups
(n−1)

𝜙(n) = k1 𝜙1

(n−1)

(n−1)

|0⟩1 + k2 𝜙2

|1⟩1

(6)

(n−1)

and 𝜙2
are (n − 1)-qubit states. Expanding the
where 𝜙1
(n−1)
(n−1)
k1 𝜙1
and k2 𝜙2
in Equation (6) into basis states containing
all qubits except the ﬁrst one we have

𝜙

(n)

a1 |000 … 0⟩234…n + a2 |100 … 0⟩234…n
⎛
⎞
⎜
⎟
+ a3 |010 … 0⟩234…n
=⎜
⎟ |0⟩1
⎜
⎟
+
a
|110
…
0⟩
+
⋯
+
a
|111
…
1⟩
⎝ 4
234…n
2n−1
234…n ⎠
b1 |000 … 0⟩234…n + b2 |100 … 0⟩234…n
⎞
⎛
⎟
⎜
+ b3 |010 … 0⟩234…n
+⎜
⎟ |1⟩1
⎟
⎜
⎝+b4 |110 … 0⟩234…n + ⋯ + b2n−1 |111 … 1⟩234…n ⎠
(
)
= a1 |0⟩1 + b1 |1⟩1 |000 … 0⟩234…n
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)
(
+ a2 |0⟩1 + b2 |1⟩1 |100 … 0⟩234…n
(
)
+ a3 |0⟩1 + b3 |1⟩1 |010 … 0⟩234…n
(
)
+ a4 |0⟩1 + b4 |1⟩1 |110 … 0⟩234…n
(
)
+ … + a2n−1 |0⟩1 + b2n−1 |1⟩1 |111 … 1⟩234…n

www.advquantumtech.com
(n)

(7)

where the order of the basis states is opposite the conventional
order of incrementing the last qubit ﬁrst and then moving to the
second last qubit: here we increment q2 ﬁrst and then move on
to q3 .
Now if we add one more qubit qn+1 to the entanglement by
applying a CNOT1→n+1 on 𝜙(n) , and group the terms in a leveled
manner like Equation (4), we get

𝜙

(n+1)

)
[(
⎧⎧ a1 |00⟩n+1,1 + b1 |11⟩n+1,1 |0⟩2
⎫
⎫
⎪⎪ (
⎪
)
]
⎪
⎪⎪+ a2 |00⟩n+1,1 + b2 |11⟩n+1,1 |1⟩2 |0⟩3 ⎪
⎪
)
⎪⎨ [ (
⎬ |0⟩4 ⎪
⎪⎪+ a3 |00⟩n+1,1 + b3 |11⟩n+1,1 |0⟩2
⎪
⎪
= ⎨⎪ (
)
]
⎬ … (8)
⎪
⎪⎩+ a4 |00⟩n+1,1 + b4 |11⟩n+1,1 |1⟩2 |1⟩3 ⎭
⎪
⎪ {
⎪
}
⎪
⎪
+
|1⟩
⎪
4⎪
……
⎩
⎭

Now apply sequentially CNOT2→1 , CNOT3→2 , …, CNOTn→n−1
on 𝜙(n) and we obtain a form similar to Equation (4) with only
diﬀerences in the coeﬃcients – after normalizing the coeﬃcients
it becomes a standard state 𝜓 (n+1) . Note that the steps from Equations (6) and (7) are mental steps to group the basis states in a
particular way, not actual quantum operations. The actual quantum gates involved are simply n CNOTs. This concludes the proof
of Theorem 1.
Theorem 1 is a signiﬁcant result because it shows an arbitrary
quantum state 𝜙(n) , as complex as it may be (such as the form in
Equation (3)), can be transformed to a standard state 𝜓 (n+1) with
an almost negligible cost of n CNOTs. Consequently for any 𝜙(n) ,
we can check the associated 𝜓 (n+1) against Statement 1 to see if
𝜙(n) can be created by the standard procedure with polynomial
steps. In the next section we discuss an eﬃcient procedure that
can check if any standard state belongs to the subset of polynomial standard states.

