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Characterizing quantum
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We develop a systematic framework for characterizing all quantum circuits with qubit functional
configurations. The qubit functional configuration is a mathematical structure that can classify the
properties and behaviors of quantum circuits collectively. Major benefits of classifying quantum
circuits in this way include: 1. All quantum circuits can be classified into corresponding types; 2. Each
type characterizes important properties (such as circuit complexity) of the quantum circuits belonging
to it; 3. Each type contains a huge collection of possible quantum circuits allowing systematic
investigation of their common properties. We demonstrate the theory’s application to analyzing

the hardware-efficient ansatzes of variational quantum algorithms. For potential applications, the
functional configuration theory may allow systematic understanding and development of quantum
algorithms based on their functional configuration types.

The development of quantum algorithms with efficient quantum circuits has been a central part of quantum
computation, which has seen enormous progress in the last 30 years in both the theoretical and experimental
fronts'~22. Over the years, numerous quantum algorithms have been developed targeting a great variety of appli-
cations: these include the phase estimation algorithm”, Shor’s factorization algorithm“, the Harrow-Hassidim-
Lloyd algorithm for linear systems?®, the hybrid classical-quantum algorithms**-?, the quantum machine learning
algorithms®**!, and quantum algorithms for open quantum dynamics®*~.

Despite the success, the design of efficient quantum circuits to implement new quantum algorithms remains
an accidental process, and a systematic way*®* to understand how quantum circuits work may lead to improve-
ments in existing algorithms and discovery of new ones. To achieve decisive advantage over classical algorithms,
quantum circuits must have the complexity that scales polynomially, not exponentially, with the number of qubits.
Mathematically, if we consider all possible quantum circuits without any constraint, then the overwhelming
majority of the quantum circuits have exponential scaling®’. Consequently, designing quantum circuits that can
demonstrate the advantage of quantum computation is essentially a process of characterizing and identifying
the special cases with polynomial scaling out of the ocean of general cases with exponential scaling. To achieve
this we need a systematic framework to classify large numbers of quantum circuits with finite mathematical
structures: in this work we develop such a theory based on the “qubit functional configuration” The qubit
functionals are first introduced in our previous work*"*? as objects living in the dual space of the linear space
formed by the basis states of the qubit state space. In this work we relate the qubit functionals to how the state
vector entries are collectively modified by quantum gates. In particular, any arbitrary quantum circuit can be
decomposed into alternating sequences of 1-qubit unitary gates and CNOT gates. Each CNOT sequence prepares
the current quantum state into a layer of qubit functional configuration to specify the rule for the next 1-qubit
gate sequence on how to collectively modify the state vector entries. All the layers together form a sequence of
qubit functional configurations that defines a unique type of quantum circuits with great variety. Characterizing
quantum circuits by these qubit functional configuration types has several major benefits: 1. all quantum circuits
can be characterized by the corresponding functional configuration types; 2. each type characterizes important
properties (such as the circuit complexity) of the quantum circuits belonging to it; 3. each type contains a huge
collection of possible quantum circuits allowing systematic investigation of their common properties.

In addition, we demonstrate an application of the theory to the hardware-efficient ansatzes of variational
quantum algorithms*~*¢ by comparing the qubit functional configurations of two ansatzes used in Refs.** and .
We also propose a systematic process of creating any arbitrary functional configuration with the help of ancilla
qubits.
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For potential applications, the functional configuration picture may allow us to systematically find a minimal
gate decomposition sequence of any given quantum circuit. The qubit functional configuration theory is so far
as we know the first of its kind that can characterize huge numbers of quantum circuits together by finite math-
ematical structures—this may allow systematic understanding of quantum algorithms based on their quantum
circuit types and thus benefit the development of new algorithms.

Theory of the qubit functional configuration -

The qubit functionals. An n-qubit quantum state vector can be written as|p) = > a;|i), where the basis
states |i) can be associated with the bit strings (i) with i in the binary form. For example ;_3? -qubit state vector has
8 basis states corresponding to 8 bit strings: (000), (001), (010), ..., (111). As discussed in Ref.*! the collection of
all these bit strings can be considered as a 3-dimensional linear space V over the binary field {0, 1} and any bit
string can be expressed as a linear combination of the three basis vectors (100), (010), and (001):
v = (q1,42,43) = q1(100) + g2(010) + g3(001), where the coefficients g;’s take values 0 or 1, and the addition
“+7 is bit-wise addition modulo 2. Now by the theory of linear vector spaces, the dual space V* of V is formed
by the linear functionals over V: f(v) = f %ql, 92 q3)2 = g1q1 ® 292 D g3q3. Here the three basis functionals
are f ((91,92-93)) = qu, f@ ((91,92.93)) = qa. f' )((ql,qz,%)) = g3, the coefficients gs take values 0 or
1, and the “@” is addition modulo 2. In Ref.*! we have associated each functional with a “0” condition that
specifies a half-set of the bit strings and studied the quantum condition space generated by these “0” conditions.
In this work we call these functionals “qubit functionals” (because they are functionals on the qubit values) and
focus on their roles in how the entries of the quantum state vectors are modified collectively by quantum gates.

