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Abstract

Analyzing phase transitions using the inherent geometrical attributes of a system has
garnered enormous interest over the past few decades. The usual candidate often
used for investigation is graphene—the most celebrated material among the family
of tri-coordinated graphed lattices. We show in this report that other inhabitants of
the family demonstrate equally admirable structural and functional properties that
at its core are controlled by their topology. Two interesting members of the fam-
ily are cyclooctatrene (COT) and COT-based polymer: poly-bi-[8]-annulenylene, both
in one and two dimensions that have been investigated by polymer chemists over a
period of 50 years for its possible application in batteries exploiting its conducting
properties. A single COT unit is demonstrated herein to exhibit topological solitons
at sites of a broken bond similar to an open one-dimensional Su-Schrieffer-Heeger
(SSH) chain. We observe that poly-bi-[8]-annulenylene in one dimension mimics two
coupled SSH chains in the weak coupling limit, thereby showing the presence of topo-
logical edge modes. In the strong coupling limit, we investigate the different parameter
values of our system for which we observe zero-energy modes. Further, the applica-
tion of an external magnetic field and its effects on the band flattening of the energy
bands has also been studied. In two dimensions, poly-bi-[8]-annulenylene forms a
square-octagon lattice which upon breaking time-reversal symmetry goes into a topo-
logical phase forming noise-resilient edge modes. We hope our analysis would pave
the way for synthesizing such topological materials and exploiting their properties
for promising applications in optoelectronics, photovoltaics, and renewable energy

sources.

Key Points

* We show in this paper tri-coordinated lattice systems: cylooctatrene (COT) and
COT-based polymer: poly-bi-[8]-annulenylene exhibit exotic topological properties.

* Flat bands are generated upon application of tailored magnetic flux for poly-bi-[8]-
annulenylene in one dimension.

* Insights from this paper open the possibility of using these polymers as an

experimental ground to observe many flat-band and topology-related phenomena.
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INTRODUCTION

From the discovery of the quantum Hall effect in the 1980s,22 the
perception of phases in condensed matter physics underwent a foun-
dational metamorphosis. Phase transition in such systems, formerly
studied through the lens of Landau’s theory of symmetry breaking,>*
were subsequently analyzed using abstruse yet mathematically ele-
gant characterization of the inherent geometrical attributes of the
system thereby initiating a robust bridge to topology.”> Such inter-
connections have positively impacted many other domains of physics

including atomic physics and quantum optics,®~19 bioinformatics, 113

quantum field theory,* high-energy physics,>1¢ and astronomy'7-18
even though condensed matter physics indisputably continues to be
the most ardent and persistent beneficiary. A quintessential exam-
ple in the latter domain which has arrested enormous attention
over the past several decades is the family of organic polymers like
polyacetylene,’? which possesses albeit simple yet rich topological fea-
tures in one dimension?® rooted in the Su-Schrieffer-Heeger (SSH)
model.2122 Discovery of such polymers has revolutionized diverse

applications like molecular electronics,?3-2° light-emitting diodes, 2627

rechargeable batteries?8-30

to name a few, owing to their fascinating
conducting properties usually accredited to the implicit topology and
lattice geometry.

The natural extension of the aforesaid paradigm to two dimensions
began with the idea of Haldane,?! which introduces a complex second
nearest neighbor hopping amplitude in graphene, which is inarguably
the most widely known honeycomb lattice belonging to the larger