3. The Procedure to Determine if a Standard State
Is Polynomial
Given an arbitrary candidate state, by Theorem 1 we can assume
it is in the form of a standard state. Suppose we are allowed to
retrieve the coeﬃcient associated with each basis state (e.g., we
call the basis state |01010⟩ for a ﬁve-qubit state, and get the coefﬁcient C01010 ), can we determine if the candidate state belongs to
the subset of the polynomial standard states? We know that if the
(n)
candidate state is a polynomial standard state 𝜓poly , it has most
(n)

of its coeﬃcients the same as the minimal standard state 𝜓min ,
and otherwise it has many of its coeﬃcients diﬀerent from
(n)
𝜓min . So, if we are allowed to retrieve all 2n coeﬃcients, can we
(n)
just compare them to 𝜓min ? The answer is no! Even if we are
allowed to spend exponential (2n ) steps to check all the coeﬃcients, the answer is not so simple, because we do not know the
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values of the coeﬃcients of 𝜓min , but only know some patterns
among the coeﬃcients. As shown in Equation (4) the coeﬃcients
(k)
Ci on each 𝜙(k) level have only one unique pair, for example
{a1 , a2 } on the 𝜙(2) level and {c1 , c2 } on the 𝜙(4) level. However to
see these simple patterns we need to ﬁrst put all the n qubits into
the correct order to form the correct levels, and in the “wrong”
(n)
order 𝜓min would not show the simple patterns. For example
(
)
(3)
𝜓min = a1 |00⟩12 + a2 |11⟩12 b1 |0⟩3
(
)
+ a1 |01⟩12 + a2 |10⟩12 b2 |1⟩3
(
)
a1 b1
a2 b2
=
|00⟩13 +
|11⟩13 A1 |0⟩2
A1
A1
(
)
a1 b2
ab
+
|01⟩13 + 2 1 |10⟩13 A2 |1⟩2
A2
A2
where A1 =

(9)

√
√
|a1 b1 |2 + |a2 b2 |2 and A2 = |a1 b2 |2 + |a2 b1 |2
(3)

are normalization constants. From Equation (9), we see 𝜓min
expanded in the order of |⟩123 (the ﬁrst line) shows the pattern
of having only one unique pair of coeﬃcients in the innermost
(3)
level—{a1 , a2 } on the 𝜙(2) level. However, 𝜓min expanded in
the order of |⟩132 (the second line) does not show any obvious
pattern among the coeﬃcients. This is potentially problematic
(n)
because even if the candidate state is the 𝜓min itself, without
knowing the correct order of the qubits we may need to try all
the permutations of n qubits before a simple coeﬃcient pattern
can be observed, and a permutation of n qubits introduces
an exponential cost of n! > 2n . To solve this problem, we ﬁrst
(n)
propose a procedure to detect the coeﬃcient patterns of a 𝜓min ,
and later extend it to any 𝜓 (n) .
Procedure 1.
(n)

1) Suppose we are given a 𝜓min in the form in Equation (4) which
deﬁnes an order of the qubits q1 , q2 , …, qn counting from the
innermost level to the outermost level. This order however is
unknown to us, so we randomly pick a trio of three qubits
qj , qk , and qm and retrieve the coeﬃcients C00 , C11 , C01 , C10
associated with four basis states |00⟩jk |0⟩m |…⟩, |11⟩jk |0⟩m |…⟩,
|01⟩jk |1⟩m |…⟩, |10⟩jk |1⟩m |…⟩, where |…⟩ represents a basis
state of the qubits other than the selected three. |…⟩ can be
randomly chosen from all 2n−4 possible states but has to be
the same for all four basis states listed.
2) Now if we happen to hit q1 with qj , q2 with qk , and q3 with qm
(j = 1, k = 2, m = 3), then we have C00 = a1 b1 h, C11 = a2 b1 h,
C01 = a1 b2 h, C11 = a2 b2 h, where a1 , b1 , a2 , b2 are taken from
the ﬁrst two levels, h = cd … is the collective coeﬃcient of the
remaining levels. Since h is the same for all four coeﬃcients,
C
C
we have a ratio pattern C00 = C01 .
11
10
3) Relaxing the condition in Step 2 to qk being in the middle
of qj and qm (j < k < m or m < k < j), we will still have
C