Roles of elementary gates in modifying state vector entries. The universality of quantum circuits
says that any unitary operation can be decomposed into a sequence of 1-qubit unitaries and CNOT gates. Con-
21

sider an arbitrary n-qubit quantum state |@;) = > ;i) as the starting point, if we apply 1-qubit unitaries U

only without CNOT gates, then at most one Uy tc_a% be applied on each qubit gx without redundancy. This is
because Uy’s on different gi’s all commute, so if e.g. Uy has already been applied to g1, then any additional unitary
V1 applied to q; at any point after U; will be equivalent to a single gate W; = VU applied to g, thus applying
more than one gates on the same qubit is redundant and can be rsduced to just one gate. Next to examine the

actual effects of 1-qubit unitaries, we study a 3-qubit state|@;) = Y a;]i) without loss of generality:

i=0
000 / ag ui1ag + uxdg uiag + uxay urag + uzay
001 ai uia; + usas ura; + uzas Uuag — ujay
010 | ay uya; + uzag uxag — u1az uiax + upas
011 as uyas + uzay . uza; — uyas . Uray — uyas
1= 100 | a4 — Uigr = urag — uyaq |’ Va1 = uyrag + uzag |’ Uspr = ujay + uzas
101 | as ura; — uyds uyas + uzay Uzas — uyas
110 dag Urdz — uUjaeg Uzaq — Ujae ujde + uzay
111 \ay uras — uiay uras — uiay uxde — u1ay
(1
where the 1-qubit unitary Uy has the same basic form U = (Z; _ufll ) applied to the kth qubit gi: that is

U=UQRIQLU,=I1Q U®ILandUs =1 ® I ® U (u), u are assumed real for cleaner notations; this assump-
tion does not cause any reasoning or results below to lose generality as compared to using complex numbers;
u? + u3 = 1). Here we see that U; pairs ap with a4, a; with as, a; with ag, and a3 with a;. When we focus on one
pair e.g. ag and ay, the effect of U, is equivalent to U ZZ = Z;Zg i_ Z?Zi , thus we can say ag plays the role
of “0” in this 2-dimensional subspace while a4 plays the role of “1”. Now we see the effect of Uy is dividing the
total space into four 2-dimensional subspaces and then modifying the entries in pairs of
[(ao, a4), (a1, as), (a2, as), (a3, a7)] where the 1st entry in each parenthesis is considered “0” and the 2nd entry is
considered “1”. Similarly, the effect of U, can be represented by[(ao, a2), (a1, a3), (a4, a¢), (a5, a7)], and that of U3
can be represented by [(ag, a1), (a2, a3), (a4, as), (as, a7)]. Note that Uy, U,, and Us may be applied simultaneously
but they keep the individual effects when considering a single gate alone. Now for Uj,
[(a0 a4), (a1, as), (a2, as), (a3, a7)] means that we have separated the total space into two half-spaces spanned by
basis states with q; = 0: {|000) ~ ag,[001) ~ a;,|010) ~ a,,|011) ~ a3} versus q; = 1: {|100) ~ a4,|101) ~ as,
[110) ~ ae,|111) ~ ay}; we then pair each q; = 0 term with a unique g; = 1term and mix them to produce e.g.

ap \ _ [ wiao + uzaq ay \ _ [ uiay + uas

a4 - Uurap — ujag as) - ua; — ujas
locations in the total vector, we obtain the vector result of U; ¢ as in Eq. (1). Similarly, U, separates the total space
into two half-spaces spanned by basis states with g, = 0 versus g, = 1, while Uj separates into half-spaces with
q3 = Oversusgs = 1.

Now what happens if we apply some CNOT gates before the 1-qubit Uy’s?