umbrella of trivalent graphed lattices (i.e., lattice geometries with coor-

dination number equal to 3) as shown in Figure 1. The by-product
of such an endeavor is the decimation of the time-reversal symmetry
(TRS) of the system thereby culminating in a natural emergence of a
topological phase that is experimentally realizable.32 Extension of the
paradigm to structural chemistry has been the harbinger of a plethora
of unforeseen opportunities that has duly engendered interest.33-3¢
Most notably with prodigious improvements in synthetic capabilities of
metal-organic, covalent-organic frameworks (MOFs/COFs)37-42 and
hydrogen-bond organic frameworks (HOFs),*® the dream of artificially
designing such polymeric substrates with tunable topological features
is no longer distant. Inspired by such developments, in this work, we
strive to venture beyond graphene into other members of the fam-
ily of trivalent graphs which despite having the potential for offering
tantalizing prospects have been severely underutilized in the liter-
ature. We focus on the Goldilocks zone of such polymers (marked
in red in Figure 1) which have either been directly synthesized and
shown to be excellent conductors as highlighted in a patent** and
paper®® or offer an easy possibility of being naturally synthesizable
or artificially designed through a network of superconducting copla-
nar waveguides.*® Such lattices share similar structural cohomology
with the hexagonal lattice of graphene®”#8 and as we shall unravel also
inherit some exotic topological features even within the framework of
tight-binding (TB) approximations which form the basis to interpret all
their functional attributes.

The article is structured as follows. First, we consider a single
cycloctatetraene (COT) unit which forms the basic building block for
poly-bi-[8]-annulenylene networks, an object of primary investigation
in this work. We show how a COT unit forms topological solitons at

FIGURE 1 (a) Graphene, (b) cycloctatetraene (COT) unit, (c) repeating poly-bi-[8]-annulenylene in one dimension, and (d) repeating
poly-bi-[8]-annulenylene in two dimensions. The red box indicates the Goldilocks zone of COT and COT-based polymers.
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FIGURE 2

In (a)-(c), we explicate the band structure of the model described in Equations (2) and (5). (a) The spectrum (E(k) vs. k) under periodic

boundary conditions (PBC) in the topological phase. (b) Similar to (a) but at the critical point showing the closure of the bulk gap. (c) Similar to (a)

but in the trivial phase. (d) The locus of the vector dj (see Equation 5) in

the topological phase with the origin enclosed, (e) at the critical point where

the curve goes through the origin, and (f) in the trivial phase with the origin not enclosed. The energy spectrum under open boundary conditions
(OBC) (g) showing the presence of edge modes in the topological phase, (h) in the bulk-conducting phase, and (i) band-insulating (topologically
trivial) phase. The inset in (g) shows the electronic density distribution corresponding to the edge modes being localized at the edges of the chain.

two ends by envisioning it as a simple one-dimensional (1D) SSH chain.
Then we go on to study the band structure of poly-bi-[8]-annulenylene
in one dimension and unravel its inherent topological properties both
in the strong and weak coupling regime. In the weak regime, we con-
sider poly-bi-[8]-annulenylene as two weakly coupled 1D SSH chains.
Following that, we further analyze the effects of band flattening of
all the energy bands of 1D poly-bi-[8]annulenylene in the presence
of an external magnetic field. Such band flattening can lead to local-
ized electronic states with exotic correlated behavior. We also study
the two-dimensional (2D) extension of this lattice geometry and calcu-
late its band structure both with and without breaking TRS in order

to distinguish topologically trivial and nontrivial phases. All analysis

is conducted for both periodic (PBC) and open-boundary conditions
(OBC) and the possibility of engineering a spin network for realizing the
2D analog is explicitly discussed.

METHODS
Calculation of winding number for COT
The winding number of the COT envisioned as an SSH chain is a

topological invariant that characterizes its topological phase in one

dimension. This topological invariant described by the number of times
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Pierls substitution and flatness ratios

The Pierls substitution terms in the hopping parameters of the Hamil-
tonian and the flatness ratios computed to measure the flatness of the
Bloch bands are discussed in this section. Considering uniform fluxes
¢1 and ¢, through the octagon and square plaquettes as shown in
Figure 3. The resulting modification in the hopping terms along the
octagon plaquette,

id[ v~ WAl (T T
FIGURE 3  Fluxes ¢, through the square and ¢, through octagon ePl=v(e 407, —W(C g Cr7), —Vic, 1 o), —tlc, 5 Cra),
plaquettes along the chosen clockwise direction. The green box shows s ; § i
a unit cell of poly-bi-[8]-annulenylene. =Vl 5Cro), —Wlc, 4 Cr5), —vIC, 5Cre) —t(C, ,Cr3)]

and along the square plaquette,

the winding vector Jk of the SSH Hamiltonian winds around the origin

i _wich T —wict T
as shown in Figure 2d-f is given by*? e lmwlc,yera), —HC 5Cra), Wl Cra), —HC 1 Cra]

and their Hermitian-conjugate (h.c) parts.