C

the ratio pattern C00 = C01 . This is because for example,
11
10
if j < k < m, for |00⟩jk |0⟩m |…⟩ and |11⟩jk |0⟩m |…⟩, all the
qubits in the following ranges are the same: from the
last qubit (include) to qk (exclude), from qk (exclude) to qj
(exclude), and from qj (exclude) to the ﬁrst qubit (include).
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C

Consequently, C00 cancels out all the coeﬃcients associated
11
with the qubits that are the same, and only shows the diﬀerence in the coeﬃcients due to |00⟩jk and |11⟩jk being diﬀerent.
C

Similarly for |01⟩jk |1⟩m |…⟩ and |10⟩jk |1⟩m |…⟩, C01 cancels
10
out all the coeﬃcients associated with the qubits that are the
same, and only shows the diﬀerence in the coeﬃcients due
to |01⟩jk and |10⟩jk being diﬀerent. Now it is easy to show that
C00

C

= C01 holds. The same argument also applies to the case
10
where m < k < j.
4) With the same argument in Step 3 we can obtain the ratio
C
C
pattern for j < m < k and k < m < j is C00 = C01 and the ratio
C11

10

11

C

C

pattern for m < j < k and k < j < m is C00 = C10 . A concrete
11
01
example of the ratio pattern tests is shown in the Supporting
Information.
5) Combining the results of Steps 3 and 4, for any random pick
of a trio of three qubits qj , qk and qm we can retrieve and check
the four coeﬃcients C00 , C11 , C01 , C10 to determine which
of three ratio patterns is satisﬁed. Then by the satisﬁed ratio
pattern we will know which of qj , qk , and qm is in the middle
(n)
according to the unknown order deﬁned by 𝜓min in the form
in Equation (4). We can repeat this process for diﬀerent
choices of trios qj , qk , and qm and “sequence” more qubits
until we discover the unknown order of all the qubits. For
example say in the ﬁrst trial we discover that j < m < k (or
k < m < j), we can then determine the ratio pattern for a new
trio with qj , qk , plus a new qubit ql in the second trial. If qk is
in the middle then we conclude the sequence as j < m < k < l
(or l < k < m < j); if qj is in the middle then we conclude the
sequence as l < j < m < k < (or k < m < j < l). If ql is in the
middle then the sequence could be either j < l < m < k (or
k < m < l < j) or j < m < l < k (or k < l < m < j), which can
then be decided by running a third trial with the trio of qj , ql ,
and qm . Repeating this process allows us to sequence all the
qubits into two possible orders with one order being the exact
reverse of the other. It can be shown (see the Supporting
Information) that knowing a qubit sequence of length h, we
can ﬁnd the correct position of a new qubit with a maximum
) trials, and therefore the total number of trials
of ﬂoor ( h+1
2
required to sequence all n qubits is polynomial in n: O(n2 ).
(n)
6) Once the correct order of the qubits for 𝜓min in the form in
Equation (4) is known, we eﬀectively know the structure of
(n)
𝜓min , and the unique coeﬃcient pair on each level of Equation
(4) can be obtained from two coeﬃcient retrievals and one
division (see the Supporting Information).
(n)