). Finally putting all these pairs back to the proper
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000 /ag 000 / ag 000 /ag
001 ay 001 ay 001 ay
010 | as 010 | ay 010 | a3
011 as CNOT;_, 011 as CNOT2-3 011 ap

P1=1900 | as | ~ 100]|a| T = 100 a )
101 | as 101 | ay 101 | ay
110 | ag 110 | ay 110 | as
111 \ a 111 \ as 111 \ ay

In Eq. (2) we apply CNOT_,, and then CNOT;,_, 3 to produce ¢}, where i — j in the subscripts means g; is
the control and gj is the target. By studying either the truth table of the CNOT gates or the results from previ-
ous works*"#7# the CNOT;_,, calculates q; @ g, and stores its value on g, and afterwards the CNOT,_,3
calculates q; @ q2 @ g3 and stores its value on ¢3. In other words, after CNOT)_,, and CNOT;_, 3 have been
applied, the value on g, now represents the value of q; @ g2, and the value on g3 now represents the value
of g1 ® q2 ® g3, as compared to the state ¢; before the two CNOT gates are applied. Since both g; @ g, and
q1 ® q2 @ q3 are linear functionals in V*, we can understand the vector @] as having a functional configuration of
(i =quf2 =q1 ® q2.fs = 1 ® 92 ® q3)as compared to ¢ having (f; = q1,f2 = q2.f3 = q3). Now by the same
reasoning as the previous paragraph we predict that, if we apply 1-qubit unitaries to ¢ now, U; will still separate
the total space into two half-spaces spanned by basis states with q; = 0 versus q; = 1, but exactly which “0” term
is paired with which “1” term will be different. U, now will separate into two half-spaces with q; @ g, = 0 versus
q1 ® q2 = 1, and Us will separate into two half-spaces with q; @ g2 @ g3 = 0 versus q; & g2 ® g3 = 1. Indeed
this prediction is verified by carrying out the algebra on ¢/ in the same manner as in Eq. (1):

ao ujag + uzds ujag + uzas uap + uza;

ai uyay + uzay uray + uza; uzap — u1day

as u1as + uzds Uap — u1as ujas + uzay

/ a ura + uzay || ;| u2a1 —upay |, ;| waz —ujay
1= a |7 Uiy = uxap — uias |’ Uagr = ujas + uzas |’ Usr = u1a¢ + uzaz
az uza; — u1az uraz + uzay Uzae — U147

as Uxas — upds Urae — Urds uyas + upay

aq Uzaz — u1ay4 Uzay — u1aq Uzas — uU1ay4

(3)

In Eq. (3) we see the effect of Uy is[(ag, a¢), (a1, a7), (a2, a4), (a3, as)] with the same “0” entries and “1” entries

but different pairing from the previous [(ag, a4), (a1, as), (a2, ds), (a3, a7)]. On the other hand, the effect of U,

is [(ao, a3), (a1, a2), (a6, as), (a7, as)] where the “0” entries are now {ao, a1, as, a7}—these entries in the original

@1 vector (not ¢}) correspond to {|000) ~ ag, |001) ~ ay,]110) ~ ag,|111) ~ az}—so indeed for these entries

q1 D q2 = 0. Similarly the effect of Us is [(ag, a1), (a3, a2), (a6, a7), (as, as)] where the “0” entries are {ay, a3, g,
as} which correspond to q; @ g2 @ g3 = 0 in the original ¢; vector.

Characterizing quantum circuits with functional configurations. With these results we are now
ready to introduce the idea of using qubit functional configurations to characterize quantum circuits. Starting
7

with an arbitrary initial state |¢;) = > a;]i), we can consider the qubits as functional holders with the initial

qubit functional configuration of (f; =1731 .2 = q2.f3 = q3). Aslong as there is no CNOT gate applied, this func-
tional configuration remains in place and specifies a unique rule for all possible 1-qubit unitaries: which entries
are considered “0”, which are considered “1”, and how the “0” and “1” entries are paired for each U. As long as
the configuration stays in place, a maximum number of n = 3Uy’s can be applied with one unitary on each qubit,
and any additional 1-qubit unitary would be redundant. After the last7Uk under this configuration has been

applied and before the first CNOT happens, the state changes to|@,) = Y b;|i) with new entries in the state vec-

tor. Now suppose a sequence of CNOT gates are applied without any 1-&Ggit unitary in between, right before the
next Ug happens, the entries are not modified but only shuffled, and this creates a new layer of functional con-
figuration such as (fl =L =PRH=qDP@D q3) discussed above. This second layer of functional
configuration now in place specifies its own unique rule for all possible 1-qubit unitaries that happen after,
before the next CNOT gate is applied. Repeating this process we can analyze any arbitrary quantum circuits as
follows:

In Fig. 1 an arbitrary quantum circuit can be decomposed into alternating sequences of 1-qubit Uy and CNOT
gates. Each CNOT sequence prepares the current quantum state into a new layer of qubit functional configura-
tion to specify the rule for the next Uy sequence on how the total space should be separated into “0” entries and
“1” entries and how the “0” and “1” entries are paired. In particular, any Uy finds the appropriate “0” and “1”
entries according to the kth functional fi and the pairing pattern is defined by the entire functional configuration.
After this Uy sequence is completed, right before the next CNOT sequence begins, a quantum state with new
entries is created, which can then be used as the initial state for the next iteration. This process can be repeated
many times until the end of the circuit where the last layer of functional configuration specifies the rule for the
final Uy sequence to create the final state. Together, all the layers of functional configurations form a sequence
of configurations that allows us to define a type of quantum circuits.

Note that the decomposition of an arbitrary quantum circuit into 1-qubit gates and CNOT gates is for gen-
erating the qubit functional configurations—i.e. it is for theoretical analysis only and thus does not increase the
burden of implementing the circuits. In addition, it is well known that*’ such a decomposition will only increase
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Figure 1. Graphical illustration of an arbitrary quantum circuit analyzed with multiple layers of qubit
functional configurations. Note here we use the symbol Uy to mean “any 1-qubit gate on the k' qubit’, thus Uy, is
not a particular gate and may represent different 1-qubit gates across different layers.

the depth of the sequence polynomially, i.e. if the original quantum circuit length is polynomially scaled with
the number of qubits, then the decomposition sequence is also polynomially scaled. This means we can classify
and characterize any polynomial quantum circuit efficiently with our qubit functional configuration method.

Next we demonstrate the application of the functional configuration picture in Fig. 1 to analyzing the hard-
ware-efficient ansatzes that are widely used in variational quantum algorithms*~*%. A critical step in a variational
quantum algorithm is to select the best ansatzes that are essential to the convergence rate and the quality of
final results. Ansatzes are commonly specified by a general structure of quantum circuits and allow multiple
continuous parameters to change in the process of variation. The ansatzes can be readily analyzed by our theory
because their general structures can be described by the qubit functional configurations which allow the con-
tinuous variation of the parameters. To see how this works, the hardware-efficient ansatzes commonly include
many identical layers, and within each layer there are two sub-layers: one sub-layer of parameterized 1-qubit
unitaries and one sub-layer of two-qubit entanglers. The two-qubit entanglers are usually all CNOT gates with
no 1-qubit unitaries in between, such that each entangler sub-layer can be considered as a single layer of qubit
functional configuration as described above—this makes the hardware-efficient ansatzes natural application
candidates for the qubit functional configuration theory. In the following examples, the ansatzes used in Ref.*>.
and Ref.*. are shown in Figs. 2 and 3 respectively, and the corresponding qubit functional configurations are
shown in Egs. (4) and (5) respectively.

The qubit functional configuration of the ansatz in Ref.*>

h=Q®p®udqp®q L=01®9 H=NP®gp f=PPRDBPq

4
=100 p®q®q, fi=01DP0DBDqsDg5Dgs @

The qubit functional configuration of the ansatz in Ref.*

h=a®q HL=q HL=000®qp fi=90®q =905 Pq% fo=4ds (5)

In Egs. (4) and (5) the differences between the two ansatzes in Figs. 2 and 3 are clearly shown by the cor-
responding qubit functional configurations. For example, in Eq. (5) f> and f; still keep their initial values g

V)
N\

Figure 2. The quantum circuit of one layer of the hardware-efficient ansatz in Ref.**.
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Figure 3. The quantum circuit of one layer of the hardware-efficient ansatz in Ref.*S.

and g, while in Eq. (4) all the qubit functionals have been changed. In general, the qubit functionals in Eq. (4)
contain more qubit terms than those in Eq. (5), thus we should expect the qubits of the circuit in Fig. 2 to be
more interconnected than those in Fig. 3. In this particular case, the ansatzes will repeat the same functional
configuration for all the following layers; however, if we apply the theory to other types of quantum circuits, such
as the quantum Fourier transform circuit studied in the Supplementary Information (SI) Section S1, each layer
may have a different functional configuration and the whole sequence of configuration layers characterize the
circuit’s properties. So far the comparison of Egs. (4) and (5) focuses on the structural differences between the
two qubit functional configurations. In the SI Section S4 we discuss how such differences would translate into
circuit properties when used in conjunction with the “unitary dependence theory” proposed in our recent study™.