1 ("~ dd, dk Lov/wi<1 @ The flatness ratio § = Ep,,/A,°°~>2 where E,,,, is the bandwidth and

= — X — =
Y= 27 _ k7 Tk 0, |v/wl>1 A is the bandgap is defined for the VB and CB. For all other bands, we
consider the ratioh = (VF)E(”/(VF)ZB(CB), where (V) denotes Fermi

° /4 w2 it o w4 w2 i m/2 Silt
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FIGURE 4 Color-coded plot of (a)-(c) Flatness ratio h for the negative energy bands. (d)-(f) Flatness ratio h for the positive energy bands in
(1, po) planeforv=w=t= 1.
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FIGURE 5 Schematic of a cylindrical strip with PBC along the
x-direction and OBC along the y-direction. N, denotes the finite
number of unit cells considered along the y-direction.

velocity averaged over the entire Brillouin Zone and —(+) denotes
negative (positive) energy Bloch bands of the concerned system. The
corresponding color-coded plots for the other bands are shown in

Figure 4.

Tight-binding: Finite size calculations

To study finite-size effects, we consider quasi-OBC, that is, the open
boundary condition along y keep the periodicity intact along x as shown
in Figure 5. This forms a cylindrical strip with a finite number of cells in
the y-direction alone thus forming zig-zag edges as shown.

For instance, for N, = 4 unit cells, the quasi-OBC Hamiltonian of
poly-bi-[8]-annulenylene in two dimensions has the following form:

0 we ¢ 0 te i 0 0 0 0
we'# 0 te® velke ® 0 0 0 0
0 tei® 0 we ™  ve i 0 0 0
telt ve ke 0 we'® 0 0 0 0
0 ve® 0 0 we ™ 0 te~i¢
0 0 0 0 wel? 0 te ™ vele i
0 0 0 0 0 tei® 0 we ™
0 0 0 0 telt  velPe ke wel 0

RESULTS AND DISCUSSION
Cycloctatetraene as a SSH chain

To explore the topology of COT, we begin by considering a single COT
unit as a closed and periodic SSH chain. The well-known SSH chain

O
(b)

FIGURE 6 (a) 1D SSH chain (a unit cell encompassed in the green
box). (b) COT as a closed SSH chain.

offers a paradigmatic example of supporting a 1D topological insulating
phase. The Hamiltonian of the model is as follows?2?

N N
t T
Hssy =—v Z CoiqC2i =W Z C5iC2ir1 + h.c (2)
i=1 i=1

where v, w are the alternating hopping strengths, N denotes the num-
ber of unit cells with a single unit cell marked in green as shown in
Figure 6ac’, cdenotes the creation and annihilation operators describ-
ing an electron hoppingin alattice between sites designated asi,and h.c
denote Hermitian conjugate.

The Hamiltonian can be diagonalized through a Fourier

transformation,>354

Hssi == 3 $iHib = — . 5 (dhe. 3 (3)
k k

where k x ag € [-7, 7] denotes a discrete set of points over the Bril-
louin zone in reciprocal space with ag being the real space lattice
separation. (zpi, ) and Hy denote Bloch vectors and Hamiltonian in the
reciprocal space, respectively. The d, and the energy of the bands are
expressed as

d = (v + weos(kx), wsin(kx), 0) (4)

€, =1/d? + dg = +/v2 + w2 + 2vw cos(k) (5)

As shown in Figure 2, We have the trivial insulator phase for v > w, the
metallic phase for v = w, and the topological insulator phase for v < w.
The topological phase is further characterized by the nonzero winding
number*? (see the Methods section for calculation of winding number)

and the appearance of edge states.