Procedure 1 is signiﬁcant because for any given 𝜓min it allows
us to determine its structure in the form of Equation (4) along
with all the coeﬃcients on all levels such that we can construct
(n)
the minimal method to create 𝜓min . It is remarkable that Procedure 1 carries only a polynomial cost as it only retrieves selective coeﬃcients from the state and does not scan through all the
coeﬃcients. As shown next this procedure will also allow us to
determine if a standard state is polynomial.
Suppose now we are given a state in the form of a standard
state 𝜓 (n) , if it is a polynomial standard state then it contains
at most cnk ≪ 2n number of variant coeﬃcients as compared to
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(n)

the 𝜓min . Consequently, if we carry out Procedure 1 on 𝜓 (n) we
should have an extremely high probability p0 = (1 −
(n)
𝜓min

cnk N0
)
2n

≈ 1 to

such that all trials involved will
notice no diﬀerence from a
succeed in ﬁnding a ratio pattern among the coeﬃcients, where
N0 = O(n2 ) is the number of trials involved in Procedure 1. The
contrapositive is also true that, if we do encounter one failure to
get a ratio pattern within N0 trials, then 𝜓 (n) is extremely unlikely
to be a polynomial standard state. To make this observation strict
we may use the method of Bayesian inference. Suppose the probability of failing to get any of the ratio pattern from Procedure 1
in one trial is p, then the probability of the event of the ﬁrst failure
happening at the N th trial is P(x|p) = p(1 − p)N−1 , where x represents the event. Now we want to infer the posterior probability
P(p ≤ p1 |x), i.e., the probability of p ≤ p1 given the event x has
happened. According to Bayesian inference this can be done by
integrating the posterior distribution function over the interval
of 0 to p1 . The posterior distribution is
f (p|x) =

P (x|p) f (p)
1

∫0 P (x|p) f (p) dp

=

p(1 − p)N−1
[
]
1
∫0 p(1 − p)N−1 dp

(10)

where the prior distribution function is the uniform one f (p) = 1
(uniform because we assume no prior knowledge of p). Integrating f (p|x) from 0 to p1 gives
)
(
P p ≤ p1 |x =

p1

∫0

(
)(
)N
f (p|x) dp = 1 − Np1 + 1 1 − p1

(11)

The probability p is directly related to K—the number of vari(n)
ant coeﬃcients in 𝜓 (n) as compared to 𝜓min —such that p ≈ 2Kn
(depending on the location of the variants relative to the structure
(n)
of 𝜓min , the exact number may vary by a small factor 𝛼, but it is
unimportant because 𝛼 is negligible compared to both K and 2n ),
K
and the event of K ≤ K1 is equivalent to the event of p ≤ p1 = 2n1 .
By Equation (11) we see that if the ﬁrst failure to get a ratio patK
tern happens on the N th trial, the probability of p ≤ p1 = 2n1 is
NK

K

1 − ( 2n1 + 1)(1 − 2n1 )N , which is close to zero when N ≤ N0 and
K1 ≤ cnk ≪ 2n . This formally establishes the fact that if we encounter the ﬁrst failure to get a ratio pattern within N0 trials, we
can terminate the process and conclude 𝜓 (n) is extremely unlikely
to be a polynomial standard state as deﬁned by having at most
(n)
cnk ≪ 2n number of variant coeﬃcients compared to the 𝜓min .
On the other hand if we keep doing the trials and encounter no
failure of getting a ratio pattern after some very large number N
of trials, we can then infer the posterior probability P(p ≤ p1 |y),
where y is the event of always getting a ratio pattern over N trials.
Again the posterior distribution is
f (p|y) =

P (y|p) f (p)
1
∫0

P (y|p) f (p) dp

=

(1 − p)N
1
∫0

(12)