As can be seen from the procedure described in and around Fig. 1, given any quantum circuit, we can generate
its qubit functional configuration layers by analyzing the quantum gates one by one. This means the cost of apply-
ing the method to a given quantum circuit should be comparable to the circuit length, which can be polynomial
or exponential in the number of qubits. Indeed, the qubit functional configuration describes the characteristic
properties of a quantum circuit and thus should have the same complexity scaling as the circuit itself.

Studying quantum circuits in terms of the qubit functional configuration types has various benefits:

1. Because the process in Fig. 1 is entirely general, any arbitrary quantum circuit can be analyzed by this picture
and thus belongs to one of the types defined by the functional configuration sequence.

2. As explained earlier, for any particular layer of functional configuration, a maximum number of # 1-qubit
unitaries can be applied without redundancy, with one unitary for each qubit. In addition, the number of
CNOT gates required to achieve any given functional configuration is also bounded. Therefore the total
length L of a quantum circuit is closely related to the total number N of functional configuration layers in
the circuit. In other words, the functional configuration picture captures the important property of circuit
complexity. The exact relation between L and N will be derived in section "Circuit length in relation to the
number of layers of functional configurations".

3. More importantly, any particular sequence of the functional configurations contains the characteristic infor-
mation of how the state vector entries are collectively modified by 1-qubit unitaries, while not fixing the
actual Uy sequences—this allows us to group a large collection of quantum circuits together to be classified
under a single type defined by the functional configuration sequence. In fact, as the parameters of any 1-qubit
unitary can be varied continuously in the complex number domain, there are uncountably infinite number
of possible quantum circuits with a given length. However, for a functional configuration sequence of a
given length, there are only finite number of possible sequences, thus by this picture we are able to classify
an uncountably infinite collection with finite number of types.

Any particular type of quantum circuits has its unique sequence of functional configurations, and each layer
of functional configuration defines a unique way by which 1-qubit unitaries work on the state vector entries.
As detailed in Ref.*!, the duality between the linear functional space V* and the bit string space V leads to a
one-to-one correspondence between each functional and a unique partition of the bit strings—defined by two
half-sets specified by setting “0” and “1” for the functional value respectively. When Uy acts on g, the partition
of fi specifies which entries are “0” and which are “1”, while the partitions of all other functionals define how the
“0” entries are paired with the “1” entries. Consequently if a particular functional f appears in one configura-
tion but not in another, then the 1-qubit unitaries will behave differently in the two configurations and thus two
quantum circuits of different configuration types have different characteristics. Even if two configurations contain
the same collection of functionals, two different permutations of these functionals will in general produce dif-
ferent quantum circuits. As detailed in the Supplementary Information (SI) Section S2, if there is only one layer,
then e.g. the configuration (fi, f2,3) can be considered somewhat equivalent to (f3, 1, /2 ) because U in (f1, 2. f3 )
obeys the same rules as Uy in (f3, fis fz) with Uz = U;. However, when multiple layers of configurations are
present, then each corresponding configuration must permute in the same way for this equivalence to hold:
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eg (f.forf3) = (fasfs: fo) is equivalent to (f3,f1.£2) = (fo. fa- f5) but not to (f3, f1,£2) = (fa-fo»f5). Hence we
can conclude that the types of quantum circuits as defined by different sequences of functional configurations
do not in general overlap with each other. When studying properties of quantum circuits with the gate decom-
position sequence one often encounters the problem of having multiple gate sequences that produce the same
total unitary operation, which means that gate sequences do not uniquely characterize quantum circuits. In the
functional configuration picture however, all these “equivalent” gate sequences must produce the same functional
configuration sequence, and the types defined by the functional configuration sequences uniquely characterize
quantum circuits. This is another benefit offered by the functional configuration picture. A detailed example of
how different gate sequences can produce the same functional configuration is presented in the SI Section S3.

Number of possible functional configuration types. Now a natural question is to ask how many pos-
sible functional configuration types there are for a single layer and over a fixed number of layers. For a single
layer, because the functional space is the dual of the bit string space with 2" elements, there are 2" functionals (for
details see Ref.*!). Excluding the “0” functional, there are 2" — 1to choose from, and # locations to allocate them.
The most naive count would be (2" — 1)”, but not all of these are valid configurations. To see this first note that
it is impossible for duplicate functionals to appear in two or more different locations. This is because e.g. if we
have a configuration of (fi,f2 = fi, f3.... fx) then the state vector will only have entries associated with the basis
states|00...) and |11...) but not|01...) and | 10...) (half of all dimensions have been lost for the state vector), and this
cannot be always satisfied when the initial state are chosen arbitrarily. It turns out this non-duplication rule is a
special example of a more general condition for valid configurations: for a configuration of (f1, f2, f3..., fn)» none
of the fi’s for k = 1,2, ..., n can be the sum of any number of other functionals. This is because otherwise if e.g.
f> = fi + 2 + fs then the value of £ is no longer free such that the subspace defined by (f1, f2,fs.f7) becomes
(fi>f2»f5) and half of the dimensions have been lost for the state vector. When we view the functionals as mem-
bers of the linear space V*, then requiring any fi is not the sum of any n}llmber of other functionals is the same