Poly-bi-[8]-annulenylene in one dimension

For poly-bi-[8]-annulenylene, the unit cell marked in green in Figure 7,
has eight sites. The Hamiltonian of the model is as follows:
N .
Hporgia = Z[—v(cr',lc,,s + c:Ac,]
r=1

+ c:2c,5) — W(C,T,1Cr,4 + szCng)

— t(C:1Cn2 + c:4cr’3)] +h.c, (6)
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FIGURE 7  Poly-bi-[8]-annulenylene moiety with the chosen unit
cell shown inside the rectangular box. v, w, and t shown are the
respective hopping parameters.

where v, w, and t are the respective hopping strengths between dif-
ferent lattice sites in a unit cell as shown in Figure 7. The subscript r, i
contains i = 1..8 going over all the eight sites in a unit cell and r going
over N number of unit cells. Following a Fourier transformation, we

solve the k-space Hamiltonian with the following form:

The corresponding band structure has eight bands as shown in
Figure 8a. Among the eight bands, we focus on the valence and con-
duction band (marked as VB and CB) around the Fermi level (i.e., E(k) =
0 level). We focus on two cases. Weak coupling: When the coupling
strength t << v and t << w, one can envision the lattice of poly-bi-
[8]-annulenylene as two weakly coupled SSH chains®>°¢ as shown
in Figure 7b with parameter t playing the role of linking between
two chains.

In Figure 8, we show the band structure of the model defined
in Equation (6) focusing exclusively on the energy bands close to
the Fermi level in both the trivial and topological phase under PBC
(Figure 8b,c) and OBC (Figure 8d,e). In the topological phase under
OBC, we expect four edge states corresponding to four edges of
two weakly coupled SSH chains. This is further corroborated through
numerical evidence in Figure 8e. Further, the resilience of these modes
against noise has been discussed in the Supporting Information. This

observation can be generalized to N weakly coupled SSH chains

Hporgia = = 2, ¥, [HKlgxg T 7
PotsiA ; Y B8 ¥k wherein 2N edge modes would be encountered.
V>w v<w
(b) (c)

PBC for v=1,w=01, =001

PBC for v={lw=]7=((l

VB 1 B
(B (B
0 <
(a) 3’
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T T -1 4 |
VB - enf2 o oo 0 R
CB k
% 0 ¥ (e)
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FIGURE 8 (a) Band structure of poly-bi-[8]-annulenylene with v = w = 1, t = 0.1 highlighting the behavior of two weakly coupled SSH chains
under PBC. (b) The spectrum as in (a) but computed in the trivial phase (v > w). (c) The spectrum as in (a) but computed in the topological phase

(v < w). All plots are generated in the weakly coupled regime as defined by t << w and t << v. (d) The energy spectrum under OBC shows the
absence of edge modes at zero energy in the trivial phase. (e) Similar spectrum as in (d) but showing the presence of edge modes at zero energy in
the topological phase. The inset shows electronic density distribution of the edge modes being localized at the four edges of a finite

poly-bi-[8]-annulenylene. (f) Four edges of a finite poly-bi-[8]-annulenylene.
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FIGURE 9 (a)-(d) The energy spectrum with open boundary
conditions showing the absence and presence of zero modes in
different parameter regimes. The insets in (a)-(c) show eight edges of a
finite poly-bi-[8]-annulenylene for N = 2 unit cells.

Strong coupling: When the coupling is strong, the two stacked chains
form dimers in several ways. Several such cases have been shown in
Figure 9. All such cases are constructed under OBC and show the rela-
tive displacement in the energy spectrum of the eight edge states (see
Figure 9b,d) under different parameter choices. In general for N such
strongly coupled chains, one can prepare a maximum of 8N such edge

states in the topological phase.

Magnetix flux through 1D poly-bi-[8]-annulenylene

In this section, we study how the flatness of the Bloch bands could
be tuned by magnetic fluxes through the square and octagon pla-
quettes of poly-bi-[8]-annuleneylene. In the presence of an external
magnetic field, the wave function of a charged particle going around
a closed loop acquires an Aharonov-Bohm phase shifts proportional
to the magnetic flux through the enclosed loop.”” In the TB lan-
guage, this phase gets reflected in the electron hopping amplitudes
modified with an acquired extra phase factor given by the Pierls
substitution,®

T

= Tyei, 8)

where Tj; is the hopping amplitude between sites i and . For convention,
we take positive flux in the clockwise direction and vice versa.