(1 − p)N dp

Integrating f (p|y) from 0 to p1 gives
)
(
P p ≤ p1 |y =

p1

∫0

(
)N+1
f (p|y) dp = 1 − 1 − p1

(
)
(
)
K N+1
P K ≤ K1 |y = 1 − 1 − n1
2
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Equation (13) means that even if K1 ≪ 2n , with a very large
number N of trials all being successful, the probability of K ≤ K1
can still be an appreciable number. For example, if we have 50
qubits (n = 50), “polynomial” is deﬁned as K ≤ K1 = 230 ≪ 250 ,
for a given 𝜓 (n) we have N = 107 trials all being successful, then
we can conclude with 1 − 10−4 conﬁdence probability that 𝜓 (n)
is polynomial. Although N = 107 is a very large number, it is
still much smaller than 230 ≈ 109 , and thus can be considered as
“polynomial.” This however will not work if we deﬁne “polynomial” with a smaller cutoﬀ number K1 because the number of
trials needed to reach a high conﬁdence probability may be far
30
greater than K1 . Nonetheless we note that 2250 < 10−6 , so a state
(n)

𝜓 (n) with K < 230 variant coeﬃcients from the 𝜓min is almost
(n)
(n)
equal to 𝜓min in the sense that ‖𝜓 (n) − 𝜓min ‖ < 10−6 . Since if
30

K < 230 we have extremely high probability p0 ≥ (1 − 2250 )N0 ≈ 1
to complete all N0 steps in Procedure 1, we can discover the
(n)
structure and all the coeﬃcients of 𝜓min and therefore can
(n)
create 𝜓min with the minimal procedure described in Equa(n)
tion (4). The 𝜓min created is then a good approximation to the
(n)
original 𝜓 .

3.1. The Procedure to Determine the Variant Coeﬃcients
The previous section has presented a procedure to determine if
a candidate 𝜓 (n) is a polynomial standard state deﬁned by some
(n)
𝜓min using selective coeﬃcient retrieval and Bayesian inference.
However, the method is only eﬃcient if the cutoﬀ number K1 is
suﬃciently large. In addition, in some situations it may be desirable to determine the locations and absolute values of the variant
coeﬃcients such that 𝜓 (n) can be more accurately reproduced. In
the following we show that this is possible with an additional procedure when the quantum state 𝜓 (n) is available in large number
of copies.
Procedure 2.
1) Suppose given a 𝜓 (n) , we are allowed to retrieve the coeﬃcients associated with speciﬁc basis states. In addition, we
also have the quantum state of 𝜓 (n) in a large number of
copies. How could we have copies of 𝜓 (n) before its exact form
is known? The copies could be created by repeating an experiment many times, or by applying a long sequence of quantum
gates that we hope to improve with our new method. This
does not violate the no-cloning theorem because the state
is indeed known. Now assume we have completed all the
(n)
steps in Procedure 1 without any diﬀerence from a 𝜓min . This
means we have discovered the structure and coeﬃcients on
(n)
all levels of this 𝜓min , so the qubits q1 , q2 , …, qn are correctly
(n)
ordered. Now label the levels of 𝜓min in the form of Equation
(4) from the innermost level L1 , L2 , …, to the outermost
level Ln−1 such that L1 is the level with the coeﬃcients
{a1 , a2 }, L2 is the level with the coeﬃcients {b1 , b2 }, …, and
so on.
2) For the moment we assume that all the possible variant coefﬁcients are on L1 . We take the copies of 𝜓 (n) and apply projection measurement on q1 to determine the probability of
getting |0⟩ and |1⟩ for the ﬁrst qubit. If there is no variant
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(n)