as requiring linear independence for all fi’s for k = 1,2, ..., nsuch that )" cxfy = 0 has only the trivial solution

of all ¢’s being 0. Note that this linear independence is automatically ekn_fi)rced by using CNOT gates to create
functional configurations. To see this start with any configuration of (fi, f2. f3.... fx) with all functionals linearly
independent, then applying CNOT;_,, will replace f, with f; + fj, which is still linearly independent from all
other functionals. So any CNOT gate cannot break the linear independence when starting with linear independ-
ence. The initial configuration of any quantum circuit is (f1 =91 =95 =q3.fn = q,,) which has linear
independence for all functionals, so indeed any CNOT sequence will automatically enforce the linear independ-
ence.

Now back to counting the possible configurations for a single layer, considering linear independence there
are 2" — 1 choices for fi,2" — 2for f3, ..., for fi there are Ny number of choices:

k—1
Np(k,m) =2" =13 Clk— 1,i) =2" — 2! (6)

i=1
So the total possible number of configurations for one layer is:

n

Ne(m) = [[ Nytkomy = [ | (2n _ 2k—1> o
k=1

k=1

Now over multiple layers, for clarity we reinforce the definition of layers of functional configurations. Refer-
ring to Fig. 1, start with the initial state ¢; and the initial configuration (fl =quLh=9u=q3....fn= q,,),
if the first gate applied is a 1-qubit unitary (i.e. the case in Fig. 1), we consider the initial configuration as the
first layer; if the first gate is a CNOT gate (i.e. the case obtained by removing the first Uy sequence and com-
bining the first two blocks in Fig. 1), we consider the configuration created by the first CNOT sequence as
the first layer. After the first layer has been established, a sequence of 1-qubit unitaries can be applied accord-
ing to the rule set by this configuration, and as long as there is no CNOT gate, the system stays in the first
layer. Right before the next CNOT sequence happens, the state changes to ¢,, and the configuration is reset to
(fi = q1.f2 =423 =45 --.>fn = gu). Now the next CNOT sequence applies, and right before the next 1-qubit
unitary sequence we create the configuration of the second layer, which stays in place until the next CNOT
sequence. Subsequent layers can be defined accordingly. We require that all layers after the first one cannot be
the initial configuration (f; = q1,f> = q2.5 = g3 . - ., fa = qn)—because otherwise no CNOT gate is applied after
the reset and we can combine this layer with the previous one—then the total possible number of types defined
by N layers of functional configurations is:

n n N-—1
o e—[le-rn o :
Ni(n,N) = Nc(f’l)(Nc(:') 9] _ k=1 kzln’ (8)

where the (N;(n) — 1) ~!accounts for “all layers after the first one cannot be the initial configuration’, and n!
accounts for the equivalence due to permutation of functionals in the first layer. To get a concrete idea of Ny, for
a 5-qubit system (like the simplest IBM quantum devices* but with unlimited connectivity between qubits) over
1 layer of functional configuration, there are:
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11 (25 _ 2k71)

= 9
Ni(5,1) = “f — 83328 ©)
Over 3 layers of functional configurations, there are:
5 2
5 k-1 5 ok—1) _
kU1 (25 —251) kljl (25 =21 -1 . (10)
Ni(5,3) = = ‘5, = 8.3317318 x 10

So the number of types N; can be a gigantic number even with quite small values for n and N, but this is
reasonable because we are considering all quantum circuits that are ever possible on #n qubits and N layers with
a finite number of types. In fact, the gigantic number N; illustrates the immense potential of quantum computa-
tion as a small number of qubits can support such an enormous variety of quantum circuits over few layers. In
addition, as detailed in the next section (section "Circuit length in relation to the number of layers of functional
configurations"), the total number of gates required to realize any one of the N; possible functional configurations
is polynomial in both the qubit number n and the layer number N. This means all of the N; functional configura-
tions can be reached efficiently with a polynomial circuit if the layer number N is polynomial in n—consequently,
although Ny is gigantic, as long as N is polynomial, we are indeed classifying all polynomial circuits that are pos-
sible with Eq. (8), such that the classification is relevant to our practical need in quantum computing to design
polynomial circuits that can be efficiently implemented.