We consider fluxes ¢4 and ¢, impinging the octagon and square pla-
quettes as in Figure 3. Adopting this sort of general and nonunique
flux profile thus allowing even small to large fluctuations (i.e., 1 # ¢»
always) in the fluxes penetrating octagon and square plaquettes owing

to the fact that these two plaquettes have different geometries enables

us to explore the flatness of these bands across a 2D parameter space.
We plot the flatness ratios defined in the Methods section of valence
and conduction bands in the (¢4, ¢») plane as shown in Figure 10. Flat-
ness ratios and their plots of other bands in the (¢4, ¢,) plane are
presented in the Methods section.

We observe that all energy bands display considerable flatness
(according to the used metric defined in the Methods section), hence
can admit small Fermi velocity of an initialized electronic wavepacket
leading to nontrivial consequences. Recently, such flat bands are being

59-61 wherein Moire

routinely investigated in twisted bilayer graphene
superlattices are formed at a wavelength scale much bigger than the
atomic separation in graphene. In these superlattices, hybridization of
the energy bands from the two layers leads to flat bands when the twist
angleis very low similar to what we see here. Such bands have localized
electronic density and can be the hotbed for studying many correlated
Fermionic behavior as has been seen in a correlated Mott insulator

under moderate occupancy®?-6>

or even a superconducting phase
at low occupancy.636467 Another potential correlated phenomenon
that can be realized in poly-bi-[8]-annulenylene is the exciton con-
densation which has been recently predicted in a highly amorphous
nickel tetrathiafulvalene-tetrathiolate polymer.%® Particular emphasis
should be given to the proposed polymer: poly-bi-[8]-annulenylene,
as this polymer could serve as a platform to undertake various studies
involving the interplay of topology, flat bands, and exciton conden-
sation phenomena. This is beyond the scope of the present study;
we leave it for a future study where one can consider calculations of
particle-hole reduced density matrix (RDM) and look for signatures®?
of exciton condensation phenomena by adopting advanced electronic
structure techniques like variational 2-RDM .7%71 Even though we
have described the electronic states only, the coupling of the Bloch
states of the flat bands with spin can lead to many exotic spin-orbit

72-74 and

interaction schemes like in Dzyaloshinskii-Moriya scheme
ferromagnetic Mott state.”> A subset of these phenomena has been
extended to transition-metal dichalcogenides’®’” too, and there
is no apparent reason why poly-bi-[8]-annulenylene lattice cannot
be the next fascinating test bed. In fact, it must be emphasized
that unlike in the graphene bilayer where mechanical twisting is
necessary, herein we are able to generate flat bands under modest
conditions using just a single chain with an experimentally tailored
magnetic flux profile. Additionally, if one of the fluxes is small com-
pared to the other (for instance, ¢, — 0 and ¢4 # 0), that still leads
to considerable flatness of the aforementioned bands as shown in

Figure 10.

Poly-bi-[8]-annulenylene in two dimensions

The 2D lattice of poly-bi-[8]-annulenylene has repeated COT units
in both the x and y directions connected by squares. This lattice
geometry has squares and octagons as its fundamental plaquettes.
We investigate the lattice cleaved at 45 as it reduces the lattice to a
square with only four sites per unit cell, marked in red in Figure 11a.

The lattice vectors in Figure 11aare d; = (1,0) and a = (0, 1) with the
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(a) Square-octagon lattice of poly-bi-[8]-annulenylene in two dimensions with the unit cell containing four sites boxed. (b) Band

structure withv = w = t = 1.(c) Band structure withv = 2,w = 1,t = 1, ¢ = 7 /2 as described by the new Hamiltonian equation (10).

lattice constant taken to be unity. The Hamiltonian in the reciprocal

space is given by

0 w o ove vt
w 0 t velk
Hk) =] , (9)
velky t 0 w
t ove o w 0

where v, w, and t are nearest neighbor hopping amplitudes as shown in
Figure 11a. Figure 11b shows the band structure of the model defined
in Equation (9) under PBC. Since the unit cell has four sites, there are
four bands in the said figure.