coeﬃcient on L1 , the result should be the same as 𝜓min : |a1 |2
for |0⟩ and |a2 |2 for |1⟩, or simply (|a1 |2 , |a2 |2 ). If indeed there
are variant coeﬃcients on L1 , even if only one pair, the probability will deviate from (|a1 |2 , |a2 |2 ), and should be detected
with enough number of projection measurements. In the latter case we continue to Step 3.
3) We continue the projection measurement on both q1 and q2
to determine the probability of getting |00⟩ and |01⟩ for the
(n)
ﬁrst two qubits. The ideal case of 𝜓min would give the result of
2
2
(|a1 b1 | , |a1 b2 | ), but as we have already detected variants in
Step 2, at least one of the two probabilities should be diﬀerent
(n)
from the 𝜓min value. If the probability for getting |00⟩ is the
same as |a1 b1 |2 , there is no variant in the group of basis
states containing |00⟩ for the ﬁrst two qubits and we do not
continue with this group; otherwise if the probability of getting |00⟩ is not |a1 b1 |2 , there are variants in the group and we
continue with this group. We determine if to continue with
the group containing |01⟩ in the ﬁrst two qubits by the same
method.
4) If we have decided to continue with the |00⟩ group in Step 3,
now apply projection measurement on q1 , q2 and q3 to determine the probability of getting |000⟩ and |001⟩. Again the
(n)
ideal case of 𝜓min would give the result of (|a1 b1 c1 |2 , |a1 b1 c2 |2 ),
and any diﬀerence in the measurement results would indicate
the presence of variants in the respective groups containing
|000⟩ and |001⟩ for the ﬁrst three qubits. We do the same with
the |01⟩ group if decided to continue with it in Step 3.
5) We continue the processes described in Steps 2 through 4
for progressively more qubits, until we reach the second-tolast qubit qn−1 (due to the unique structure of the standard
state, the last qubit qn is automatically ﬁxed if all the preceding qubits are ﬁxed). The whole process can be represented
by a binary tree for which the root node represents the measurement on |0⟩ for the ﬁrst qubit, the nodes on the second
level represent the measurements on |00⟩ and |01⟩, the nodes
on the third level represent the measurements on possibly
|000⟩, |001⟩, |010⟩, and |011⟩, and so on. We note that the
majority of the nodes on the binary tree are missing because
we only continue to expand a node if the group represented
(n)
by that node has a diﬀerent probability value from 𝜓min . In(n)
deed, if the original candidate state 𝜓 has K pairs of variant
(n)
coeﬃcients compared to 𝜓min , then the corresponding tree
has maximally K branches that reach the last level of n − 1.
Now to give an upper limit to the total number of nodes on
the tree, we note that each of the K branches contains n − 1
nodes on the main path and up to n − 2 terminating nodes
(i.e., leaves). The total number of nodes on the three is therefore N ≤ K ⋅ (2n − 3). Note that in practice N is always much
smaller than this upper limit because two branches may share
many nodes, thus K ⋅ (2n − 3) is almost always overcounting.
Nonetheless K ⋅ (2n − 3) is polynomial in n, which means we
can eﬃciently determine all the variant coeﬃcients if they are
on L1 only.
Figure 1 shows an example of a six-leveled binary tree deﬁned by a series of projection measurements on a seven-qubit
𝜓 (7) . We start at the root node of |0⟩ and progress to the right.
At the blue nodes variants are detected and the branches can
continue; at the white nodes variants are not detected and the
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diﬀerence smaller than 𝜎m is considered an acceptable error for
the creation of 𝜓 (n) .

4. Discussion and Conclusion

Figure 1. An example of the six-leveled binary tree deﬁned by applying Procedure 2 on a seven-qubit standard state 𝜓 (7) . Each node on the tree corresponds to a projection measurement on the speciﬁed basis state. At the
blue nodes variants are detected and the branches can continue; at the
white nodes variants are not detected and the branches terminate. Eventually, we reach the end level with three main branches. Four variants are
present as indicated by the four blue nodes at the end level.