Circuit length in relation to the number of layers of functional configurations. How does the
number N of layers relate to the length of the quantum circuit? As explained earlier, for any particular layer of
functional configuration, a maximum number of # 1-qubit unitaries can be applied without redundancy, with
one unitary for each qubit. So for any quantum circuit with N layers of functional configurations, the total num-
ber Ny of 1-qubit unitariesis N < Ny < nN (atleast one unitary for each layer). This means that once the circuit
type defined by the sequence of functional configurations has been fixed, the length of the circuit can only vary
by up to nN. Now if more generally the circuit type is not fixed but the number of layers is fixed, to evaluate how
many CNOT gates are possible for one layer, we need to study how many CNOT gates are required to reach an
arbitrary functional configuration. Starting with any functional configuration (f1, f2, f3...» fu )» applying CNOTj_
will replace f, with f; 4 fi such that the process of creating functional configurations is dynamical and it is dif-
ficult to exactly evaluate how many CNOT gates are required. However, we can calculate an upper bound for the
number of CNOT gates by storing the initial configuration of (fi = q1,» = q2.fs = g3 .. .,fu = qn) on nancilla
qubits. To do this we start with the initial configuration (fi = q1,f> = 92.f3 = g3 .- .. fa = qu) on the computa-
tional qubits, prepare the ancilla qubits as g4, = [0), g4, = [0), ..., g4, = |0) and apply the gates CNOT}_,,, for
k =1,...,nwith the computational qubits as controls and the ancilla qubits as targets, such to copy the configu-
ration (fo, = q1.fa, = q2.fas = q3 - - - »fa, = qn) on the ancilla qubsits. This way when we modify the configura-
tion on the computational qubits, the ancilla qubits still retain the initial configuration. After this we can create
the wanted functionals one by one, e.g. if for the next layer the wanted configuration requires fi = g2 @ g3 ® g5,
then we can use the corresponding ancilla qubits as controls and the 1% computational qubit as target such as
CNOT,, -1, CNOT,, 1, CNOT,, 1, CNOTy, 1 (order does not matter), and we will create g, @ g3 @ gs on
the 1* functional location. Note here CNOTy, 1 is to remove q; from fi. As the ancilla configuration is never
changed in this process, we can repeat the same procedure when creating f, f3, and all the way to f,,. This sys-
tematic process of creating any functional configuration is illustrated in Fig. 4 with a 3-qubit example.

With this process, for each fi, the functional that requires the most CNOT gates is the sum of all qubits except
dk- .8 f1 = 42 D q3 ® ... ® g, which requires n CNOT gates. Therefore the number of CNOT gates required
to reach any functional configuration cannot exceed # x n = n2. The situation is similar for all subsequent lay-
ers, hence the number of CNOT gates over N layers cannot exceed nN. In practice this upper bound may not
be reached due to the linear independence constraint. Overall to achieve any single layer of configuration we
need at most 1 CNOT}._, 4, gates and n? CNOT,, _,  gates, and the total over N layers is (n2 + n)N CNOT gates.
The least number we need is one CNOT for all the layers after the first one, so it is (N — 1) gates, and we have
N —1 < Ncnort < (n2 + n)N , with the right equality not necessarily achievable. Now we see that even with
just 5 qubits and a single layer N = 1, the possible length of the quantum circuits is1 < Ny < 5 1-qubit unitar-
ies and 0 < Nenot < 30 CNOT gates, so the number of types at 83,328 in Eq. (9) becomes more reasonable.
Here we remark that on a case-by-case basis, the procedure to create functional configurations by ancilla qubits
may be far less efficient compared to working with the computational qubits only. For example, the configura-
tion (fi = qi.fo = q1 ® 92.f3 = q1 D g2 D g3) can be easily reached by CNOT_,; and then CNOT;-, 3; while
using ancilla qubits we first need three CNOT}_,,, gates and then CNOT,, .3, CNOTy, .3, and CNOT,, 3,
requiring 6 CNOT gates in total. However the ancilla method is more systematic thus to allow us to bound the
maximum number of CNOT gates needed. Even with this inefficiency, the upper bound of nN and (n* + n)N are
both polynomial in # and N such that if N is polynomial in n then the maximum length of the quantum circuits
classified by N layers of functional configurations is also polynomial in #: this means that not only the quantum
circuits belonging to the same type are either all polynomial or all exponential, but also the quantum circuits of
types with the same number of layers are either all polynomial or all exponential. In other words, the functional
configuration picture captures the important property of circuit complexity.
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Figure 4. A 3-qubit example of systematically creating any functional configuration by first storing the initial
configuration on 3 ancilla qubits and then creating the functionals one by one without changing the ancilla
qubits.