Our primary motivation is to explore the topological properties of
the lattice and study what conditions lead to the emergence of zero-
energy edge modes. To this end, we adopt the same technique as
discussed in Haldane,?" which involves raising the time-reversal invari-
ance thereby culminating in band opening at time-reversal invariant
momenta points (I' and K).”® This is akin to introducing a complex
hopping parameter for nearest neighboring interactions such that the

resulting Hamiltonian has the following form:

0 we ¢ ve lkye~id  te~id
w 0 te~i¢ velkxeid
vellveld  tei® 0 we™i¢ |’ 10
telt  veikcel® w 0

where e is the complex hopping term introduced. In Figure 11c,
we show the resultant band structure of the model defined in Equa-
tion (10) wherein band opening as discussed above is clearly evidential.

To envision the edge modes, it is sufficient to consider quasi-OBC,
that is, periodicity in the x-direction and aperiodicity in the y-direction
thus forming a cylindrical strip as explained in the Methods section.
We show the appearance of zero-energy eigenmodes corresponding to
this type of edge in the eigenspectrum (Figure 12b, marked in red). We
observe that such edge modes only occur in the topological phase for
particular values of the parameters of the Hamiltonian after breaking
the time-reversal symmetry of our system with complex coupling terms
thereby indicating the formation of topological edge modes.
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FIGURE 12 (a) Spectrum of OBC along the y-the direction and
PBC in the x-direction. Marked in red: edge modes. (b) Spectrum of
OBC along the y-the direction and PBC in the x-direction. Marked in
red: edge modes. (c) Electron density distribution of edge mode
excitation. (d) Electron density distribution of a bulk mode. N, denotes
the number of finite unit cells taken along the y-direction.

CONCLUSION

We have studied the topology of COT and its associated polymeric
structure: poly-bi-[8]-annulenelene. We have presented ways to con-
struct a number of topological excitations, that is, zero-energy edge
modes both in strong as well as weak coupling regimes. By realizing
the fact that the application of an external magnetic field affects the
flatness of the bands, we have constructed systematic ways to tune
the flatness of all the bands with uniform fluxes through every pla-
quette of the lattice geometry of 1D poly-bi-[8]-annulenylene. The 2D
extension of these polymers has Dirac points (similar to graphene) and
also supports topological phases upon lifting the time-reversal symme-
try. The resilience of the incipient edge modes against noise has been
discussed extensively (see the Supporting Information). The discussed
structures not only show promising conducting properties making
them fundamental candidates for the Li/Na-ion batteries**4>7? but
also as we have shown in this article possess inherent topological char-
acteristics and flatbands in the presence of an external magnetic field.
Such insights are crucial to understanding its conducting properties
and open the possibility of using these polymers as an alternative
experimental ground to observe many flat-band-related phenomena as

opposed to the previously used MOF/COF- and HOF-based platforms.

Another interesting avenue which may benefit from a more careful
investigation (to be undertaken shortly) is the prospect of simulat-
ing the physical effects studied in this article on quantum hardware.
With the recent advent of engineering lattices with superconducting
qubits/cold atoms, COT- and COT-based polymers could be engineered
on table-top experiments and further exploited for their rich topo-
logical properties not only within a spinless Fermionic model but can
also be realized using a spin graph phase as has been discussed explic-
itly in the first section of the Supporting Information. In fact, hybrid
quantum simulation of materials and molecules and other physical
systems have already begun to gain attention with interesting pos-
sibilities being explored®°-8> including harnessing exotic correlation
like entanglement.8¢ Taking a step further, we show in this article that
an engineered spin Hamiltonian, that is, a Kitaev spin liquid is capa-
ble of generating the same interaction as illustrated in Equation (10)
after Jordan-Wigner transformation and majoranization. This opens
up a lot of possibilities for direct experimental simulation of the 2D
lattice on superconducting hardware or even a cold-atom-based quan-
tum simulator.87-28 In short, we have just scratched the surface. The
scope of possibilities to develop poly-bi-[8]-annulenylene (in both one
and two dimensions) as the next prospective candidate for beneficial
applications as well as for procuring fundamental theoretical insight
is practically endless. The authors hope that the findings in this arti-
cle will duly bring into limelight other members of the tri-coordinated
graphed lattices to unravel the unforeseen and untapped chemistry

these candidates are capable of displaying.
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