branches terminate. Eventually there are three main branches
that reach the end level and 25 nodes in total, representing 25
projection measurements. This number is much smaller than
K ⋅ (2n − 3) = 44 with n = 7 and K = 4, because the two variants on |001110⟩ and |001111⟩ share the same branch. This
demonstrates that we can determine the locations and values
of the variants eﬃciently with projection measurements.
6) As details shown in the Supporting Information, the procedure described above can be extended to variant coeﬃcients
on all other levels, given that a variant on Lk can only be
detected by the measurement involving the qubit qk . Consequently if we have no variant before Lk , we will not detect any
variants on Lk and higher levels until we expand the measurement to include qk . This requires us to modify the procedure
to continue even if no variant is detected in any of the nodes in
an entire level. The upper limit of the total number of nodes
is still N ≤ K ⋅ (2n − 3) with even more overcounting because
typically higher level variants will share a branch with lower
level variants.
Procedure 2 allows us to eﬃciently determine the locations
and absolute values (phases cannot be determined) of the variant
(n)
coeﬃcients on 𝜓 (n) as compared to 𝜓min given that a large num(n)
ber of copies of 𝜓 is available. This is possible because projection measurements on a quantum state can automatically sum
over the probabilities associated with a large number of coeﬃcients, thus the very few variant coeﬃcients on 𝜓 (n) can be found
eﬃciently given enough measurement precision. The projection
measurement used at each node is inherently probabilistic but
the standard error of the mean 𝜎m is given by 𝜎m = √𝜎 , where 𝜎


is the inherent standard deviation deﬁned by the coeﬃcients of
(n)
𝜓min , and  is the number of data points collected at each node.
We see that if  is large enough we can make 𝜎m much smaller
(n)
than the diﬀerence between 𝜓 (n) and 𝜓min . In practice, we can ﬁx
 at an acceptable number and only detect those diﬀerences be(n)
tween 𝜓 (n) and 𝜓min greater than the pre-determined 𝜎m , and any
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In this work we have examined the problem of determining the
creation complexity of a given candidate quantum state. By using
the elementary gate set of all two-qubit controlled-unitary gates,
we relate the polynomial states to the space represented by tuples
of C(Ui ) with polynomial lengths. The problem of determining
if a candidate quantum state is polynomial then becomes detern+1
mining if a vector in an R2 −2 space belongs to the subspace
k
of R4cn , which carries an exponential cost. We then show it is
possible to deﬁne a proper subset of the polynomial states such
that simple characteristics can be identiﬁed among the coeﬃcients of the states and partial knowledge of the creation complexity can be obtained. The deﬁnition of the subset is based on
(n)
the minimal standard state 𝜓min and the standard procedure as
deﬁned by combining Equations (4) and (5). Remarkably, Theorem 1 proves that an arbitrary quantum state 𝜙(n) , as complex as it
may be (such as the form in Equation (3)), can be transformed to
a standard state 𝜓 (n+1) with an almost negligible cost of n CNOTs.
This result is essential as it allows us to transform any arbitrary
𝜙(n) into the associated 𝜓 (n+1) and then determine if 𝜙(n) belongs
(n+1)
to the subset of polynomial states deﬁned by 𝜓min . This leads to
a method where we eﬃciently identify the presence (or absence)
of the ratio patterns among the coeﬃcients of 𝜓 (n) by the combination of the coeﬃcient sampling procedure of Procedure 1
and Bayesian inference. Note that when the method ﬁnds 𝜓 (n)
to belong to the subset, it also automatically generates a minimal
(n)
procedure to create the corresponding 𝜓min as a good approxima(n)
tion of 𝜓 . Finally we demonstrate a method to determine the
locations and absolute values of the variant coeﬃcients of 𝜓 (n)
(n)
compared to 𝜓min using projection measurements. The subset of
(n)
polynomial states based on 𝜓min is general in the sense that it contains the states with arbitrary dimension and the maximum entanglement allowed by the number of qubits. Consequently, the
subset should include a large number of diverse choices of quantum states that may be useful in quantum computing operations.
The partial knowledge of a state’s creation complexity as obtained
by our methods can therefore be used to guide the development
of quantum algorithms as it greatly reduces the search space. In
addition, the idea of identifying common features among the coeﬃcients of a candidate state and sampling the coeﬃcients for
these features may be further developed in a future study for
more complete characterization of the quantum states with polynomial creation complexity, further improving design of quantum circuits and algorithms.
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