Potential applications

The qubit functional configuration picture described in section "Theory of the qubit functional configuration"
provides a systematic framework for characterizing quantum circuits. As discussed in section "Characterizing
quantum circuits with functional configurations", the framework assigns all possible quantum circuits of a given
length into finite types that in general do not overlap. In addition, the characteristic information of how the state
vector entries are collectively modified by 1-qubit unitaries is described by the functional configuration sequence.
In the following we discuss potential applications provided by this new theory.

Quantum algorithm development. The classification of quantum circuits will allow us to systematically
study circuits of the same type or similar types. Numerous quantum algorithms with diverse mechanisms and
functionalities have been proposed in the past 30 years, yet these discoveries are mostly made on a case-by-case
basis. A systematic study of these algorithms based on the functional configuration types will potentially help us
understand why they work, and such knowledge may lead to improvements on existing algorithms and discov-
ery of new algorithms. As demonstrated by the application examples in section "Characterizing quantum circuits
with functional configurations”, The ansatzes used in variational quantum algorithms*~*® are natural candidates
for classification studies using the qubit functional configuration theory. The hybrid classical-quantum platform
of the variational quantum algorithms has led to successful applications such as the variational quantum eigen-
solver (VQE)*® and the quantum approximate optimization algorithm (QAOA)*. The properties and capabili-
ties of variational quantum algorithms have been studied by descriptors such as expressibility and entangling
capability®® that describe how much of the solution space can be explored by varying the parameters. On the
other hand, our qubit functional configuration theory provides a different perspective by classifying various
ansatzes into finite mathematical structures such that their behaviors and properties can be studied collectively.
In other words, the qubit functional configuration picture may allow us to systematically understand why certain
ansatzes have better (or worse) performances when treating different kinds of problems.

The minimal gate decomposition of a quantum circuit. The qubit functional configuration picture
may allow us to systematically find a minimal gate decomposition sequence of any given quantum circuit. With-
out the picture, the gate decomposition of a given quantum circuit is not unique (see section "Characterizing
quantum circuits with functional configurations" and the SI Section S3), and there is no systematic approach to
find the minimal gate sequence or verify that a known gate sequence is minimal. With the picture, for any given
quantum circuit, if one gate decomposition sequence (non-minimal) is known, we will then find the functional
configuration sequence that defines the type for the circuit. Now for each layer of functional configuration,
the minimal CNOT gate sequence to create this configuration is a well-defined sequence. Joining the minimal
CNOT sequence for each configuration layer together and inserting the appropriate 1-qubit unitaries, we will
have the minimal overall gate sequence for the quantum circuit. A worked-out example of how this may work is
found in the SI SectionS2. Even further, as in Eq. (7) there are only finite number of possible functional configu-
rations for a single layer, thus for small numbers # of qubits, we could even construct a complete dictionary of all
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possible functional configurations with the corresponding minimal gate sequences, such that the minimal gate
sequence for any arbitrary quantum circuit can be retrieved by searching the functional configuration index.

Conclusion

In this work we have developed a theory of characterizing all quantum circuits with qubit functional configu-
rations. In particular, an arbitrary quantum circuit can be decomposed into alternating sequences of 1-qubit
unitary Uy gates and CNOT gates. Each CNOT sequence prepares the current quantum state into a layer of qubit
functional configuration to specify the rule for the next Ui sequence on how to collectively modify the state
vector entries. All the layers together form a sequence of functional configurations that defines a unique type
of quantum circuits with great variety. For uncountably infinite possible quantum circuits, there are only finite
number of functional configuration types for a given length, and this number has been evaluated in detail. More
importantly, these types uniquely characterize properties of the corresponding quantum circuits. We have dem-
onstrated an application of the theory to the hardware-eflicient ansatzes used in variational quantum algorithms
by analyzing them in terms of the functional configurations. We have also proposed a systematic procedure of
creating any arbitrary functional configuration by storing the initial configuration on ancilla qubits. For poten-
tial applications, the functional configuration picture captures the important property of circuit complexity of
any given quantum circuit and may allow us to define a minimal sequence for it. So far as we know, the qubit
functional configuration theory is the first of its kind that can characterize huge numbers of quantum circuits by
finite mathematical structures, and thus may lead to systematic development of efficient quantum circuits that
scale polynomially with the qubit number.
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